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FOURIER-STIELTJES TRANSFORMS AND SINGULAR INFINITE 
CONVOLUTIONS.* 


3y NorBert WIENER and AUREL WINTNER. 


Let F(x), —x Suz, be a continuous monotone function and 


(1) Cn = Cn = (2) == (n = 0,1, 2,-- -) 


the sequence of its trigonometrical moments or Fourier-Stieltjes coefficients. 
If F(z) is absolutely continuous, i. e., if 


(2) B(x) = (=e 


holds for an L-integrable function f, then 
(3) Cn = 0(1) 


by the Riemann-Lebesgue lemma. The converse is not true, since an example 
of Menchoff [8] shows that (3) may hold for a monotone function F(z) which 
is singular, i. e., continuous and such that its derivative vanishes almost every- 
where but (a) const. 

Let an absolute constant «* be defined by means of a Dedekind cut as 
follows: For a given number «, there do or do not exist singular monotone 
functions F' (2) which satisfy 
(4) Cn = 0(n~*) 


according as x < x* or x >«*. Menchoff’s result, when expressed in terms 
of x*, does not state more than that «* cannot be negative, a fact which is 
implied by ¢n = O(1) and is, therefore, clear from (1). Also a result of 
Kershner [6], which has improved on Menchoff’s example (3), does not give 
more than «* = (0). However, Littlewood [7%] has recently proved by an in- 
genious, though rather involved, construction that x* 40. Littlewood’s proof 
of x* > is a pure existence proof, since it seems to be hardly possible to 
Prove by his method that «* > 107°, say. At any rate, Littlewood’s result 


«* > 0 implies the existence of a critical x-range within which (4) is incapable 


* Received May 9, 1938. 
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of deciding whether or not F(z) is absolutely continuous. In fact, a well- 
known remark of Lebesgue shows that the Riemann-Lebesgue lemma, i. e. (3), 
cannot be improved for the class of all absolutely continuous #' (not even if 
f in (2) is restricted to be continuous and periodic). 

On the other hand, the critical x-range is bounded, i.e., x* << + », 
Actually, «* = 4. In fact, if F is such that (4) holds for a x > 4, then 


a function f which is of class L, since it is of class L’. 


Cn |> << + #, and so the Fischer-Riesz theorem assures that (2) holds for 


™ 


2. No better result (e. g., 107° 
is known to us from the existing literature. But we shall prove that «* =}, 
In other words, we shall show that there exists for every « > 0 a singular 


monotone function / — F, such that 
(5) Cn = O(n**), 


It seems to be a reasonable guess that if y1,y2, °° are given positive 
numbers for which Sy,” = -+ , then there exists a singular monotone func- 
tion F such that Cn = O(yn) or Cn = 0(yn)- 

It will remain undecided whether or not the width, «* = 4, of the critical 
x-range is directly connected with the critical widths 4 in the theory of ordi- 
nary Dirichlet series (although the method will be such as to prove (5) also 
when n in (1) is allowed to vary continuously). Actually, it will be seen that 
the absolute constant «* is the “ same ” $ which occurs in the standard asymp- 


totic formulae of the type 
To(u) = O(| Jo(u) = 


In fact, the exponent — } of (5) will be introduced by using van der Corput’s 


lemma, 
b 


(6) | f cos g(x) dx | = Const. min | |-4, 

a 
where g(x), a= 2b, is any real function with a non-vanishing continuous 
second derivative g(x), and Const. is independent of a, b and g (cf. Kershner 


[5]). 


The proof of x* = 4 will consist of four steps: 


(i) Itturns out (§ 5) that, instead of proving the existence of a singulat 
monotone F(z) = F,(2) for which the ¢, == ¢n(F) are small in the sense of 
(5), it is sufficient to prove the existence of a singular monotone G(r) = G.(2) 
for which the cn = ¢n(G) are small on the average, in the sense that 
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N 

(7) | en | = (N>+ 
(11) It will be shown (§ 5) that an F(x), = =z, which satisfies 
(5) can always be derived from a which satisfies (7), 


the passage from G to F consisting of an elementary one-to-oue continuous 
transformation of the interval —7 = 27 into itself. It is only through 
this transformation that (5) becomes satisfied, since before this passage from 
(to F not even (3) is satisfied (cf. (29), $7). The effect of this transforma- 
tion on the Fourier-Stieltjes coefficients may be estimated by means of the 
second mean value theorem, which introduces into (5) the exponent —. } of (6). 


(iii) The theory of symmetric Bernoulli convolutions (cf. Jessen and 
Wintner [3], Kershner and Wintner [4], and Wintner [10], where further 
references are ee implies that the construction of a G@ which satisfies (7) 
can be based (§ 7) on suitable estimations of the function 


(8) L(u) = [Leos s (3-*u) cuc+o) 


for large |u|. Since cosv—=1-+ O(v*) as v->0, the product (8) defines 
an entire function of the exponential type. Actually, (8) is the Fourier- 
Stieltjes transform of the symmetric Bernoulli convolution which defines the 
classical Cantor function (cf. Carleman [1], pp. 223-226). Thus, while 
singular Bernoulli convolutions will occur, they will be used for quite another 
purpose than in the examples of Menchoff [8] and Kershner [6], examples 
which are in themselves singular Bernoulli convolutions and satisfy (3). 


(iv) The remaining step, namely that estimate of (8) which was men- 
tioned under (iii), will be made (§6) by an adaptation of an enumeration 
process which is te in a similar, though easier, instance; cf. Wiener [9]. 

All of this will apply also for Fourier-Stieltjes transforms (§ 8), instead 
of trigonometrical moments; so that in (1) the index n can be replaced by a 


continuous variable wu. 


3. Let S Sz, be a strictly increasing continuous func- 
tion such that 7) = —z, =n. Then, if G(r), is 
any continuous monotone function, so is the function F(r@), —r7Sa@Sz, 


which is defined by G(x) = F(é(z)), i.e., by F(x) = G@(E*(z)). Clearly, 


T 


} 
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Hence, on placing 


(9) Anm = ims(z) (m,n = 0, + 1,:-- -), 


and developing the function e-’”"§‘”), which is of bounded variation for every 


fixed m, into its Fourier series 


+00 
> nme (m — 0, + 1, 
n=-00 


finally applying, for instance, a standard theorem of W. H. Young, one clearly 


obtains 
(10) = & Anmen(G), 


if use is made of the notation (1). 

Suppose, in particular, that the topological transformation é = é(z) of 
the interval [—-7,7z] into itself is such that the derivative of the function 
é(z), or the distortion of the mapping = é(2#), lies between two positive 
bounds. In this case it is clear that a monotone continuous function G(z) is 
singular if and only if the same holds for the function F(z) = G(é"(z)). 


4. Let 
This €(z) is continuous, strictly monotone and such that é(—7) =—-1, 


E(x) =z. The coefficients (9) belonging to the mapping (11) are 


(12) f cos{ tm (32 += 2?) — nx}dz. 
0 

Hence, from (6), 

(13) | Anm | < Const. | m |-4 for all n, m. 


It will be shown that 


9 


(14) | Anm | < Const. n-? whenever | n| > 2 | m |. 


First, it is easily verified by differentiation with respect to z that if 
|n|>2|m|, the function { } whose cosine is the integrand of (12) } 
strictly monotone for0 = 2-z. Hence, on placing { } =? and 


(15) fnm(t) = | (Gm + 2 mt |-3, 
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the integral (12) can be written as 


(m-n) 


Anm = fnm(t) cos ft dt. 


Consequently, on applying partial integration and noting that + <i, 


(m-n) 
| | f’nm(t) sint dt |, where ’ = d/dt. 


0 


Now, it is easily verified from the assumption | n | > 2|m | that the deriva- 
tive, f’nm(t), of the function (15) is monotone between ¢ = 0 and t = (m—n)z. 
Consequently, application of the second mean value theorem to the last in- 
tegral gives 


Xn m | = 


f’nm(9) | +- 2 | fam ( (m |e 


Hence, on calculating f’nm(0) and f’nm((m —n)a) from (15) and then using 
the assumption | n | > 2 |, the appraisal (14) follows. 
Incidentally, (13) also is a consequence of the second mean value theorem, 


m 


since so is (6). 


5. Writing (10) in the form 


-2|m|-1 +00 
2 4 4 4 Y 
Cm (4 { >> }AnmCn(G), 
N=-OO n=-2|m 


(13) and (14) imply that, asm—> + o, 


+ OC 
Cn(F) =O( & n?7)+0( & |en(G)| +0( & 
n=-X n=-2!m n=2|m| 
since | ¢n(G)| S ¢o(G) =const., by (1). Accordingly, 
2|m 
Cm(F) =O(| m |) & | en(G)|) as mot 


Hence, if G(a) satisfies (7) for a fixed e, then F(x) satisfies (5) for the 
same «. Furthermore, application of the last remark of § 3 to the mapping 
(11) shows that both monotone functions F(.r), G(a) are singular if either 
of them is. This proves (i)-(ii), § 2. 

6. Next, (iv), §2 will be established, by showing that there exists for 
every « > 0 a sufficiently large positive integer p= pe such that for the func- 


tion (8) one has 


0 
a 
n 
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N 
| L(2an) |? as N+ + 
and even 
N 
(17) > | L(an)|? = O(N) uniformly for 27, as N>+ ow. 


n=-N 
First, if n is a positive integer, let v =v», denote the number of digits in 


the triadic representation of n; so that 
(18) N = ° 8061, (v = yn), 


where every 6; is either 0 or 1 or 2, while 6,0 and 6,,, = 0. Clearly, the 
fractional part, 8 —[B], of B = 3*n is 
Hence, on considering the six possible pairs 
{8.3 8:1} {051}, (130}, {132}, {251}, (2503, {052}, 
it is easily verified that the fractional part of 3-*n either lies between 4 and 
4% or between % and %. Consequently, in both cases, 


| cos(3-*2an) | S cos(r/9) < exp(— 1/100). 


Since this holds for k =1,- - -,vn, and since every factor of the product (8) 


lies between — 1 and 1, it follows that 
| L(2an)| < exp(— pn/100), 


where pm denotes the number of changes of the digits 6 in the finite sequence 
(18), i.e., the number of those & for which 8., ~ 8. Thus, if p > 0, 


(19) | L(2an) |? < exp(— pyn/100). 


Now, if m is a positive integer, the number of those among the first N 
positive integer n which have exactly m changes of digits in their triadic repre- 


sentation (18), i. e., the number of those n for which 1 =n = N and pn =", 


cannot exceed 
(6vv )™/m!, 
six being the number of distinct pairs of digits 0, 1, 2. It follows, therefore, 


from (19) that if the positive integer p is fixed and N—-+ o, then 


N o 
S| L(2nn) |? = Of exp(— pm/100) )™/m! }. 
n=1 
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Since (18) clearly implies that 
= O(logn) as n>-+ 


it follows that, if p is fixed and N+ o, 


| L(2xrn) |? = & {exp(— p/100) - O(log N)}"/m!.: 
n=1 m=9 


Consequently, there exists for everye > 0 a sufficiently large integer p= pe > 0 
such that, as o, 


N oO 
| L(2rn) |? = O{ (clog N)™/m! } = Of{exp(e log }, 


n=1 m=0 


and so, by (8), 


N 
| L(2xn) |? = 1 + 20f{exp(e log N)} = O(N). 
n=-N 
This proves (16). And (17) is proved in the same way, if, starting with 
an arbitrary positive n which need not be an integer, one applies (18) to the 
integral part |n] of n, instead of to n. Then (19) remains valid if the sub- 
script n of pn is replaced by [n]; so that the balance of the above proof can be 


repeated without change. 


7. All that remains to be done is what is assigned by (i11), § 2. 
lf H H(z), is a distribution function, (i.e, a 
monotone function such that «) =0, H(-+ «) =—1), let A(u;H) 


denote its Fourier-Stieltjes transform, 


(20) A(u;H) = if ; 
Then ‘ 
(21) A(u: Ty * Hy ) = A(u; )A(u; ), 


if Hy * Hy; denotes the convolution 


(22) f (« —y) dn (y), 


which is a distribution function for any pair J), //, of distribution func- 
tions. It is implied by (21) that 


* Hy == * Hy, (HT; * ) = Hy * 


+ OC 
+ OO 
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and that, for any positive integer p, 

(23) A(u; H?)) = (A(u; H))?, 

if, starting with an H, one puts 

(24) =H, H% =A +H, H®) 4+H,---. 


Let, in particular, H(z) be the distribution function which is 0 if «= —} 
and 1 if z= 3, while if | x | = 4, then H(z) is the classical Cantor function, 
obtained in the usual manner by successive trisections of the interval 
Then A(z) is, <x< + the infinite convolution 


H(«) = B(32) * B(3°x) *- - * B(3*a) #- 


where B(z) is the distribution function which has a jump of $ at r=—1 
and x =1; so that A(u; B) =cosu. Correspondingly, 


(25) A(u;H) =[[ cos (3-*w). 
k=) 
Furthermore, from (24), 
(26) H®) (x) = B(aypxr) * B(dopr) * 
where 
(27) Oxp = 3), if (J —1)p<kSjp, where j —1,2,:°--. 


Also, from (23), (25) and (8), 
(28) A(u; H®)) = (L(u))?. 


Since it is clear from (8) that L(3"- 2) is independent of h for h = 1, 2,:°-, 
and that L (67) > 0, it follows from (28) that 


(29) A(3"- 29; = (L(6x))?>0 for h=1,2,---. 


Now, the distribution function H(z) is, if —} S24, the Cantor 
function, so that H(—4) =0, H(4) =1, and so H(z) is continuous for 
—ao<cxr<+o. Hence it is clear from the definition (20) of a convolu- 
tion that each of the iterated functions (24) is continuous for— 0 <*%@< + %. 
On the other hand, H(z) is, in view of (26), an infinite convolution of step 
functions. Consequently (cf. Jensen and Wintner [3], Theorem 35), the dis 
tribution function H‘?) (x) either is singular or absolutely continuous. Sinee 
(29) assures that A(w; H)) +0, u— + ©, is impossible for a fixed p, it 
follows that H(z) is singular for every p. 

Furthermore, H (x) is constant outside the interval Hence 
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it is clear from (27) and from the definition (22) of a convolution that 
H'”) (x) is constant outside the interval—}3p $p. Accordingly, by (20), 


1 


kp 
A(u; eiued (x), 
It follows, therefore, from (28) and (17) that there exists for every « > 0 
a sufficiently large p = such that, as o«, 


N 


N 


= 


n 


= —_ AT. 


holds uniformly for z 
Thus, on keeping « fixed (hence also p= p,.), and then changing the unit 
along the z-axis in such a way that the interval — $p= 4S 3p becomes the 


interval — = one has 


N 
(30) | = O(NS), 
n=-N 


if G@=G, denotes the monotone function which results from H‘), where 
p=pe, upon the change of units. Since H'” is singular, so is G. Hence, 
comparison of (30) and (1) assures the existence of a singular monotone G 
which satisfies (7). 

This completes the proof of (5), i.e., of «* = 4. 

8. While the Cantor function H(z) is constant almost everywhere, (27) 
implies that the singular monotone function (26) is, if p > 1, nowhere con- 
stant on an interval (cf. Kershner and Wintner [4], p. 547). Consequently, 
the above result implies one recently proved by Hartman and Kershner [2]. 

Actually, the above constructions can easily be extended to the case in 
which the sequence of Fourier-Stieltjes coefficients is replaced by the corre- 
sponding Fourier-Stieltjes transform. To this end, all that is needed is to 
replace in (10) the summation by an integration, and then, with the help 
of (17), to repeat the above proof with obvious modification. Then it follows 
that there exists for every «>0 a singular monotone function F(z), 


S27, such that 


(31) eiutd (x) = O(| as a, 


2p 
T 
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where wu is a continuous variable. It is also seen that (31) can be chosen as 
an even function, i. e., such that the curve y = F(z) is symmetric with respect 
to the line y= F(0). 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY, 
THE JOHNS HOPKINS UNIVERSITY. 
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ON THE CHARACTERIZATION OF A DISTRIBUTION 
FUNCTION BY ITS FOURIER TRANSFORM.* 


By R. P. Boas, Jr.’ and F. SMIrHtss. 


1. By a distribution function we shall mean a non-decreasing function 
o(z) defined on — 10 such that o(— 01) —0, —1. The 
value of a(z) at a point of discontinuity will be assumed to be fixed by the 
normalization o(x) = 0) + 0) ]. 

If o(z) is a distribution function, its Fourier transform A(u;o) is 
defined by 


(1.1) A(u;o) = (—_ 20 <u< ow). 


If is given, is determined by the inversion formula 


(1. 2) a(x) —oa(0) 


tun 
: 


where the integral is to be interpreted, if necessary, as a Cauchy principal 
value. 

It is well known that there is a correlation between the smoothness of 
o(z) and the order of magnitude of A(u;oa) as |u|—o. For example, if 
A(u3o) =O(| u |*) (lu|—> 

for every k > 0, o(x) is of class C® in (— «, ©); again, if 

(1.3) A(u;a) = (|u| — 

for some c > 0, a(x) is analytic on (— «, «), and, furthermore, there is a 
function «(z) of the complex variable z =a + iy, such that o(z) is analytic 
and bounded in every strip |y| Sc’ <e and coincides with o(x) on the 
real axis. 


It is known that if (1.3) is replaced by the weaker condition 
A(u;o0) = Of{exp(—c | u |*)} (ju|—>o) 


for some « < 1, o(a) is not necessarily analytic on the whole real axis; for 


* Received April 11, 1938. 
* National Research Fellow. 
* See, e.g., S. Bochner, Vorlesungen iiber Fouriersche Integrale, 1932, p. 66. 
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u|\*) (0S a< 1) is the Fourier transform 


of a distribution function which fails to be analytic at « = 0.° 


example, the function exp(— c 


In thi8 note we discuss by means of examples just how much o(z) is 
restricted by the behavior of A(w;a) as |u|— 0. Our results may be stated 
descriptively as follows. No condition weaker than (1.3) ensures that o(z) 
has an interval of analyticity. Let »(uw) be any function which, when 
| 0%, decreases to zero more slowly than every function e~¢l"! (c > 0), 
Then there exists a distribution function o(x) whose points of non-analyticity 
form an arbitrary closed set (which may in particular be the empty set or the 
whole real axis), and whose Fourier transform A(u;a@) is of the same order 
of magnitude as 7(w) when |w|— «. Furthermore, there is a distribution 
function, belonging to a general Denjoy-Carleman quasi-analytic class on 
(— «, «), and analytic except on an arbitrary closed set. 

It is not known whether (1.3) is a necessary condition for a(z) to be 
analytic and bounded in the strip | y| <c. It may therefore be of interest 
that if o(z) is analytic and bounded in a portion of the complex plane some- 


what more extensive than a strip, we can obtain an estimate for A(u;«a) of 
the same type as (1.3). We shall, in fact, show that if o(z) is analytic and 
bounded in the “ double funnel ” & = Rk, + R, + R;, where 


= E.[|y| 
220), |b , 
J 
and c >0,y7 > 0,a= 0, then 
(1. 4) A(u;a) =O(| wu (|u|— 0). 


The function o(z) = $+ = arc tan z is analytic except at z= + 1, o(z) 
is a distribution function, and A(u; a) = e!“!; consequently we cannot expect 
to obtain an estimate much stronger than (1.4). 

2. Tueorem 1. Let e(u) be an even function of u such that «(u) >9 
for all u, e(u) as fo in and 
conver in U=U. Then there exists a distribution function r(y), 


such that y= 0 is a point of non-analylicity of 7(y), and 
(2.1) A(u;7r) = o). 


The result of Theorem 1 will be made more precise in § 4, but the con- 


struction used here possesses independent interest. 


3 A. Wintner, “ Ona class of Fourier transforms,” American Journal of Mathematics, 
vol. 58 (1936), pp. 45-90, 65. 
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We define an even function Z(u) by the relation 


(u = Uo), 
L(u) = (A+ Bu (OSuU=wW), 


where the constants A and B are chosen in such a way that L(w) is convex 
and decreasing in u>0. Set 


if? a 
a(y) = L(u)du (—-x<y< ow), 


where f is to be interpreted, if necessary, as lim . Then 
0 


r(y) +4 


is a distribution function with the desired properties. 
Clearly, 
A(u;7r) =A“ZL(|u|), 
so that (2.1) is satisfied. 
Since L(w) is convex and L(u) asu> 


oO 
o (y) —-f cos uy L(u)du = 0 (y~0)* 


and ¢(y) > 0 when y > 0. Hence o(y), and therefore 7(y), are non-decreasing. 
We have 


a(y) tau += ff sin uy du L(u)sin uy du 
0 U 0 T J uo 
+ I. Is. 
When y— J; > 4A; and, by the second mean-value theorem, 
| Is | S 2L(uo)/ (ry) > 0. 


Hence > 4A as ©; similarly, o(y) ~>—43A as y>— Con- 
sequently +(y) is a distribution function. 
Set 


f(z) = (u)du (z=x+1y). 


The abscissa of convergence of this Laplace integral is clearly c=0. Since 
L(u) is a positive function, f(z) has a singularity at z= 0.° It follows that 


o(y) f(y) ] 


*E. C. Titchmarsh, Introduction to the theory of Fourier integrals, 1937, p. 170. 
*E. Landau, “itiber einen Satz von Tschebyschef,” Mathematische Annalen, vol. 61 
(1905), pp. 527-550, 548. 
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is not analytic at y= 0. For, if o’(y) is analytic at y= 0, then o’(y) = (ty), 
where g(z) is analytic in a neighborhood of z=0; f(z) —g(z) is purely 
imaginary on x= 0, and consequently, by the Schwarz reflection principle, 
has an analytic extension in a neighborhood of z = 0. Hence f(z) cannot have 


a singularity at z 0, a contradiction. 


3. Lemma 1. Let A(t) be a posite function defined for t > 0, such 
that A(t) 0 as tow. Let p(u) be the inverse function of t/rA(t). Let 
x(n) be a real-valued function defined for n=1,2,---. Let F be the 
closure of the set of points {x(n) + iA(n)}, and let E be the intersection of 
F with the real axis. Then there exists a distribution function o(a) such that 
E is the set of points of non-analyticity of o(x) and such that 


(3. 1) A(u;o) = ) (Ju|—>o) 
for any « > 0. 
Set 
=} + tan z (z=r+ 


We cut the z-plane along the imaginary axis from 7 to i«@ and from —1 to 
—ia. We choose the one-valued branch of +(z) which is regular in the cut 


plane and which is determined by the condition 
T(z) > 1 (t—> 


Then +(a) is a distribution function; and r(z) is bounded on any bounded 


closed set in the cut plane. Set 


(3. 2) o(2) = (e—1) Sere) 


We cut the z-plane along the lines x = x(n) from x(n) + idA(n) to x(n) +10 
and from x(n) —1A(n) to x(n) —io, and denote the closure of the sum 
of these cuts by H. The series in (3.2) is uniformly convergent on any 
bounded set at a positive distance from the set H, and also uniformly con- 
vergent on the real axis. o(x) is a distribution function, and £ is the set of 
points of non-analyticity of o(z). 


We have 
A(u;r) 
hence 
A [ ws r{ | 
A(n) ‘ 
consequently 


co 
(3. 3) A(uso) = (e —1) > 
n=1 


fo. 


Si 
(n 
an 
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It follows that 


00 00 
(e—1)7| A(uso)|S — D+ 
n=1 | n=1 n=vU+1 

Sem (v—1,2,°-°). 


n=v+1 
Since ¢t/A(t) increases, we have | u|A(v) = v whenever v S p(| wu |) ; we take 
v= U |) ]. Then 
(e—1)71|A(u;o)| Svee+e 
= ) 
for every « > 0. 

Lemma 2. Let A(t) satisfy the hypotheses of Lemma 1. If x(n) = bé(n) 
(n=1,2,-- -) where b is a constant and &(n) is an integer-valued function, 
and o(z) ts defined by (3.2), then 
(3. 4) lim sup | A(u;o)| e?4(4P > 0. 


By (3.3), if bw = 2h, where h is an integer, we have 


n=1 n=v+tl1 


where v= [p(|w|)]. When |u| A(n) Sn; hence 


n=v+1 


The result follows. 


4. TurorEm 2. Let 8(t) be a positive function defined for t > 0, such 
that 8(t) | 0 and t8(t) t © ast—>«. Then there exists a distribution func- 


tion a(x), analytic on <a < such that 


(4.1) lim sup | A(w;o)| > 0, 
|u|—>00 

and 

(4. 2) lim sup | A(u;c)| eine) 


|u|—>00 
for every « > 0. 
We observe that e*# can be made to approach infinity as slowly as we 
please when t > oo. 
We set p(w) = ud(u), and 


pt(t) 


ly 
e 
t 
f 
t 
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It is clear that A(t) | 0 as t—> w. The functions A(t) and p(w) satisfy the 
conditions of Lemma 1. We take x(n) =n (n=1,2,---). The distribu- 
tion function o(z) defined by (3.2) has, by Lemmas 1 and 2, the required 
properties. 

THEOREM 3. If 8(t) satisfies the conditions of Theorem 2, there evists 
a distribution function a(x), having c = 0 as its only point of non-analyticity, 
and such that A(u;@) satisfies (4.1), (4.2). 


The proof is parallel to that of Theorem 2, except that we take x(n) =0 
(n =1,2,---+). We note that o(z) has an extension which is analytic in 


each of the half-planes 9t(z) > 0, #(z) < 0. 


THEOREM 4, Let E be an arbitrary closed point set on the real axis. If 
5(t) satisfies the conditions of Theorem 2, there exists a distribution function 
a(x), having E as its set of points of non-analyticity, and such that A(u;c) 
satisfies (4.1), (4.2). 


Let {Bn} (n =1,2,-- -) be a sequence of points dense in L; let {pn} 
be a sequence of positive numbers whose sum is unity. Write p(x) for the 
distribution function constructed in Theorem 3. Set 


(4. 3) = pn Bn). 


n=1 
Then o(z) is a distribution function; it is analytic on the complement of £ 
because the series in (4.3) is uniformly convergent on any bounded point set 
at a positive distance from the lines = Bn (n =1, every point of 
is a limit point of singularities of o(z), and hence a point of non-analyticity 
of a(2). 
The Fourier transform of o(z) is 


x 
A(u;o) =A(u;p) A(u; p)Q(u), 


n=1 
where Q(u) is a uniformly almost periodic function. Since A(w;p) satisfies 
(4.2), and Q(w) is bounded, A(u;o) satisfies (4.2). Since for p(x) the 
constant b of Lemma 2 vanishes, A(u;p) satisfies (3.5) for every u. There- 
fore, since Q(u) is uniformly almost periodic, A(w;o) satisfies (4. 1). 


5. Let e(w) be a positive non-increasing function of wu, defined in (0, %), 
such that we(w) is non-decreasing for all sufficiently large u, and 


e(u) du 


ther 


and 
the 


of 


R, - 
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is divergent. If f(x) eC™(a,b), and 
(7) = Ah/e(k k=0,1,2,-- - 


where A is independent of k and a, we shall say that f(z) belongs to the class 
Q{e(w) a,b}. The classes Q{e(u) ; a,b} are rather general Denjoy-Carleman 
quasi-analytic classes; they include, in particular, all the Denjoy classes, 
for which (for sufficiently large w) 

1 
log u log log wu’ 


e(u) = 


The class Q{1; a,b} is the class of functions analytic ona=a=b. 
It follows from a result of Ingham’s ° that if o(x) is a distribution func- 
tion, and 
A(u;o) = (|u|— 


then Ofe(u):a, 6b} for any finite interval (a,b). 


THEOREM 5. Suppose that e(u) satisfies the conditions stated above, 
and that e(u) 0 as u->o~. Let EF be an arbitrary closed point set on 
the real axis. Then there exists a distribution function o(x) such that 
o(z) € Q{e(u) ; a,b} for every finite interval (a,b), and E is the set of points 


of non-analyticily of a(x). 
This is an immediate consequence of Theorem 4. 


6. THroreM 6. Let c>0,y>0,a20. Let R be the open region 
R, + R, of the z-plane (2 =x - iy), where 


<e], | 


IN WV 


If o(z) is analytic and bounded in R, and o(x) is a distribution function, 
then 
(6.1) A(u;o) =O(| u 


°A. E, Ingham, “ A note on Fourier transforms,” Journal of the London Mathe- 
matical Society, vol. 9 (1934), pp. 29-32. 

"We do not use the full force of the hypothesis that o(#) is a distribution function. 
The theorem remains valid if we assume instead that uv’ (x) €L(—©, ©), and define 
the function A(u;o) by (1.1). 


2 
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Let r(x) denote the distance from the point x of 
boundary of Rk. T 


(6. 2) 


\ 
\ / | 
hi 
ra O di: 
\ 
/ | 


hen 


| o™(z)| = Mn! 


where M is a bound for | o(z)| in R. We have 


(6.3) 


Without loss of generality we may assume that y << 3. If |x| ><a, itis 


riz) ec (—xn<r<o). 


obvious that, for some h such thata<h < | a, 


(r(x) = {(| —h)? + 


Hence, by Jensen’s inequality, 


(n = 0, 1, 2,- 


{r(x)}/7 = + (h—a) 


the real axis to the 


‘); 


=, + Az, 
say. When |x|—h>1, >x—h, so that A, +A. >|x|—A+h—2 
When <1, we have h=|x!|—1,% 
that =h—a=|e | —a—1. Thus, in any case, 
(6. 4) r(x) 2 2a+1). 


From (1.1) we obtain 


OO 
A(u;o) = (x) dz, 
-& 


and hence, by integration by parts, 


A(u3o) = 


(—i)* 


(k+l ) (x) dz 


(E == 0, 1,2,- °°); 


th 


B 


- a)” 
sa 
| B 
| fo 
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| 
It 
| 
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the integrated terms vanish by (6.2) and (6.4). Consequently 


(6.5) A(u;o)| S | da 


2h 200 
=I, + 13, 


say, where b=c'/7 + a+ 1. By (6.2) and (6.3), 


(6. 6) Io <2M(k +1) +a4+1) 


By (6.2) and (6.4), for k > 1/y, 


@) 
+1, <2M(k +1)! f (2 —a—1) 


OM 
1) —1 


(6. 7) 


By (6.6) and (6.7), 
 (k>1/7) 


for some constant A. Hence by (6.5) and Stirling’s formula, 


(6.8) SA (+ (k > 1/y) 


ce | u | 


with a new A. 
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For any such that |u| > (2y-+1)/(yc), we can take k u |]. 


It follows from (6.8) that 
| A(u3o)| > (2y+1)/(y)), 
with a new A, i.e. 
A(u;o) =O(| (|u|—>o). 


This completes the proof. 
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AN EXTENSION OF WIENER’S GENERAL TAUBERIAN 
THEOREM.* 


sy H. R. Pirr. 


Suppose that f(x) is defined in (— », «) and that two metrics M{f}, 
M’{f} (which may be the same) satisfy the following postulates. 


(a) M{f} = M{| f 

(b) 0S M{f} S Mf}. 

(c) Mifit+ fe} S Mihi} + + fe} S MA} + 
(d) Me{f(t«—y)} =M{f}, = 


(e) If k(x) belongs to L(— «0, o) and M’,{f(z,y)} SC for all values 
of y, then g(x) = fk(y)f(z, y)dy exists for all values of.z and 


M{g} = f | kK(y)| y) 
M’{g} f | k(y)| (a, y) }dy. 
(Integrals in which limits are not specified are from — « to o.) 
Examples of pairs of metrics which satisfy these postulates are the 


following. 
(A) M{f} = lim | f(z)! 
(B) M’{f} = M{f} = bd | 


(p = 1). 


v 
M’{f} = bd i | f(y) ray |” 
(E) 


al. | 


aco < 


We shall prove the following theorem which includes Wiener’s theorem 
when the metrics are defined as in (A).* 


* Received May 17, 1938. 

1H. R. Pitt, “General Tauberian theorems,” Proceedings of the London Mathe- 
matical Society, vol. 43 (1938), Theorem 9, except that condition (4) is somewhat 
stronger than the condition f(x) eT. 
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THEOREM. 


HyporHEsis. (1) k(x) belongs to L(— «), 
(2) K(x) = fk(y)ew*dy A0 ow), 
(3) M'{f}< @, 
(4) M{f(x+e)—f(x)} =8(6), lim 8(e) = 0, 
(5) g(a) = fk(a@— y) f(y) dy. 


If > 0, we can choose C., depending only on k(x) 
and 8(e), so that 
M{f} SC, + C.M{g}. 
Let A > 0, 
sin? Ax 


= 


Using a theorem * on Fourier transforms due essentially to Wiener, we can 
write 


hy(y) = fk(y — t) pr(t) dt, 
where p(t) belongs to L(— ~, 0). Now 
G(x) = f | k(a—y)f(y)| dy 
exists for all values of x, by (1), (3) and postulates (d) and (e), and 


M{G} M{f}f | k(x)| de. 


Hence 


f | pr(t)| dtf | k(a—t)f(a@—y)| dy=f | dt 


exists for all values of x, and it follows that 


Spr(t)g(a@—t)dt =f pr(t)atf k(y—t)f(a@— y)dy 
=f k(y—t)py(t)dt 
=f dy. 


If we write P(A) )=f | pr(y)| dy, it follows from (d) and (e) that 


(6) dy} | pr(y)| dy = M{g}P(). 


*Ibid., Theorem 6. When the paper was written I was not aware that Professor 
Wiener had given the same theorem in his course of lectures at Massachusetts Institute 
of Technology. 
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534 Pere. 
Since f{h,(y)dy = 1, we can write 


M{f} = M{ fhr(y)f(e@—y) dy + fray) y) dy}. 


and using (4), (6) and (e), we have 


M{f} S PAA)M{g} + MEF —f(e@—y) 
P(A) M{g} + fhr(y)8(y) dy 
(7) = P(A) M{g} + fh(y)8(y/a) du. 
Since 8(y/A) = 2M’{f}, by (b) and (c), and lim &(e) = 0, we can choose 
=A(C,, 8(e)) so that 
dy S C1, 


and then (7) may be written 


M{f} = C, + 


where C, = P(A) depends only on C;, k(x) and 8(e). 
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SYSTEMS OF DIFFERENTIAL EQUATIONS. 
THEORY OF IDEALS.* 


By J. F. Rerr. 


In publications of ourselves and of Raudenbush,’ there was presented a 
theory of systems of differential equations which are algebraic in the unknowns 
and their derivatives. It is our object to start, with the present paper, the 
consideration of more general systems. We shall begin by treating systems of 
equations which are analytic in the independent variable and in the unknowns, 
and algebraic in the derivatives of the unknowns. Such a theory can be used 
as the basis for the study of any finite system of analytic differential equations, 
since, by replacing derivatives by new unknowns, the finite system can be made 
equivalent to a system involving only derivatives of the first order, and those 
algebraically. 

This paper presents, for systems with the generality described above, a 
theory of ideals of the type given by Raudenbush for algebraic differential 
systems. In addition to the methods of our own earlier publications, we use 
the ideas in the very fundamental work of Raudenbush and also the methods 
of Riickert’s important paper Zum Lliminationsproblem der Potenzrethen- 
ideale.2 The present paper is complete in itself, except for the employment 
of Spith’s extension of the Weierstrass preparation theorem. The use of Spiath’s 
theorem was suggested by Riickert’s work. For unity of exposition, we have 
included a treatment of some questions which are covered by the work of 
Raudenbush. References to Raudenbush will indicate where we have borrowed 
from him. 

Elements. 


1. We shall study expressions in the unknown functions Yn of 
the independent variable «. We denote the j-th derivative of y; by yij. We 


write, frequently, yi = Yio. 


2. We consider any finite set of the y;; with j > 0. Let a finite number 


* Received February 21, 1938. 
*Ritt, “ Differential equations from the algebraic standpoint,’ Colloquium Publica- 
tions of the American Mathematical Society, vol. 14 (New York, 1932); Raudenbush, 
“Tdeal theory and algebraic differential equations,” Transactions of the Amcrican 
Mathematical Society, vol. 36 (1934), pp. 361-368. 
* Mathematische Annalen, vol. 107 (1933), p. 259. 
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of power products in these y;; be formed and let each power product be multi- 
plied by a power series in 2; Yn which converges for numerically smal] 
values of those letters. The sum of the terms thus formed will be called an 
element. In other words, an element is a polynomial in any set of the deriva- 
tives (proper)* of the y;, with coefficients which are functions of 7; y,,° - -, yp 
analytic at (0;0,---,0). 

Elements will be denoted by capital italic letters and systems of elements 
by large Greek letters. 

We denote by I the totality of elements which are free of the independent 
variable z. Thus an element G is in T if G is a polynomial in certain y;; with 
j > 0, with coefficients which are functions of y;,---, yn analytic at (0,---,0). 


Ordering of letters and elements. 


3. We order the letters y;; as follows. We shall call yi; higher than y 
ifj >/ or if j=l andit>k. 

Let A be an element involving one more y;; effectively. The highest letter 
yij in A will be called the leader of A. 


4. We consider any element A and any definite y;;. If A, written asa 
series of powers of y;;, contains only a finite number of terms, we shall, as is 
natural, call A a polynomial in yj. Of course every element is a polynomial in 
every yij with 7 > 0. 


5. Let A be a non-constant element in I (§ 2) and B any element in I’ 
If B is a constant, or if B is not a constant and has a leader which is lower 
than the leader of A, we shall say that A is of higher rank than B. 

Now let A and B, in f and neither a constant, have the same leader yj 
and let A and B be polynomials in yj. If A is of higher degree than B in yji, 
we shall say, again, that A is of higher rank than B. If A and B have the 
same degree in yjx, we shall say that A and B are of the same rank. 

Any two constants will be considered to be of equal rank. 

Thus, the only pairs A, B in T whose two elements we do not compare, 
are pairs in which A and B are not constants, and have the same leader, with 
at least one of A and B failing to be a polynomial in the common leader. 


3 Each y, will be considered as its own derivative of order zero. Proper derivatives 
are derivatives of positive order. 

‘For our present purposes, only elements in I require ordering. The definition 
which follows immediately has somewhat more generality than is necessary for the 
applications. 
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Ascending sets. 


6. Let A be a non-constant element in I which is a polynomial in its 
leader yjx. An element B in T will be said to be reduced with respect to A 


if either 


(a) B=0O 

or 
(b) B is distinct from zero, contains no yj, with® 1>k and is a poly- 
7. A set of non-constant elements in [ 

(1) Ay,* +, 


with p > 1 will be called an ascending set if every A; is a polynomial in its 
leader and if, for 7 > 4%, A; is higher than A; and reduced with respect to Aj. 

An element A, in T will be called an ascending set if A, is non-constant 
and is a polynomial in its leader, or if A, is a constant distinct from zero. 

Let (1) be an ascending set with p> 1. Let A; and A; be two elements 
of (1) with 7 >7. Let ya» be the leader of A; and yea that of Aj. Because 
A; is higher than A; and is reduced with respect to Ai, yea must be higher 
than yar. It follows that a and c are distinct. Thus the p leaders yi; of the 
elements in (1) have distinct 1. This implies that p= n. 

The ascending set (1)® will be said to be of higher rank than the 
ascending set 

if either 


(a) there is a 7, exceeding neither p nor q, such that A; and B, are of 
the same rank for i < j and that A; 1s higher than Bj," or 
(b) ¢>pand A; and B, are of the same rank for 1S p. 


Two ascending sets for which no difference in rank is created by what 
precedes will be said to be of the same rank. For such sets p= q and A; and 
B; are of the same rank for every 1. 

The above ordering of ascending sets is easily seen to be transitive. 


8. We prove the following lemma: 
5 The j in Y 51 is that which appears in Yin: 
nomial in yj, with a degree in yj, which is lower than that of A im yjx. 
* Here, as in all later work, it is understood that p may be unity. 
‘If j= 1, this is to mean that A, is higher than B,. 
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Lemma. Every finite or infinite aggregate of ascending sets contains an 
ascending set whose rank is not higher than that of any other ascending set 


in the aggregate. 


Let us consider the first elements of all of the sets of the aggregate. We 
shall show that there is one of these first elements which is no higher than any 
other first element. This is certainly true if one of the first elements is a 
constant. Otherwise, we select those first elements which have a lowest leader 
and, from the elements just selected, we choose one which is of a lowest degree 
in the common leader. 

Let us consider now those ascending sets in the given aggregate whose 
first elements have a least rank. Let o, be the totality of such ascending sets. 
If the sets in o, all consist of one element, any set in o, will serve as the set 
whose existence was to be proved. Suppose that o, contains sets which consist 
of more than one element. From among all such sets in o, we select those 
whose second elements have a least rank and denote the totality of the sets 
selected by oz. If there are sets in o2 consisting of more than two elements, 
we make a third selection. As no ascending set has more than n elements, 
we arrive eventually at a collection of ascending sets of least rank. 


9. Let (1) be an ascending set with A, non-constant. An element G 
in IT will be said to be reduced with respect to (1) if G is reduced with 
respect to -,p. 

Basic sets. 


10. Let = be any system of elements in [ which either contains a non- 
constant element which is a polynomial in its leader or else contains a constant 
distinct from zero. Because elements of the two types just mentioned are 
ascending sets, } contains ascending sets. By § 8, certain of the ascending sets 
in & have a least rank. Any such ascending set of least rank will be called a 
basic set of &. 

Let = be a system in T for which (1), with A, non-constant, is a basic 
set. Then no element in & which is an ascending set can be reduced with 
respect to (1). Suppose that such an element, F, exists. Then F must be 
higher than A,, else F would be an ascending set lower than (1). Similarly, 
F must be higher than A», else A,, F would be an ascending set lower than (1). 
Finally, F is higher than A,. Then A,,- - -,A,, F is an ascending set lower 
than (1). This proves our statement. 

Let = be as in the preceding paragraph. We see that if an element which 
is an ascending set and is reduced with resject to (1), is adjoined to %, the 
basic sets of the resulting system are lower than (1). 
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Reduction. 


11. Let G be any non-constant element in T which is a polynomial in 
its leader yij. We shall call the element 0G/dyi; the separant of G. The 
coefficient of the highest power of yij, in G considered as a polynomial in yij, 
will be called the initial of G. G is higher than its separant and higher than 


its initial. 


12. Let (1) be any ascending set with A, non-constant. Let S; and J; 
denote the separant and initial respectively of Aj, 1 = 1,-- -, p. 


We shall prove the following result. 


Let G be an element in T which is a polynomial in the leader of every Ax 
and in all derivatives of each such leader. There exist non-negative integers 
si, ti, 1,- +, p, which are such that when a suitable linear combination 
of the A; and of derivatives,’ of certain orders, of the A;, with elements for 


coefficients, is subtracted from 


the remainder, R, is reduced with respect to (1). 


Let wu; represent the leader of A; in (1), i=1,---,p. We limit our- 
selves, as we may, to the case in which @ involves derivatives, proper or im- 
proper, of one or more u;. Let the highest letter in G which is a derivative 
of a u; be represented by v and let v be a derivative of uj. There is, of course, 
only one possibility for 7. 

To fix our ideas, we assume v higher than u,. Using the algorithm of 
division, we find a relation 


=CA’, + B 


where A’; is a derivative of A;, of some order, with v for leader; and where B 
is free of v. Because A’; and S; involve no letter higher than v, B involves 
no u;-derivative ® which is as high as v. For uniqueness of procedure, we take 
qas small as possible. We note that B is a polynomial in the u;-derivatives.”° 

If B involves a u;-derivative which is higher than up, we give B the treat- 


ment accorded to G. After a finite number of steps, we arrive at a unique 


* By the j-th derivative of an element A, we mean the element which is obtained 
by differentiating A j times with respect to #, the y, being regarded as functions of «. 

*Thus we denote a derivative (proper or improper) of a w,. 

“Tf w is a letter in A’, with respect to which A’; is not a polynomial, then A; 
tannot be a polynomial in w. Thus w is not a w,-derivative. 
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element D which differs by a linear combination of derivatives of the A; from 


an element 
+ 


and involves no u;-derivative higher than uy. D is a polynomial in the 4,- 
derivatives. 
We then find a relation 
I,”D=HA,+K 


where K is reduced with respect to Ap. K may involve uw, Aside from u, 
the u;-derivatives present in K are derivatives of Such deriva. 
tives present in K are lower than uy. Let v, be the highest of them. 
Suppose that v, is higher than uy,. We give K the treatment accorded 
to G. In a finite number of steps we arrive at a unique element ZL which 


differs from some 
+ Stea K 
p-1 p-1 


by a linear combination of Ay-, and proper derivatives of A,,---,Ap.. Lis 
reduced with respect to Ap-1. 

Let us show that LZ is also reduced with respect to Ap. The first operation 
performed on K gives a relation 


(2) BA’; + 


The highest letter in A’; is v; and v, is lower than uy. The highest letter in 
8; is not higher than w,,. Thus, K, cannot contain a proper derivative of t. 
Let the degrees of K and K, in wu» be d and d, respectively. Suppose that 
d, >d. As S; and A’; are free of uw», H in (2) must be of degree d, in 
Then FA’; contains a term involving v, which is of degree d, in up. Such a 
term can be balanced neither by K, nor by the first member of (2). Thus 
K, is reduced with respect to Ap. Similar observations apply to the later steps 
in the calculation of LZ, so that Z is reduced with respect to Ap. 

Continuing, we reach a unique FR as described above. We call FR the 
remainder of G with respect to (1). 


Series. 


13. An element in I will be called a series if the element involves 20 
yij with j>0. A series is simply a function of y,,- - -,Yyn analytic a 

Let A be a series which is not a constant. By the class of A, we shall 
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mean the greatest j such that A involves y; effectively. Constants will be 
called series of class zero. 

Let A be a series of class 7 > 0. We shall call A regular if A contains 
aterm ay;” with m > 0 and a a constant distinct from zero. 


Regular systems. 


14. Let & be a system of elements in [. We shall call = regular if 


either 


(a) A positive integer j Sn exists such that & contains regular serves of 
each of the classes n,n —1,- - -,7 but contains no series of positive class less 
than 
or 

(b) & contains no series of positive class. 


If (a) holds, we shall call 7 —1 the index of &. If (b) holds, the index 


of 3 will be defined as n. 


15. Let = be any system of elements in T. We shall show that, by a 
non-singular linear transformation on 4:,° °°, Yn, with constant coefficients, 
Scan be converted into a regular system.?” 

If S contains no series of positive class, } is regular. Suppose that series 
of positive class exist in & and let A be one of them. By a non-singular linear 


transformation of the type 
Yi +> + ainy’n, (‘—1,:--,n), 


with rational a;;, we can convert A into a series B in the y’; which is of class 
nand regular.1* Under this transformation, = goes over into a system 3’ in 
the y’;. If 3’ contains no series of one of the classes 1,---,n—1, 3’ is 
regular. Let S’ contain a series C' of positive class less than n. By a non- 
singular linear transformation applied to y/;,° °°, Yy’n-1, we convert C into a 
regular series of class n —1. This second transformation converts B into a 
regular series of class n. . 

A sufficient number of repetitions of the above procedure furnishes a non- 


sngular transformation which converts into a regular system. 


If j = 1, this is to mean that = contains regular series of the classes n,n —1,---,1. 
* Cf. Riickert, loc. cit., p. 266. 
* It is only necessary to regularize, in the manner explained in treatises of algebra, 


any one of the homogeneous polynomials of which A is the sum. 
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Residues. 

16. The following important theorem is due to Spith.’* Let A and B 
be power series in Up, with numerical coefficients, convergent for 
[a|<r, t—1,---,p, where r>0. For each 7, let aj, a series in 
Uy,° * *, Ups, be the coefficient of u,/ in A arranged as a power series in tp 
Let a positive integer q exist such that %,%,° vanish for 
= Up, = 0, while aq does not. There exists one and only one relation 


(3) CA 4-D 


where C and D are power series in u,,° * * , Up convergent for numerically small 
values of the u;, and where no exponent of Up in D is greater than q—1, 


That is, 
D = Bou," ++ 


with the 8; power series in U;,° 


17. Let now & be a regular system of index s <n (§14). Let 


(4) Bi? * 
be series in with B; of class and regular, + 

Let G be any element in 3. If B, does not vanish for y, =+ ++ = n=?) 
we have G—M,B, with M, an element. If the vanishing does occur, we 


arrange G as a polynomial in the y;; with 7 > 0 and apply Spith’s theorem 


to the coefficients in G. We find a relation 
(5) 


with G, a polynomial in y, as well as in the yi; with 7 > 0. Considering 6; 
as such a polynomial, we give it, with respect to By1, the treatment accorded 


to @ with respect to B,. Continuing, we reach a relation 
G = +t: Men + H 
with the M elements and H an element which is a polynomial in yi, 8+ 


=i=n. We shall call H the residue of G with respect to (4). 


Bases. 


18. Let % be any system of elements and @ a finite subset of 3. We 


14 Journal fiir die reine und angewandte Mathematik, vol. 161 (1929), p. 99. 


18 Not necessarily in I. 
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shall call ® a basis of & if, for every element G in &, a positive integer p 
depending on G exists such that G? is a linear combination of the elements in 
@ and of their derivatives (of arbitrary orders), with elements for coefficients. 

§§ 19-23 are devoted to the proof of the lemma: 

LemMA. Every infinite system of elements has a basis. 

We shall prove this lemma first for systems of elements in T. It will 
then be easy to pass to the general case. We note that if a system & of ele- 
ments in I has a basis ®, the expression of any G? (as above) in terms of the 
elements of © may be assumed to have coefficients in T. In short, one may 


replace v, in the coefficients, by 0. 


19. The notation 
P=Q ** 


where all letters represent elements, will mean that P— Q is a linear com- 
bination of C,,- - -,C, and their derivatives (of arbitrary orders), with ele- 
ments for coefficients.?® 


The following lemma is due to Raudenbush: 17 


Lemma. If 
(6) (PQ)7=0 (C;,° 


where g is some positive integer, a positive integer h exists such that 
(7) (P'Q)*=0 Cp), 


where P’ is the derivative of P. 


The relation P9Q% = 0 gives,'® by differentiation, 
+ = 0. 
Multiplying through by Q and dividing by g, we have 
(8) Po = 0. 


If g=1, we have (P’Q)*=0. Suppose that g >1. We differentiate (8), 
multiply through by P’Q and use (6) and (8). We find that 


= 0. 


If g =2 we have (7) with h =4. In general, (7) holds with h = 2g. 


1° When the letters above represent elements in I’, the coefficients can be taken in I. 
17 Loc. cit., §§ 1, 2. 
** All congruences are with respect to C,,- --,€ 
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20. We now assume that there exist infinite systems of elements in T 
which have no bases. We work towards a contradiction. 


LEMMA. Let & be a system of elements which has no basis. Let 
F,,- - +, Fy be elements such that when each element in & is multiplied by a 
suitable product of non-negative powers of F,,- +, one obtains a system 


A which has a basis. Then the system 3+ F,F,- + - Fy has no basis.*° 


Let + F,-: - - Fy have a basis. If, to a basis of a system, one adds any 
finite number of elements of the system, one secures a new basis for the 
system. Then let 3+ F,- - - Ff, have a basis. 


where the H/; are such that the elements of A which they yield, after the above 
described multiplications, form a basis for A. Let G@ be any element in &. Let 
K represent F,- --F,. Because A has the basis mentioned above, we have, 
for some g, 

(10) (KG)7=0 * Hip). 


We have, furthermore, for some h, referring to (9), 


with K’ the derivative of K, the unwritten terms involving either higher 
derivatives of K or a derivative, proper or improper, of an H,. 

Let ¢ be a positive integer and let both sides of (11) be raised to the /-th 
power. If ¢ is large, every term in the expression for G"* which is free of the 
H;, and their derivatives will involve to a high power either K or some deriva- 
tive of K appearing in (11). We multiply the expression for G"* by a high 
power of G and then use (10) and § 19.74. We see that a sufficiently high 
power of G@ is linear in the H; and their derivatives. This means that 
H,,: H, is a basis for so that the lemma is proved. 


21. Lemma. Let & be a system of elements which has no basis. Let 
F,,: +, Fp be elements such that 3+ F,:--F, has a basis. Then at least 


one of the systems + Fi, i=1,- +, p, has no basis.*° 


We may evidently limit ourselves to the case of p=2. Let each of 


3+ F,, 3+ F. have a basis. Then we can find a set of elements H,,- °°. Hr 
The logical sum of 2 and F,.- - - 


20 Raudenbush, § 4. 
21 Actually, we are using a trivial extension of the result in § 19. 
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in such that F,, H,,---,H, is a basis for $+ F, and Ar 
a basis for $+ F.. Let G be any element in %. Let g be such that G9 is 
linear in derivatives (proper or improper) of F, and the H; and also linear 
in derivatives of F, and the H;. If we multiply together these two expressions 
for G2, we have G2 expressed as a linear combination of certain PF,‘ F.™, 
where superscripts denote differentiation, and of the H; and their derivatives. 
Now, given any F’,‘7) F,, a sufficiently high power of it is, by § 19, linear in 
F,F, and its derivatives. We see now that a sufficiently high power of G9 is 
linear in F',F., H,,- - -,H, and their derivatives. Then F,F,, H,,: Hr 
isa basis for § + FF. This contradiction proves the lemma. 


22. We now complete, for systems of elements in T, the proof of the 
lemma stated in § 18. 

Let there exist a system in I which has no basis. By § 15, there will 
exist a regular system without a basis. Let s, with 0s 7 be the least 
integer which is the index of a regular system without a basis. 

We suppose first that s << n. 

Let = be any regular system of index s which has no basis. We consider 
aset (4) contained in 3. We observe that every B; in (4) vanishes when its 
letters are replaced by zero. A B,; which did not so vanish would be a basis 
of 3. By the Weierstrass preparation theorem, we have By = A;B’;, 1= 
st+1,--+,m, with B’; a regular series of class 1 which is a polynomial in y 
and A; a series of class not exceeding 7 which does not vanish for zero values 
of its letters. When each B;, is replaced in & by B’;, we obtain a regular system 


3. 3, has no basis, for if it had a basis composed of the B’; and other 
elements H,,- --,H,, % would have a basis composed of the B; and of 
H,,° 


From each B’; with j >s-+ 1, we can subtract a linear combination of 
the B’; with i < 7, with series for coefficients, so as to obtain a regular series 
(; of class 7 which is a polynomial in ys.1,° * *, yj-1 aS well as in yj. Let 3, 
result from 3, by replacing each B’; with 7 >s+1 by Cj. Then % is a 
regular system of index s which has no basis. Let G be any element of 2 
thich is not in 


let H be the residue of @ with respect to (12). Let %, be the system com- 
posed of (12) and of the totality of the H. Then %; has no basis. %; cannot 
contain a series of positive class less than s+ 1; if it did, it could be trans- 
formed into a regular system of index less than s, without a basis. Thus 
2, is regular and of index s. 


3 
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There exist thus regular systems of index s which lack bases, in whict 
each element of the system is a polynomial in every letter not lower than y,.,, 
Of all such systems, let } be one whose basic sets are not higher than those of 


any other such system (§8). Let 
(13) A,,° *yAy 


be a basic set of & Then A, is not a constant; if it were, it would he , 
basis of &. Let S; and J; be the separant and initial respectively of A, 
tom Lat 
(14) 
be a set (4) in &. 

Let G be any element of & which is not in (13) or (14). Let F be the 
remainder of G with respect to (13). 

Let Q be the system composed of (13), (14) and the totality of the 2. 
We shall prove that © has a basis. 

Let this be false. Then there are certainly non-zero F in Q. If no Ris 
a series of positive class less than s +- 1, Q is a regular system of index s, with 
each element a polynomial in every letter not lower than ys,,, whose basic sets, 
by § 10, are lower than (13). This is incompatible with the absence of a basis 
If some F is a series of positive class less than s+ 1, we can transform 
into a regular system of index less than s. 

Thus © has a basis. Let A be the system composed of (13), (14) and 


of the products of the general type 
(15) 


which are used in forming the R in Q. Let a basis of 2 consist of (13), (14) 
and of certain R, say R,,- +--+, g. Then A has a basis consisting of (13), 
(14) and the elements (15) which give R,,- - -, Rg. 

The lemmas of §§ 20, 21 inform us now that at least one of the system 


++ 8:, 3+ 1; has no basis. If, in such a system without a basis, the Sj 0! 


I; adjoined is not a series of positive class less than s+ 1, the system 
regular and has basic sets lower than (13). The case of a series of positi 
class less than s + 1 is handled by the usual transformation. The hypothes: 
that = has no basis is thus untenable in the case of s < n. 

For s =n, we take & as a regular system, lacking a basis, whose bas! 
sets are as low as possible. The proof proceeds as above, without the set (1?) 


23. Now let = be an infinite system of elements which are not necé 
. 4 . 
sarily in T. We shall prove that = has a basis. Let G be any element 10 + 
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In the expression for G in terms of « and the y;;, we replace x by a new letter 


yo. Then G goes over into an element G in the functions yo, y1,° * *, Yn of the 
variable 2. goes over, in this manner, into a system in Yn, 
V 5 ’ J 

being of the type examined in the preceding sections. Let H’;,- - +, H’, be a 


basis of 3’, H’; being derived, as above, from an element //; in &. 

Referring to any G and G@ as above, let @’ be linear in the H/’; and their 
derivatives. We consider the equation which expresses G’* in terms of the H’;. 
In this equation, we replace yo by 2, yo. by 1 and yo; with 7 > 1 by 0. There 
results an expression for G* in terms of the H; and their derivatives. Thus, 
H,,: - -, Hr is a basis for &. 


Ideals. 


24. A system & is called an ideal if it has the following properties: 


(a) Given any finite set of elements of %, every linear combination of 
those elements, with elements for coefficients, is in %. 
(b) Given any element in %, the derivative of the element 1s also in &. 


An ideal & is called perfect ** if, whenever an element is such that some 
power of it belongs to &, the element belongs to 3. An ideal & is called prime 
if whenever AB is in &, at least one of A and B is in &. Every prime ideal is 
perfect. 

We prove the following theorem: ** 


Every perfect ideal of elements is the intersection of a finite number of 


prime ideals. 


Let & be a perfect ideal. Suppose that = is not the intersection of a finite 
number of prime ideals. Then & is not prime. Let AA’, but neither A nor A’, 
belong to &. 

Let >, H, be any basis of 3. Let G be any element such that, 


lor some q; 


(16) GI =0 


The details of the preceding sections show that the totality ¥, of such elements 
Gis a perfect ideal. Using A’, in place of A, we obtain similarly a perfect 
ideal 

We prove now that & is the intersection of %, and ¥’,;. We note first that 
is a proper subset of each of &, and 3’,. Now let @ be any element common 
to 3, and ¥’,. We consider (16), taking g large enough to have also 


Raudenbush, § 3. 
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(17) GI = 0 
As in § 21, we see that, for some 1, 

= () +, AA’), 


which means that G is in &. 


At least one of 3, and 3’; is not the intersection of a finite number of 


prime ideals. Let this be the case for 3;. We find, as above, a perfect ideal 
>. of which &, is a proper part. Continuing, we find an infinite sequence of 
perfect ideals, 

(18) 


each a proper part of its successor. Let © be the logical sum of the ideals in 
(18). Let H,,- --,H;, be a basis of OQ. There is some , which contains all 
of the H;. That 3, contains 2. This contradiction proves that = is the inter- 
section of a finite number of prime ideals. 

Now, let the perfect ideal = be the intersection of the prime ideals 


Suppressing some of the 3; if necessary, we suppose that no 3; contains any 3; 
with 747%. We shall then prove that (19) is wnique, that is, that if & is the 
intersection of prime ideals 


with no Q, containing any 0; with j ~1, then r=s and each 3; is identical 
with some 9). 

We show first that 3, contains some 0;. Let this be false. Let A; be an 
element in Q;,i—1,: -,s, which is not in 3,. Then A,A.° - As, which is 
in every 9;, hence in 3, is not in This is impossible. Let, then, contain 
Q,. Now, Q,, similarly, contains some 3; which must be %, since >, cannot 


contain a 3; with 741. The uniqueness is proved. 
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DETERMINATION OF A VAN DER CORPUT ABSOLUTE 
CONSTANT.* 


By RicHARD KERSHNER. 


A very useful lemma of van der Corput’ is to the effect that there exist 
absolute constants y, v with the property that if f(z) be a real valued function 
possessing, in the finite interval [a,b], a second derivative nowhere less than 
a fixed positive constant r, then 


b 
(1) | f° exp(ip(a) | 
and 
| go 
(2) f cos f(x)dx | Svr-* 
va 


it being understood that y,v are independent of [a,b] as well as of f(z). 

The author has given * a very elementary proof of this lemma in a way 
that yields the best possible value vp of v satisfying (2). In fact it was shown 
that the expression on the left of (2) attains a maximum, under the restriction 
f'(c)=r > 0, if the function f(x) is chosen to be a parabola f(a) = rx?/2 + Co, 
fora certain constant co, and if —a = b = 2c))/r]%. The constant cy 
is determined as the only root ¢ of the equation 


(1 /2-c) 
(3) J sin(a? + c)dz =0 


0 
in—2/2 ScZx7/2. This explicit determination of the maximum of the left 
side of (2) furnished the decimal approximation vp = 3.327 - - - while the best 
estimate previously given seems to have been vp S 32% = 5.657: - -. 

The object of this note is to determine the best constant p = po satisfying 
the original van der Corput inequality (1). First it will be shown that the 
two problems are actually equivalent and in fact po vo. Furthermore, a 
maximum for the expression on the left of (1), under the restriction f” (2) =r, 
is taken if the same function f(a) and interval [a,b] are chosen as in the case 

* Received February 10, 1938. 

‘Cf. E. Landau, Vorlesungen iiber Zahlentheorie, vol. 2 (1927), p. 60; or E. Landau, 
Einfuhrung in die Differentialrechnung und Integralrechnung (1934), p. 307. 


*R. Kershner, “ Determination of a van der Corput-Landau absolute constant,” 
American Journal of Mathematics, vol. 57 (1935), pp. 840-846. 
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(2). Secondly, the determination of the best constant in (1) will be carried 
out directly, without reference to the equivalent problem connected with (2), 
In view of this equivalence, the direct treatment of the case (1) to be given 
here may be considered as an alternative to the author’s previous treatment of 
(2). In this connection it may be mentioned that, while the considerations 
to be used are certainly no simpler than those previously used in connection 
with (2) they do have the advantage of being considerably more intuitive 
geometrically. Furthermore, the method to be used in the direct treatment 
of (1) seems to be of interest in itself and is expected to have further applica- 


tions in the study of exponential integrals. 


THEOREM JI. Let po, vo denote the least values of p,v satisfying (1), (2) 
respectively, for all functions f(x) with f’(4) Zr>0. Then po =v. 
The trivial inequality 


(4) | exp(if(x))dz | = | cos f(x) dx | 


shows that po =v» so it is only necessary to show that po Sv. Let f(z) 


satisfy the conditions of the van der Corput lemma. Then 


exp 


b 
where wo = arg| exp (x) | is a constant. Thus 
a 


b 
(5) f exp i(f(z) —o)dx = exp (x) )dz a 


a 


This shows that the left-hand side of (5) is real, and in fact positive, so that 


(6) exp[1(f(«) —o) = | cos(f(z) —w)dzx | 


From (5) and (6) 


(7) | exp(if(x))dx | = | cos(f(2) —w)dzx 


so that po = vo. 
Comparison of the equality (7%) with the above mentioned result con- 


cerning (2) makes the following statement obvious: 


THEOREM IT. The expression on the left of (1) attains a maximum, 
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ynder the restriction f’ (x) =r > 0, if the function f(x) is chosen to be the 
yarabola f(x) = ra*/2, and if —a=b = [(4— /r]”. 


Theorem II will now be demonstrated by a direct geometrical argument. 


(onsider the curve S(f), represented in the complex plane by 


J. exp (if (x) 


or with parametric equations 


"cos f(x) de 
‘ J 


y= sin f(x) da. 


Since (dx/ds)* + (dy/ds)? =1, the parameter s is actually the arc-length 
along the curve S(f). Also 


dy/dx = tan f(s) 


0 that f(s) represents the inclination of S(f) at the point s (i. e., at the point 
with are-length s) and f’(s) is the curvature of S(f) at the same point. 

It will be assumed that f’(s) takes on all values between — « and + o, 
ince otherwise the region of definition of the function f(2) can be extended. 
Also it will be assumed that f(0) = f’(0) = 0, a normalization that involves 
no loss of generality. Thus the curve S(f) passes through the origin when 
‘=( and is tangent to the z-axis at this point. Furthermore the curvature 

s) = f’(s) of S(f) vanishes at this point. For s < 0 the curvature k(s) 
is a. and for s>0, k(s) >0. Finally k’(s) =f’(s) 2r>0 by 
assumption. 

It is easy to see that the curve S(f) is a double spiral without double 
points (see figure p. 552). In fact, if the osculating circle be drawn at the poitt 
‘=a>0 then all points of the curve S(f) for which s >a lie within this 
circle while all points s < a lie outside this circle. If a < 0 the situation is 
reversed. Finally, at a =O there is no osculating circle but the two ares of 
(f) corresponding to s > 0 and s < 0 lie on opposite sides of the tangent 


me, i.e., of the x-axis. 


b 
Now | ; exp(if(x))dz | is simply the length of the chord joining the 


points s =a, s —b on the curve S(f). The notation C(f;a,b) will be used 
0 denote this chord or its length. Thus the problem is to determine the 
maximum of C(f;a,b) for all spirals S(f). 
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or 
or 


First it will be shown that it is sufficient to consider chords which pass 
through the origin and spirals which are symmetrical with respect to the origin, 
Suppose that a and b are named in such a way that C(f;0,a) = C(f; 0,b), 


a0. Then, from the triangle inequality 


C(f;a,b) SC(f;0,a) + C(f; 0, b) 
it is seen that 
(9) 20(f;0,a) = C(f34,b). 


Let g(x) be defined by =f(z) if sign(x) = sign(a), g(—2) 
and g(0) =0. Then S(g) is symmetrical with respect to the origin and there 
exists on S(g) a chord C(g;—a,a) such that 


C(g;—4,a) =2C(f;0,a) =C(f;a, 6). 


Thus, to find a maximum for all chords C(f;a,b) it is sufficient to find 4 
maximum for 2C(f;0,a@) where a > 0. 
Now for a given S(f) there does exist a maximum C(f;0,a) and this 
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maximum chord is, of course, perpendicular to the curve S(f) at the point u. 
In fact, it is easily seen from the shape of S(f) that the maximum C(f; 0, a) 
occurs when a is the smallest value for which C(f;0,q@) is perpendicular to the 
curve S(f) at the point a. Let this value a be denoted by a=a—a(f). The 
yalue @ = @ clearly occurs when the inclination f(«) is between 7/2 and 37/2. 
Finally, the closed curve consisting of the arc of S(f) for which 0 = sS a@ and 
the chord C(f;0,«) is a convex curve which will be denoted by ['(f; «). 

Now it will be shown that the maximum chord C(f;0,«) occurs when 
f(z) =fo(v) =r2’/2. It should be mentioned that S(f,) is the well known 
spiral of Cornu. Let B be such that f.(8) =f(a). In conformity with the 
above let ['(f>, 8) denote the closed curve (also obviously convex) consisting 
of the arc of S(f,) for which 0=s=8 and the chord C(f,; 0, B). 

Now f’(x) 2r>0 and Also f(0) =f.(0) —0; f’(0) 
=f’,(0) =0. It has been shown,* under these conditions, that = f’o(x) 
if z, is the uniquely determined value z, for which f(z,) fo(@). 
Interpreted geometrically this means that the curvature ko(s) of S(fo) at any 
point s is not greater than the curvature k(s,) of S(f) at the point s, where 
the inclination f(s,) is the same as the inclination f(s) of S(fo) at s. 

Let denote the normal inclination of T'(f;) or T'(fo; 8) and let K(¢), 
K,(@) represent the curvature of these curves where the curvature exists, i. e., 
up to the ¢-intervals corresponding to the corners, so that 


K($) =k(s($)), Kol) = —2/2 << $< fo(B) —7/2. 
Then, according to the preceding paragraph, 
(10) K(¢) = Ko(o); — 2/2 < fo(B) — 2/2. 


A well known theorem * on convex curves states that if the inequality occurring 
in (10) holds for all ¢-values then the curve ['(f;«) can be placed within 
I(f,.;B). Slight modifications of the proof of this theorem, as given loc. cit. *, 
show that if H(¢), Ho(#) are the supporting functions * of T'(f; T'(fo3 B) 


respectively then 
(11) H(f(%) =H (fo(B) — 2/2) S Ho(fo(B) —2/2). 
But, by definition of the supporting function, 


H (f(a) =C(f;0,«) and Ho(fo(B) —2/2) =C (fo; 0, B). 


3 Loe, cit.*, p. 845. 
‘Cf. W. Blaschke, Kreis und Kugel (1916), pp. 115-116. 
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Thus, from (11), 
(12 C(f;0,%) = C(fo; 9, B). 


It is now seen from (9) and (12) that 


C(f;a,b) S 2 max C(f;0,a) = 2C(f; 0, «) 
= 2 max C'(f,;0,c) = max C(fo; — ¢, c). 


Expressed in the integral form, with the definition of fo(z) substituted, this 
last inequality becomes 


b c 
| f exp (f(x) ) dx | = max | exp (1ra?/2) dx 
a 
The proof of Theorem II is completed by the trivial determination of c. 
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A PROPERTY OF SPHERICAL HARMONICS.* 


By Hans Lewy. 


In this paper will be proved the following theorems: 


THEOREM 1. Let u(a,y,z) be a homogeneous polynomial of degree 
n> 2 whose range of values covers positive and negative numbers and whose 
Hessian Hy, vanishes only at c=y=2z=0. Then those points of the unit 
sphere o (a* + y? + 22 =1) for which u = 0, form two distinct closed conver 


curves! without singularities and diametral to each other. 


THEOREM 2. Let u(ar,y,z) be a spherical harmonic of degree n > 2, 
i.e.a regular solution of 
Ure Uyy + = 0 
and of 


+ YUy + 2Uz = nu 


which does not vanish identically. Then there exists a point distinct from 
the origin where the Hessian 
Bey ther | 
= | Uyy  Uyz | 
| Uys Ure | 


vanishes, 
We employ the following 


LemMA 1. v(a2,y,2) be a homogeneous polynomial of degree m > 1 
and (2, Yo, 2) an arbitrary point where v(x, Yo, 20) 49, then the Gaussian 
curvature of the surface v(x, y,z) =V(Xo; Yo: Zo) has the same sign as vH wy 
and vanishes where Hj», vanishes. 


Proof of the Lemma. | v |*/” is of degree 1 and analytic wherever v ¢ 0. 
Che first derivatives of | v |!/™ are of degree 0. On writing down the homo- 


| 

geneity relations for these, we obtain three homogeneous equations whose 
determinant vanishes. This determinant is /,),|/", and we have for v 2 0 resp. 

* Received March 14, 1938. 

*A closed curve without double points is called convex if either its “interior ” or 
Its “exterior ” is convex, i.e. contains, together with two points P and Q, the smaller 
are of the great circle through P and Q. 


HANS LEWY. 


Va" 

| Vv [$(1/m-1) 

(1/m—1) ——, + (1/m—1) 

| Vay v 

— (1/0) (1 1/m) (vee yy — tay?) ve? 

The expression (Vg2Vyy — Vay”) v2? +--+ differs from the Gaussian curvature 


of v = const. by a positive factor, and our Lemma follows. 


Proof of Theorem I. Replacing, if necessary, wu by — u, we may assume 
that H,u; > 0 and that the curvature of the surfaces S, (w= const. > 0) is 
positive, the curvature of the surfaces S_ (w= const. < 0) isnegative. Further- 
more it is legitimate to suppose m even, since for n odd the Hessian is an odd 
function and the conditions of our Theorem cannot be satisfied. Since Hiy,; 0, 
the curves u=0 on o are without singularities and possess a non-vanishing 
geodetic curvature at each point (i.e. have no contact of higher order with a 
great circle). For it is a familiar fact of algebraic geometry that H ju) ~0 
implies that the projection of w= 0 from the origin O on the tangent plane 7’ 
of o at a point P of u=0 has no singularity at P and its curvature at P does 
not vanish; for the codrdinates (2, y,z) on o can be interpreted as projective 
codrdinates of the projection on 7’. 

Consider that branch of u 0 which passes through P. It must be a 
closed spherical curve since it does not possess any singularities, and its 
geodetic curvature does not vanish. Its “ interior,” therefore, is a convex 
domain B distinct from a hemisphere.’ 

We show u>0 in B. Assume that a suitable rotation of the system of 
coérdinates transforms the above point P into (1,0,0) and the direction of 
u—=0 at P into dr =dz=0. We conclude from the homogeneity of wu that 
at P for dx = dz = 0, dy 0 


Ur, Wee = = 0, Uydy -+ = du = Uydy = 0, 


2T owe to M. W. Fenchel the following information regarding this theorem about 
spherical curves of positive geodetic curvature: the theorem, though not explicitly 
stated in literature, follows immediately from i) a theorem by Mobius that a positively 
curved are without singularities nor double points is contained in a hemisphere (Mébius, 
Werke II, pp. 183-187), and ii) the corresponding fact about planar domains bounded 
by convex curves to which it may be reduced by central projection. 
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By hypothesis 
0 0 Une 
= |0 Uyy Uyz | = — Use Uy > 
Uyz Uzz 
whence 


Uy <0, Ure 


Now we have along u = 0 at P 


dz=0, 0 = d*u/dy? = Ww + 


where y is taken as independent variable. Thus u-d*z/dy* >0, and uw is 
positive on that side of a neighborhood of w= 0 against which u = 0 is con- 
cave and negative on the other side. 

If w=—0 at P then w=0 at the diametral point P’. But P and P’ 
cannot lie on the same branch of w= 0. For choose in the neighborhood of 
P (1,0,0) two points P, and P, on w=0 with small | yp, |, | yp, | and 
yp,<0, yp, > 9. B is contained within a loon formed by the two great 
circles tangent to w—0 at P, and Pz. The condition: d?z/dy? ~0 on u= 0 
inthe neighborhood of P excludes that either circle passes through P. On the 
ither hand P lies within the loon, and consequently P’ lies outside of it 
and of B.® 

Thus the number of disconnected branches of uO is even and each 


branch bounds a convex domain in which wu > 0. For suppose wu = 0 inside 
ofa branch C of w= 0, on a certain set of points #. Choose in # a point Q 
of minimum distance from C. Since wu > 0 in the neighborhood of C for all 
points inside of C, Q has a positive distance from C. Thus there would exist 
aconvex curve C’, passing through Q and contained within C, in whose exterior 
necessarily w< 0 for a neighborhood of C’. This leads to a contradiction 
with the assumption that Q is a point of # of minimum distance from C. 

Hence the domain u < 0 on o consists of o minus an even number of 
disjoint convex domains. 

Consider again an arbitrary point of w=—0 in the above notation: 
P(1,0,0), = Ure = Ury = Wy = 0, Ure AO. Denote by Q’(1, 0, z) 
a point for which | z| is small and uw< 0. The asymptotic directions of the 


surface w= const. that passes through Q’ are determined by 


(1) + uydy + uzdz = 0 
(2) + + Uydy? + 


* Also ef. Footnote 2. 
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The second relation expresses that = = =0 imply d4u=0. 


replacing dz by its value in (1) and substituting in (2) we obtain 


A= Uz + 2uyzdydz + uz-dz?) 


+ +- Uzdz)[ (Use/Ur) (Uydy + Uzdz) — 2Usydy — 2 


As Q tends to P (z— 0), this equation reduces to (dz/dy)? =0. For 


20 Ux | 2=0, y=0 
uz*| (n — 1) (n— 2) —2(n—1)?] | 


= — nu-(1, 0,0), 


lim - 

20 Us 
Hence the projections of the asymptotic directions at Q’ on T tend to the 
direction of the tangent of u—0 at P as Q’—P. The same result woull 
have been obtained if, instead of Q’(1,0,z), we had considered the point 
Q (1/V¥14+ 2, 0, 2/V1+2 *) which is the intersection of OQ’ with o. Fo 
the asymptotic directions are determined by the equations (1) and (2) which 
are homogeneous in 2, y, z 

We next consider the projections from O on the sphere o of the asymptoti 
directions at Q = Q(4, 0,2), given by 


(d’x, d’y, d’z) = (dx, dy, dz) — (#dx + 2dz) (4, 0, 2) 
with (dz, dy, dz) satisfying (1) and (2). We have 


lim (2, 0, Z)/Z = (1, 0, 0), 


whence 
dy Urdy dy n—1 


Since lim — = 0, we conclude 


6 q 
dz — + Zzdz)z 
d’y dy 
and 
_ dx — + 2dz)t (1 — #)dz —lim dx 
d y dy dy dy 


Thus is shown that the projections on o of the asymptotic directions at poill 
Q of o with ug < 0 form a field of two vectors which tend to the tangent of ( 
as @ approaches C' on a normal. It is easily seen that the above limit co- 
siderations hold uniformly for all points of C as the higher derivatives of ! 
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on o are uniformly bounded. The fields of the two vectors is therefore defined 
and continuous in the domains u = 0. 

Choose an arbitrary point N of o for which uy > 0 and project the vector 
field stereographically from N on a plane. Of the images of the spherical 
curves u = 0, one will contain the image of the domains u < 0 while the images 
of the other curves uw = 0 will constitute interior boundaries of the domain of 
definition of the projected field vectors. As the field is without singularities 
the sum of the rotations of the vectors over the interior boundaries equals that 
over the exterior boundary. Evidently the contribution of each boundary is 
47. Hence there can be only one interior boundary. In other words, the 
curves U = 0 on o are precisely two diametrally opposite convex curves without 
singularities. 

The remaining paragraphs will show that for no spherical harmonic u 
of degree n > 2, m even, the curves u = 0 on o can be two distinct diametrally 
opposite convex curves without singularities. 

LemMA 2. Consider on o a closed convex curve C, different from a great 
circle. Denote by B, the interior of C,, and by B, the interior of the curve Cz 
diametrally opposite to C,. Then it is possible to locate on o a circular domain 
of spherical radius 33° in such a way that its closure lies either in B, or in 


+ C,) ~ (B, + 0;). 


We omit a proof of this Lemma and refer instead to a note by R. M. 
Robinson * in which is shown that one always can locate in the described way 
acircular domain of radius < are tan} V3 and that this is the best possible 
upper bound. 


Lemma 3. Let u be a spherical harmonic of degreen=4. Then each 
circular domain B of the unit sphere of radius 33° contains a zero of u. 
Suppose there exists a spherical harmonic wu of degree n 24 which is 


positive in a circle 8 of radius 33° on o. Introduce polar codrdinates (r, 6, ) 
so that the center of 8 corresponds to r=1, 60. Consider 


v(r, — 6, p) db 


v(r,6) is a spherical harmonic of degree n, of the form cr"P,,(cos 6), c > 0, 
studied by Legendre. 
We have 


Py(1) =1, v—0,1,---; P.(é)=1, 


*R. M. Robinson, Bulletin of the American Mathematical Society, 1938, pp. 115-116. 
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and the recursion formula 


IV 


(v + 1) Poi (é) — (2v + + vPro (€) = 0, v 


Denote by év < 1 the largest value of € for which P,(é) = 0. By the recursion 
formula Py,,(év) <0 and 


Furthermore 
8P,(é) = — 302 + 3, 
5 2( 5 0. 6 
— V120 15 + 10.6 167-10 gage 
3! 36 — 67-100 


Thus we have for 0 < 6, < 90° and &; = cos 6, the inequality 
| cos 6, > 0. 843, 6, < 33°. 
Consequently, for = cos 0 << < 90°, 
>), 


But this makes impossible our assumption that wu and hence v(r,6) are posi- 
tive in 
The comparison of Theorem 1 with Lemmas 2 and 3 easily yields 


Theorem 2. 
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ON THE CHARACTER OF CERTAIN ENTIRE FUNCTIONS IN 
DISTANT PORTIONS OF THE PLANE.* 


By C. V. Newsom. 


Recently Ford has proved a theorem pertaining to the behavior of the series, 


g(n)z"; radius of convergence = ©, 
when the absolute value of z becomes large. In his study the coefficient g(n), 
vhen considered as a function g(w) of the complex variable w = x + ty, must 
satisfy the two following conditions throughout any arbitrary right-half plane 


(a) is single valued and analytic, 
(b) is such that for all | y | sufficiently large one may write 


| g(a + iy) | < Keron, 


where e is an arbitrarily small positive quantity given in advance and where K 
depends only upon 2» and «.' 

The present paper studies a similar problem in which, however, condition 
(b) given above is somewhat less restricted. The theorem to be established 
is as follows: 


THEOREM. Let it be assumed that the coefficient g(n) occurring in the 
general term of the power series, 
(1) 9(n)2"; radius of convergence = 
n=0 
may be regarded as a function g(w) of the complex variable w =x + iy and 
"8 such satisfies the following two conditions: 


(a) is single valued and analytic throughout the finite w-plane, 

(b) is such that for all values of x and y one may write 
* Received December 14, 1937. 

*Ford, The Asymptotic Developments of Functions Defined by Maclaurin Series, 
(Scientific Series, University of Michigan, vol. 11), 1936, pp. 30-37. For a further 
discussion of developments in this field, see the same treatise. 
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(2) | + ty)| < 


where K is a constant independent of x and y, and k is any given positive 
integer. 

Then the function f(z) defined by series (1) when considered for all 
values of z satisfying the condition, —a < arg +2 < am, may be expressed in 


the form 


her: 


wherein 1 is any arbitrary positive integer and the upper or lower of the 
signs + is to be taken according as k is odd or even. Moreover, the expression 
& (1, z) is such that 
(4) lim 2'& (1,2) = 0, 

|z|>00 


irrespective of the value chosen for 1. 


Proof of Theorem. The proof of this theorem is based upon the following 
statement which is seen to be a conseyuence of Cauchy’s integral theorem in 
the calculus of residues; namely, if P(w) and Q(w) are any two functions of 
the complex variable w = x + ty both of which are single valued and analytic 
throughout a region A of the w-plane and of which Q(w) vanishes within 4 


only at the points w = 2,,A2,° - -,An which are zeros of the first order, and 
if c, denotes any closed contour lying within A and including the points 
An, then one may write 


in which & denotes any positive integer. The general term of the summatio 
upon the right is the residue at w =A, of the integrand upon the left as may 
be readily verified by observation of its Laurent’s expansion. 

If the formula of Leibnitz be employed upon the derivative of the produc 
within the bracket of (5), it follows that 


(5) 


P(w) 
(6 dw 


For the proof of the theorem of this paper, we shall choose Q(w) =sin tl 


— 
1 ¢_P(v) & w—An\r 
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With this choice, An = where n is any positive integer although the analysis 
follows also when the region A is extended to include a set of negative integers. 
Through the medium of elementary transformations, it is found that 


\ sin rw \ sin w w=0 


Hence it follows at once that 


dw’ \ sin rw 


where 3%%2° - -a@, denotes the sum of the at products of 7 factors each 
formed by taking the possible combinations of the k quantities, + (k—1)1; 


the imaginary unit, and where ) 0 


+ (k —3)1;- , r at a time; 7 having the usual interpretation as 


is understood as + 7 or 0 according 


as k is even or odd.? 
Thus the general term of the summation in (6) with respect tom becomes: 
( 1 k 


k ! 
where indicates the (k —r) derivative of P(w) evaluated at w—n. 


It is now desired that this expression should equal 1 Schl where g(n)z” 


is the n-th term of the given series (1). In order that this may be the case 
it is evidently necessary and sufficient that the hitherto undetermined function 
P(n) shall satisfy the following differential equation in n: 


k 
r=0 

wherein the upper or lower of the signs + is to be taken according as k is 
odd or even. 

This non-homogeneous differential equation is well adapted to elementary 
methods of solution. It has constant coefficients and the roots of its char- 
acteristic equation are distinct. Moreover, the roots are observed to be the 


quantities 


(9) + (k—1)mi, + 


*Fora proof of this fact see Newsom, The American Mathematical Monthly, vol. 38, 
no. 9, pp. 500-504. 
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Henceforth these roots will be denoted by r:zt, rert, etc. where rj = k + 1— 2); 
1=j=k. Then by a well known formula, a particular solution of (8) may 
be written directly as follows: 


n 


k > 

(10) P(n) =X f ersting(n)[+ z]"dn, 

ja 

0 

where 
1 j-1 1 k 1 

II (75 —Ta) (77 — Ta) J 


in which 
q 1 


1 if p=q. 
a=p (Tj — Ta) 


Having determined P(n) in this manner, we observe that if n be now replaced 
by the complex variable w = x + wy the result is an analvtic function P(w) 
of w throughout the finite w-plane. 

If then in (6) the path of integration cy, be chosen as any closed (finite) 
contour which encloses the points w = —1, —1+ 1, —1+2,---, —1,0, 
1,2,---,mn; 1 being any given positive integer; and if we employ the in- 
dicated form of the function P(w), equation (6) becomes 


1 P(w 1 ¢ 


n=-l 


With the actual forms for P(w) and Q(w) substituted into (12), the relation 
becomes 


w 


(sin ww 


n lok k 
(13) Sg f 
n=0 j=l 


dw 


on 


-1 
— 2 g(m)e". 
Thus we arrive at an expression in the form of a contour integral for the sum 
of the first n terms of the given series (1). 
The study of the right-hand member of (13) involves a consideration 
of & integrals of the form, 


w 
(14) 70 dw. 


(sin ww )** 


Within this contour integral we shall designate 
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(15) [;(w, z) z]“dw. 
may 
Furthermore, throughout the discussion which follows [= z] will be regarded 
as in the form, 
[+z] —p(cos¢+ ising). 
Moreover, [+ z]”, when evaluated for any special values of z and w =a - 1y, 
is rendered precise in meaning through the following convention: 
Then it follows that 
w 
(17) I; ( W, z) pre (rst elulog dw. 
ced 
w) For the path of integration to be employed in (17) let us choose that one 
which, starting at the origin w = 0, proceeds along the real axis to the point 
te) w= and then proceeds parallel to the pure imaginary axis to the point 
0, w=2-+ iy in question. Then J;(w,z) takes the form, 
in- 
(18) I;(w, 2) = Rj(p, x) + Sj (p, $,2,Y), 
where 
(19) Ry 4,2) f° (2) da 
0 
and 


on (20) Si(p, = tp” velylog + iy) dy. 
0 


By virtue of condition (2) postulated upon g(w), if y > 0, it is known 
that 
| + ty) | < Kerr. 
Thus it follows that 


(21) | S; (p, >, 2, y)| < Kp? 
70 


m 


< Tie 


if the equality sign given in the range of ¢ in (16) be eliminated. In similar 
manner, if y < 0, we have 


el-kr+r 


kx + 


(22) | Si(p, 2, y)| < Kp? i= 


Hence if, in particular, we confine z to any finite region 7’ of the z-plane such 


\ 
| 


4 
4 
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that p is bounded and within which ge, where is an 
arbitrarily small positive quantity, and confine z and y to any strip of finite 
width (thus making z bounded) drawn in the w-plane parallel to the y-axis, 


we see that, according as y > 0 or y < 0 we may write 


(23) | Si(p, y)| < 
| y)| < 


where M is an assignable positive constant, independent of p, a, and 4. 
Moreover, for p, ¢, and x as thus bounded, observation of (19) reveals that 


(24) | (p, p, | < N, 


where WN is a constant independent of p, ¢, and a. 

The foregoing properties being premised in regard to the function J;(w, 2), 
let us return to a further study of the integral (14). For the contour cy let 
us take specifically (Compare with the remark preceding (12)) the rectangle 


formed in the w-plane by the lines, 


(25) w=—Il—ft+y, w=n+44+y, w=2+ 1p, and w=2+4+ 14, 


where / is an arbitrarily large positive integer, n is an arbitrarily large positive 
even integer, and p and q may be regarded respectively as any arbitrarily large 
positive and negative quantities. 

We proceed now to consider the four contributions to the integral (14) 
as the indicated integration over c, is performed in turn along the four sides 
of the rectangle described in (25). 

First, along the side upon which w—2-+ ip we have dw = dz and 
sin rw = sin x(x + ip) = sinh rp(sin re ctnh rp + icos xz). Moreover, the 
integration takes place from -+ to =—I1I—4. Hence, if the con- 
tribution to (14) from this side of c, be designated by Aj, we have 


f | (p, S;(p, L, p) | de, 


[sinh rp(sin xa ctnh rp + cos 


(26) 
n+h 


where Rj(p,¢, 7) and Sj(p,$, 2, p) are defined by (19) and (20). By virtue 
of relations (23) and (24) it is known that for all the values of p, ¢, and ‘ 
with which we are concerned in (26) we may write 


| | < where ¢>0. 


Hence, upon writing in (26) rjxi(x + ip) = rjrxi — rjrp, it appears that the 
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absolute value of the numerator of the integrand of (26) cannot become in- 
finite to a higher order than that of e™*™-©? as p—> + o. The absolute value 
of the denominator, however, becomes infinite to as high an order as that of 
ptt)? as n>» + oo if one recalls the meaning of sinh zp and notes that the 
quantity in parentheses within the denominator has an absolute value which 
approaches the limit unity, this being true uniformly for all values of z. Thus 


we conclude that 


lim A; 0. 


Similarly, the contribution B; to the integral (14) arising from the side 
of ¢, upon which w =a + ig (q <0) is found to approach the limit zero as 
y>— «. In fact, this contribution is seen to be similar to (26) in form. 
The integration, however, in this case takes place from 2——1—4 to 
t=n-+ 4 and the expression S;(p,¢,2,q) which now occurs is related to 
the second of relations (23) instead of to the first, thus making the absolute 
value of the numerator of the integrand become infinite to no higher order 
than that of as q — while the denominator becomes infinite 
like as — 

Next, let us consider the contribution arising from the side w = n + $ + ty. 
Here dw =1dy and, inasmuch as n has been chosen as an even integer, we 
have (sin ww)**! = (cosh zy)**?, Having taken p= -+ o and = — o, the 
contribution to (14) from the side in question may be written 


ersTy 


ay 


fi (p, p, 2° y) 
(cosh 
The integral, 
d 
4 
(cosh ay )** 
-0O 
which we shal! denote by 1; may be evaluated directly. It evidently may he 
rewritten in the form 


Hy 


a8 appears by making the transformation e7”—¢. This new integral may he 


evaluated at once and is equal to 


l y, 
at 

z), 

let 
igle 
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co 
(28) Hi; J (cosh ry )**! dy = (rj; —k—1)2 
k—rj+1\ k—rj+1 
in which k—r;+1 
(1 2B ) lif p=@q 


As to the second integral in (27) we observe from (21) and (22) and 
the paragraph which follows them that the absolute value of the integrand 


is less than 
Mp" 


(cosh wy (cosh 


(29) 
where M, is an assignable positive constant independent of p, ¢, n, and y; the 
first or the second of these expressions to be used according as y > 0 or y <0. 
In view of the fact that (cosh xy)*** becomes infinite like as yo + 
and like e‘**-™)y as y—» — oo, it follows that this integral converges and con- 
verges uniformly for all values of z lying in the region 7 of the z-plane a 
described immediately under expression (22). Furthermore, we observe from 
(29) that if p be restricted to values less than unity, that is, if we consider 
only that portion of the region 7 which lies within the unit circle about the 
origin, then the limit of the integral in question as n> « will be 0. Thus, 
in conclusion, we may write 


(30) Cj = 1%) (p, + 3) + 2), 


where for the values of z under consideration, namely, for those in 7’ such that 
|z| <1, it follows that 
(31) lim nj(n, z) = 0. 

There now remains to be considered one contribution to the integral (14), 
namely, the one arising from the integration over the side w = —1—4+1y 
of the rectangle c,. This, however, is merely what is obtained just above by 
using —1—}4 instead of n+ 4 and noting that the integration now takes 
place from + o to — o instead of vice-versa. Thus this contribution takes 
the form, 
(32) Dj = — 1%") HR; (p,¢, —l1— 4) + Yj; (1, z), 


8 For this evaluation note formula 20, table 17, in the integral table of Bieren* 
de Haan. It should be observed, however, that this formula introduces a removable 
indeterminate form when r, is replaced by its proper value. 
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where 
( 
7 » — — 
-00 


As regards the integral Y;(l,z) here encountered it should be observed that 
an analysis similar to that which was applied to the second integral of (27) 
may likewise be employed here. In fact, the integrand of this integral is less 
in absolute value than 


or 
(cosh wy (cosh wry) ** 


according as y >0 or y<0. Thus it follows that Y;(l,z) converges uni- 
formly throughout the portion of 7’ in which | z| =p =p, > 0, where p, is 
arbitrarily small; and, furthermore, is such that for those values of z in the 
portion of 7’ just specified we shall have 


(34) lim z!¥;(l,z) =0. 


|z|—00 


We now recall from (19) that 


(05652) f° (x) da, 


in which pet? — + z, the sign + or — being used according as k is odd or 
even. Hence we may write 


Ry(o, 6." +4) — —1—4) g(x) 
-I-4 


If we now add the various contributions A;, B;, Cj, and D; which make 
up the integral (14), we conclude that 


w 
+ z|“dw 
0 


(sin ww )** 


dw 


axe ( [+ dx + yj(n,z) + Y;(I,z), 
wherein »j;(n,z) and Y;(l,z) possess the properties indicated respectively in 
(31) and (34). 
It is now possible, therefore, to restate (13) in the form, 
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k k 
(36) (n)2" = — 
n=0 j 1 2 
n+h 


m=-l 


If we recall the value of b; given in (11) and the value of Hj given in 
(28), it is a matter of simple algebra to determine that the entire coefficient 
preceding the integral within the first summation upon the right is equal to 
unity. Moreover it is readily shown that 


reg _ Sin 
Gin we 
Hence it follows at once that 
n+h 
-1-4 


g(m)2" + 4(n, 2) + & (1,2), 


where 4(n,z) and &(l,z) possess the properties previously held respectively 
by 9)(n,2) and Y;(l,z); that is, for all z in T having | z | < 1 we may write 
lim n(n, z) =0, 


OO 


and for all z in T for which |z| =p, > 0, &(J,z) converges uniformly and 


lim 2'&(l,z) =0. 
If we now confine z to values in T for which 0 < p,; S| z| < 1 and then 
allow n— © in the relation (37), it follows from what has been said of (1,2) 
that we may write for all such z: 


co 


— g(m)em + & (1,2). 


m=-1 


In this equation, however, the left member is an analytic function of z fo 
all finite z, as follows from the original hypothesis that the radius of cot 
vergence of the series is infinite. Likewise, the right member is an analytic 
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function of z for all z in T for which | z | = p; > 0 as follows especially from 
the observation previously made that &(l,z) converges uniformly for all such 
:, It follows, therefore, as the result of well known principles of analytic 
wntinuation that (38) holds true for all z in T for which | z | = p,; > 0, and 
the theorem as originally stated has been established. 


Remarks and generalizations. It is desirable to note that in order to 
secure simplicity of statement, the condition (a) pertaining to the coefficient 
q(n) of the theorem was made unnecessarily restrictive. In fact, if one 
examines the proof it appears readily that the following generalization may 
be made; namely, in case conditi.n (a) is not satisfied but instead the func- 
tion g(w), while still remaining single valued throughout the finite w-plane, 
has m (m = 1) singularities situated at the points w = w,, Wm, none 
of which are negative integers, then (3) continues to hold true provided one 
subtracts from the right member the sum of the residues of the function 
P(w)/[Q(w) ]**, at these points. 

The same conclusion applies also in case one or more of the points wy are 
negative integers, as w—=—q(qg=—1), except that the alterations taking 
place on the right in (3) must then include the deletion of the term g(— q) /z4 
occurring in the summation. 

Also it should be remarked that condition (b) pertaining to the coeffi- 
cent g(n) of the theorem may be replaced by an alternate condition, namely, 
that g(w) can be such that for all values of 2 and y one may write 


g(z+3+ty) | 
g (2) | 

where K is a constant independent of x and y and k is any given positive 

integer = 1, With this new condition (b) and with the other conditions as 

originally specified, conclusion (3) follows as before. Usually the original 

condition (b) is more readily applied but in certain cases when the coefficient 

g(n) contains exponentials the alternate condition becomes desirable. 

In establishing these latter remarks it should be observed that the in- 
dicated alteration upon condition (b) changes the proof of the theorem only 
slightly. Virtually the only essential change takes place in the expressions of 
(29) where the absolute value of the integrand in question now is less than 


M, | g(n)| | 


(cosh xy) *** 


(cosh ary) ** 


Where M, is an assignable positive constant independent of p, ¢, n, and y; 


the first or the second of these expressions to be used according as y > 0 or 
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y<0. As before, the second integral in (27) converges uniformly for the 
values of z lying in such a region of the z-plane as described immediately after 
(22). But | g(m)|p" is the absolute value of the n-th term of the original 
convergent power series (1) and thus approaches zero as n—>-+ ~. §%o, 
without any additional restrictions upon p, the integral in question approaches 
zero asnm—>-+ ©. The remainder of the proof of the theorem readily follows 
without the necessity of employing the device of analytic continuation. 


Remarks concerning the applications of the theorem. Due to the 
presence of J in the lower limit of the integral of (3), the theorem of this J "8! 
paper does not furnish direct information upon the asymptotic representation J ‘i 
of the given function, f(z). However, it is in regard to such asymptotic lt 
studies that the theorem appears to have important applications. These ap- — {Ue 
plications will apparently follow the same general procedures as previously f ) 
discussed by Ford and Van Engen.* Since, however, for all x > 2, where 
az is arbitrary, and for all | y | sufficiently large one may write 


1 
| 
where ¢ is an arbitrarily small positive quantity given in advance, and where 
K depends only upon « and 2,,° it follows that condition (b) of the theorem — inte 
will be satisfied when g(n) is the reciprocal of the product of any number of F 10m 
gamma functions of the type, '(n + p). Thus in such a case the given func Fst’ 
tion, f(z), may be directly represented as in relation (3). 


< two 
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* Ford, op. cit., pp. 63-85. 
5 Ford, op. cit., p. 61. 
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ON THE REPRESENTATION OF BOUNDED ANALYTIC 
FUNCTIONS BY SEQUENCES OF POLYNOMIALS.* 


By O. J. FARRELL. 


1. Introduction. Let the function f(z) be analytic and bounded in a 
region G of the plane of the complex variable z. Let d(f,20) denote the 
diameter ? of the cluster set? of f(z) at the point z on the boundary B of G. 
let D(f, B) denote the maximum of d(f, 20) for all points 2. on B. A natural 
question to be raised is: When can f(z) be represented in G by a sequence of 
polynomials pn(z),n —1,2,- such that 

lim {bound [ | f(z) — pa(z)|,2in @]} = D(f, B)? 


OO 


The present paper contributes toward the solution of this problem the following 


two theorems. 


THEOREM 1. Let the function f(z) be analytic and bounded in the 
interior T of a limited Jordan curve J. Then there exists a sequence of poly- 
nomials p,(z), po(z),° converging to f(z) in T, uniformly on any closed 
set in T, so that 
(1) lim {bound [ | f(z) — pn(z)|,zin 7]} S D(f, J). 

THEOREM 2. In order that corresponding to EvERY function f(z) ana- 
lytic and bounded in a region G there shall exist a sequence of polynomials 
ti(2), converging to f(z) in so that 
(2) lim {bound [ | f(z) — pn(z)|,zin @]} S D(f, B) 


it is necessary that G be finite and that G+ B be the complement of an 
infinite region. Moreover, if G is simply connected it is necessary that every 
pont of the boundary of G be also a boundary point of the infinite region. 


* Presented to the American Mathematical Society, September 7, 1937. Received 
by the Editors October 25, 1937; Revised January 6, 1938. 

*The usual definition of diameter is meant here, namely the maximum distance 
between any two points of the cluster set. 

*See Seidel, “On the cluster values of analytic functions, 
American Mathematical Society, vol. 34 (1932), pp. 1-21. 
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2. Proof of Theorem 1. Let 7 be enclosed in a sequence of limited 
simply connected regions 7,,7.,- all containing J and such that 
every region 7,,, together with its boundary lies interior to 7'n while no 
point exterior to T lies in all the T,. Let z= be a fixed point in T and 
iet the function yn(z) map the region 7, conformally onto the region T 99 
that the point z = corresponds to itself and so that > 0. Then we 
have * uniformly in T + J 

lim Yn(z) =z. 


n—>OO 


Let pn(z) denote a polynomial which approximates the function 


fn(z) =f[Yn(z) 
so that 4 


| pn(z) —fn(z)| S1/n, zin T+ J. 
Thus we have for z in 7’, uniformly on any closed set in 7, 
lim pn(z) =f (2). 


We shall prove that these polynomials also fulfill the further requirements 
of the theorem. We find it convenient to do this in two steps as follows. 
We prove first that if z) be any point of J, if 2, 22,- - - be any sequence of 
points in approaching 2 as limit, and if py,(z), be any sub- 
sequence of the polynomials p,(z), then 


(3) lim | f(2n) — pu,(2n)| S d(f, 20). 


The second part of the proof is by way of contradiction, for we show that ii 
the polynomials p,(z) do not fulfill (1) they violate (3). 

We proceed with the proof of (3). Let 2 be any point of J and let 8; 
denote the cluster set of f(z) at z. If a positive « be assigned, then for all 
greater than a certain N we have simultaneously 


(a) and both so near to z, that the image points f (zn) and 
fu,(2n) are both within distance « of S:,; 


(b) | pu,(2n) — fu,(2n)| Se. 


* See Walsh, “Interpolation and approximation by rational functions in the cou 
plex domain,” Colloquium Publications of the American Mathematical Society, vol. 2 
(1935), p. 35, Corollary 1. 

* The function f, (z) is analytic in T, and hence by Runge’s theorem can be repr 
sented in 7’, by a series of polynomials converging uniformly on any closed point set 
(such as 7+ J) lying wholly interior to 7,. 
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(onsequently we have 
| f — pu, (Zn) | = Zo) + n> N, 


which proves (3). 
Suppose now that (1) does not hold. Then there must exist a sub- 
sequence P,(Z), Pr.(z),° °° of the pa(z) such that for EVERY py,(z) we have 


bound [ | f(z) — p,,(z)|,zin T] =2L > D(f, J). 


Associate with each polynomial p),(z) a point zn in T within distance 1/n 
of J and at the same time so near to J that 


| — > bound [ | f(z) — pr,(z)|,2in 7] —1/n. 


Let 7,, 2’2,° - - be a subsequence of the points z, approaching a point z on J 
as limit. Let py,(z) denote that polynomial of the sequence py,(z) with 
which the point 2, has been associated. Then for the sequence 2» we have 


lim | f(2n) — Pun (2’n)| 2 L > D(f,J) = d(f, 2). 


n—>OC 


This contradicts (3) and completes the proof of the theorem. 


3. Proof of Theorem 2. It follows at once from the boundedness of 
f(z) in G@ that polynomial representation of f(z) in G characterized by (2) 
requires that G be finite. 

We note next that among all the functions f(z) that are bounded in G 
are included all the functions that are analytic in G+ B. Moreover, if f(z) 
is analytic in G+ B, then D(f,B) =0; and any sequence of polynomials 
pu(z) which fulfills (1) thereby converges to f(z) uniformly in G+ B. 
But a necessary condition that every function analytic on a closed limited 
point set can be uniformly approximated thereon by a polynomial is that the 
point set be the complement of an infinite region.® In the present situation, 
Where the point set in question consists of a region and its boundary, the 
condition that the point set be the complement of an infinite region is equiva- 
lent to the condition that B divide the extended plane into precisely two 
regions: G and an infinite region H. 

When @ is simply connected a further condition is necessary for the 
representation of a function f(z) analytic and bounded in @ by polynomials 
such that (2) holds. This condition is that B shall be the common boundary 
of G and H, or (what is the same) that the neighborhood of every point of B 


Walsh, op. cit., p. 26, Theorem 17. 
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shall contain points of H. To prove this suppose there are points of B in the 
neighborhood of which there are no points of H. Choose for f(z) any func. 
tion which maps G gonformally onto the interior of the unit circle. Let ( 
denote the portion of B that bounds H and let R denote the finite region 
bounded by C. If polynomials p,(z) satisfy (2) while converging to f(z) 
in G it follows that 


lim {Max [ | pn(z)|,2in @ + B]} 1+ D(f,B) S3. 


The pn(z) are therefore uniformly bounded on B and hence also on ( and 
consequently in R as well. Thus they form a normal family in R from which 
we can extract a subsequence p,(z) converging in R to a function F(z) 
analytic in R and equal to f(z) in G. If ¢ be any point of B that lies in R, 
it follows that | F(£)| = 1; also that | F(z)| =1 in the neighborhood of ¢ 
Then by the Principle of Maximum ° f(z) must be identically constant, which 
is impossible. Thus the mapping function f(z) can not be represented in G 
by polynomials for which (2) holds. This completes the proof of Theorem 2. 


UNION COLLEGE. 


® See Walsh, op. cit., p. 4. 
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INVARIANT MANIFOLDS NEAR AN INVARIANT POINT OF 
UNSTABLE TYPE.* 


C. Lewis, JR." 


1. Introduction and formulation of the problem. In the case of real 
surface transformations, not necessarily analytic, the existence of an invariant 
curve in the neighborhood of an unstable invariant point (and containing this 
invariant point) was proved by Hadamard. In the case of the analytic surface 
transformations arising in dynamics, similar results were obtained by Poincaré 
and Birkhoff. Lattés? improved the results of Poincaré and also made some 
use of the methods of Hadamard. He obtained the generalization of Poincaré’s 
result to transformations in three dimensional space. More recently, in the 
case of the surface transformations of dynamics, Birkhoff* has proved the 
existence of invariant curves of certain kinds near the given invariant point, 
but which do not contain this invariant point. In this paper we give a 
generalization of Hadamard’s method to the case of transformations in spaces 
of an arbitrary number of dimensions. We shall, however, be interested pri- 
marily in analytic transformations, not because the method is inapplicable to 
the non-analytic case, but because the hypothesis of analyticity enables us to 
draw more complete conclusions. The main advantage in adopting Hadamard’s 
method is that it gives a clearer picture of the way in which the invariant 
manifolds are the uniform limits of the successive images of other manifolds. 
We shall show that the method holds for complex spaces, and, since any trans- 
formation in a real space defined by power series can be interpreted as a trans- 


"Received January 17, 1938. 

*These results were obtained for the most part while the writer was a National 
Research Fellow. 

*H. Poincaré, Oeuvres de, publiées sous les auspices de Vacadémie des sciences, 
vol. 1 (1928), Gauthier Villars, Paris, Mémoire sur les courbes définies par les équations 
différentielles, chapter XIX, especially pp. 202-203; J. Hadamard, “Sur V’itération et 
les solutions asymptotiques des équations différentielles,” Bulletin de la Société Mathé- 
matique de France, vol. 29 (1901), pp. 224-228; G. D. Birkhoff, “ Surface transforma- 
tions and their dynamical applications,” Acta Mathematica, vol. 43 (1922), pp. 1-119, 
especially pp. 45-49; S. Lattés, “Sur les équations fonctionelles qui definissent une 
courbe ou une surface invariante par une transformation,’ Annali di Matematica, ser. 3, 
vol. 13 (1907), pp. 1-137. 

°G. D. Birkhoff, “ Nouvelles recherches sur les systemes dynamiques,” Memoriae, 
Pontificiae Academiae Scientiae Novi Lyncaei, series 3, vol. 1, pp. 85-216, especially 
chapter IIT. 
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formation in the corresponding complex space (of twice the number of real 
dimensions), the analyticity of the invariant manifolds follows at once from 
well known theorems in the theory of analytic functions of several complex 
variables. This is because of the fact that these invariant manifolds may le 
taken as the uniform limits of sequences of analytic manifolds. Details will be 
given in § 5. 

The proofs of Poincaré and Birkhoff use the theory of majorantes and 
thus also yield analyticity. Birkhoff’s proof makes essential use of the hy- 
pothesis of “conservativity,” a special property enjoyed by transformations 
arising in dynamics. 

We consider a transformation T which with a suitable choice of codrdinates 


van be written in the following form: 


= + fi(z,y), (t= 1,2,- *,m) 


Yn = onyn + n(Z, Y), (h = 1, 2,- 


It is supposed that f; and are convergent power series in 2m, 54s 
lacking constant and linear terms. As for the complex numbers s; and i, 
it is assumed that | s;| > | on | > 0. Denoting by s the minimum of the | 5; 
and by o the maximum of the | on |, we have | 5 | =s >o= | on|. 

Under this transformation a sufficiently small neighborhood of the origin 
in the m + n dimensional complex space is carried over into another neighbor- 
hood in a one-to-one manner, the origin itself being an invariant point. We 
agree once and for all to restrict attention to a neighborhood common to 
these two. 

It is hardly necessary to note in passing that we are here dealing ina 
certain sense with the most general type of analytic transformation having 4 
non-vanishing jacobian at an invariant point. In fact the matrix of the ja 
cobian evaluated at the invariant point need only to have simple elementary 
divisors in order for the transformation to be representable in the form (1.1) 
in the neighborhood of the invariant point. The only other assumption is that 
the absolute values of the characteristic roots are not all equal to each other. 


“manifold ” with the equations 


Let C be an arbitrary (local) complex 
Yn = =1,- where the y,(x) are single valued analytic func 
tions of the 2; defined when each | 2; | is sufficiently small and vanishing when 
@,=** *=2%m=0. It is our principal aim to investigate the existence of 4 
manifold C* of this type every point of which sufficiently near the origin 3s 
transformed by T into a point of C*. Such a manifold will be called invariant. 

We shall find that such manifolds do exist if s>1. If s<1, a col 


sideration of the inverse transformation shows the existence of invariant mall- 
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lds of the type x; = 2;(y). Thus, invariant manifolds of some type always 


xist under our assumption, s > o. 


2. Preliminary considerations on implicit functions. We begin with 
te theory of implicit functions, proving a theorem which states that the im- 


jicit functions are defined not only in a neighborhood of a point but in a 


region which for our purposes is sufficiently extensive. 


THEOREM 1. Let gi(u,v) ((=1,:--+-,p) be p analytic functions of the 
n+ p complex variables, *, Um; * Up defined in a region R given 


ly the inequalities, 


(2.1) | | < An, | < Be; (hk =1,---,m; k=el,---,p). 
Let the gi furthermore satisfy the conditions 
(2.2) gi (0,0) =0, 
2.3) in Bs 
wo that the functions Fy, defined by the equations 
must exist and be analytic in R. Moreover suppose that 
(2. 5) | Fun | << Min in R 
md let Gn (hk =1,-- -,m) be any m positive numbers such that 
Then there exists a unique set of analytic functions vi(u) ((=1,- +--+, p), 
if the m complex variables +, Um, defined in a region S given by 
(2.7) | wn | < Ga, (h =1,---+,m), 
uch that each of the following three conditions is satisfied : 
(2.8) | vx(u)| < By for (uw) in 8, (k==1,---,p). 


(2.9) v,(0) = 0. 
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(2.10) gu(u, v(w)) =0 in 


Proof. It is readily verified by differentiation of (2.4) and with the help 
of (2.3), that the F’s satisfy the identities 


a=1 a We 


We now consider the system of differential equations 


Ov, 
(2. 12) 
the complete integrability conditions of which are satisfied in virtue of (2. 11), 
Any set of analytic functions satisfying (2.10) must be a solution of (2. 12), 
as we see by differentiating (2.10) and using (2.4). Conversely, it is readily 
verified that the unique solution of (2.12) which vanishes at the origin will 
also satisfy (2.10). We shall next show that this solution, which is known to 

exist in the neighborhood of the origin, may also be defined throughout 8. 
Let (a) be an arbitrary point of S and let wu, = w(t) be a straight line 
L joining the origin with (a), considered as a point in the Euclidean space of 
2m real dimensions. The real parameter t may be chosen as the distance of the 
point (u°(t)) from the origin, so that we have u,°(0) =0, u%°(7) =i, 
T =0. Let the values of the functions v;%°(¢) be determined from the existence 

theorems for ordinary differential equations by the following system : 


(2. 13) xn(w°(t), v° (k = +59) 


together with the initial conditions v,°(0) 0. The v’s can be determined 
as functions of ¢ so long as none of the | v%°(¢)| reaches the value Bx, beyond 
which the F’s are not defined. Cf. (2.1) and (2.4). Now | v,°(¢)| can not 
increase any — than it would if the right member of (2.13) were replaced 


by > Mas from (2.5). Integrating, we find, on using (2.7%) and 


‘It is not true, however, that the functions v,(u) necessarily yield all the solu- 
tions of the system of equations g, = 0 in the region | u,! < G@,, | v, | < B,, as we see 
from the following elementary example: Let p= m= 1 and let 


9, (u,v) =—1-+ exp 4mri(u, —v,), 


a function which is certainly both analytic and provided with a non-vanishing deriva- 
tive with respect to v, in any finite region R we may choose to name, e.g. | u, | < 2 =A,, 
|v, | <2=B,. It turns out that F,, = 1 and so we may choose M,, =2 and G=1. 
But in addition to the solutions provided by the theorem, viz. v, sets yp the equation 


9, =9 also admits (with infinitely many others) the solution, wu, mG, v,=1/2< 2. 
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(2.6) that we would have | %°(t)| Mia | ua(t)| << B, for OS¢ST. 
h=1 


Here we have used the fact that Z is a straight line and that (w,(¢)) is in 8 
This shows that v%°(¢) is defined for OStST. Now we 
set v4 (i) == vx°(T') and thus the v’s are defined over 8. We have shown at the 
same time that the v’s as thus defined satisfy (2.8) and (2.9). That they also 
satisfy (2.12), and hence (2.10), and the fact that they are unique, now 
follows by an obvious adaptation from the classical theory of completely in- 
tegrable total differential equations as presented by Morera or Mayer.° 

It may be mentioned in passing that the above theorem is true also for 
real functions gi(u,v) of class C” in the real variables (w) and (v), the 
solving functions v;(u) then being of class C’.. The same proof is valid, if we 
understand Z now as a straight line in a Euclidean space of m real dimensions. 


3. On the transformation of a manifold belonging to K(#,{). We 
now return to the proper subject matter of the present investigation. 

For greater brevity we use x and y without indicial subscripts to denote 
respectively the sets *,%m) and (y1,° Yn); and an @ or y capitalized 
or tagged in some other manner will have a similar interpretation. For 
example would stand for the set --,9»). We admit, however, the 
following exceptions: | x | will denote the largest of the numbers | 2; |,---, | am | 
and | y | will denote the largest of the numbers | y;: |,---,|4n|. A further 
exception is introduced in § 4. 

We use the notation d/dz; to denote partial differentiation when the y’s 
are functions of the z’s. On the other hand 0/02; means that all the m+ n 
variables 2 and y are considered as independent. The symbol | dy/dz | is used 
torepresent the largest of the numbers | dyi/dan|; (t= 1,--+,n; h=1,-++,m). 

In considering any point on a manifold of the type of C, described in § 1, 
the 2’s will sometimes be called the abscissas and the y’s the ordinates of the 


point in question. 
Let us associate with any two positive numbers « and B the class K (a, B) 
of manifolds C such that is defined and | dy/dz| < «for |2| 
Evidently K (a, 8) C K(a, B’), if B > B’. We now prove 


THEOREM 2. £ can always be chosen so small that any manifold C in 
K(a,B) is transformed by T into a manifold C in K(a, Bs*), where s* is a 
Preassigned positive number < s. 


*Cf. Levi-Civita, The Absolute Differential Calculus, English translation by M. 
long (1927), pp. 22-25. 
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Proof. The equations of C can be written with the parameters < in the 
form, 
(3.1) Ey — sits + 9(2)) 
Yn = onyn(L) + y(2)). 


On elimination of x, these equations take the form Yn = Yn(), and it is our 
first purpose to show that y(Z) is defined for | #| < Bs* if B is sufficiently 
small and C belongs to K(«, 8). This we do by appealing to Theorem 1, taking 
p=m, Wi, gi(U,v) =siti—_ + fi(z, y(e)), Bi= BP, 
For, since f; does not contain linear terms in @ and y and since | dy/dz | <a, 
we see that all the derivatives of the fi(z,y(x)) with respect to 
approach zero with | «| uniformly with respect to the manifolds C considered, 
It follows that for C C K(a, 8) we may take the Mj, of Theorem 1 equal to 
an expression of the form 84a | | + where = 0 if kh and =1, 
and where e tends uniformly to O with 8. Hence by taking @ sufficiently small, 
we see from (2.6) that we may take G, = Bs*. All this shows that we may 
uniquely and analytically solve the first m of equations (3.1) for the 2’s in 
terms of the Z’s by means of equations of the form x; = 2; (Z), where the 2; (2) 
are defined for | | < Bs*, and in such manner that 2;(0) =0 and | #(Z)| <8. 
In virtue of these last inequalities we can substitute the values of 2; into the 
last n of equations (3.1) and thus obtain the required equations of C in the 
form 9, = 9(#) defined for | «| < Bs*, provided again that @ is sufficiently 
small. And the result holds for any C in K (a, B). 

We next prove that for the functions thus obtained | dy/di| < a for 
| Z| < Bs* and C C K(a, B), at least for 8 sufficiently small, i. e. perhaps stil 
smaller than the value already assigned to 8. Differentiation of the equations 


Yn = 9n(Z) with respect to x; yields 


d(a,,° 2m) 
obtained by replacing the element dz;/dx; in D by dij,/da; for each i. Agail 
using the fact that f and ¢ contain no linear terms and that | dy/dx| <4 
we see from differentiation of (3.1) that 


where D is the functional determinant and NN is the determinant 
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de. = + an; ay; da, = + Exi 


dn 


where the ’s and y’s approach zero with | 2 | uniformly as to C. We thus find 


__on dy 


where 6 also tends uniformly to zero. Since, however, | on| So 
it follows that 


oh 


| 
|| < On| <2, 


if 8 is sufficiently small. This completes the proof. 
If s > 1, we may take s* —1 and we have the following corollary to 


Theorem 1: 


Corottary. Jf s >1 we may always take B so small that any manifold 
(of K(a, B) is transformed by T and tts iterates into manifolds of K(a, B). 


4. On the transformation of two manifolds. For the sake of brevity 
we shall hereafter, in reference to an expression 4a;, depending on an index 1, 


we the notation || a || = %|a;| where the summation is extended over the 
range of the index, which as a matter of fact will always be either 1, 2,- - -,m 


Let C and C’ be any two manifolds in K(a, 8). If we consider two points 
with the same abscissas, one of them (a, y) on C and the other (2, y’) on C’, 
all the differences yn — /n will vanish for c= 0. Hence it is easily seen that 
the quantity || y— 7’ ||/|| 2 |] will have in a fixed neighborhood D of the origin 
acertain least upper bound w S 2an. Now let C and C’ denote the transforms 
of C and C’ respectively. Denote by © the quantity analogous to » determined 


from C and C’. Then we may state as follows our 


THEOREM 3. The ratio @/w does not exceed a fired number p < 1, if the 
domain D is chosen sufficiently small. For p we may take any real number 
greater than o/s and less than 1. D may be chosen independently of C and C’ 
if B is sufficiently small. 


Proof. Denote by Y and Y’ the ordinates of ( and C’ respectively corre- 
sponding to the same abscissas VY; 9 and 9 the analogous ordinates of C and 
’. The points (Y,) and X, 9’) will be the transforms of two points (z, 7) 
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and (z’,y’) situated on C and C” respectively. From the hypothesis that 
CC K(a, B) we have 


and from the hypothesis that the f’s and ¢’s begin with terms of the second 
degree we get 


| Xi — sie | +i yl) So + 


| ) 
dy; 


can be taken arbitrarily small by taking the dimensions of D sufficiently small, 


where 


af; | 


| 
dy; |’ 


|’ 


This inequality gives us 
S| | S| ser —Xs| + | Xe] + Xl, 


and hence 


s Sym(1+na)| +] | 


and thus we obtain 


| X | 
|| x | = + na) 


If (x, y/o) is the point of C’ corresponding to the abscissas 2, we have 


X 
(42) 


On the other hand by the very definition of X, 2, 2’, y, y’, we have 


Xi, = +fi(z,y) and 
and hence 


= fi(v, 9’) — fi(z, y). 


Since the first derivatives of f; and ¢; are all in absolute value less than 4, 
we can write 


| | 


ry — miy—y | 
(4. 4) 
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From (4.3) and (4.4) we obtain 


amy || y—y' || 
S— 


|S 


Therefore it follows (summing over h) that 


anmny (s— my) || y’o— |l 
s— my(1 + an) 


From (4.2) we now obtain immediately 


mn)w 


By definition, we have Yn = onyn + on(z,y) and 7’n—=ony'n + on(2’,y¥’). Hence 
| S| Gn + | on | — | 

=| — + | on ya | 

Hence 

| | + ly—y' I. 
From (4.4) we obtain 
[ t+ m+e] 


while from (4.5) we see further that 


Mn) 


where (7) is real and tends to zero with 7 and therefore also with the di- 
mensions of D. Since o < s, we have 0 < o/s + (ym) < p <1, provided that 
D is sufficiently small. Thus we have proved the desired result, namely, that 
6, the least upper bound of || g— 9’ ||/|| X || can not exceed po. 

The fact that D may be chosen independently of the particular manifolds 
(and 0’ considered, so long as they both belong to K(a,) and £B is first 
chosen sufficiently small, follows from two. considerations: In the first place, 
according to Theorem 2, C, 0’, C, CG’ have a common domain of definition 
independent of ( and C’, namely, the smaller of the two domains | 2 | < # and 
|t| <Bs*. In the second place, the quantity (7) in (4.6) is independent 
ofC and 0’. As a matter of fact it is not difficult to see that by taking B 


(4.5) 
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still smaller, if necessary, we may choose D to be the smaller of the two domains 
«|< fand|z|< But this result is unnecessary for our purposes, 


5. The invariant manifolds for s>1. Let Cy denote an arbitrary 
manifold in K(a,8) with the equations y=y‘)(x). We denote by Cy the 
k-th transform of Cy under T. That is, Cy is transformed into C, by 7; (; is 
transformed into C, and so forth. In order to ensure that all the C;, algo 
belong to K(a, 8), we add the hypothesis concerning 7 that s > 1 and take p 
sufficiently small as described in the corollary of Theorem 2. Let D be the 
domain referred to in Theorem 3, dependent on the class K(a, 8) but in- 
dependent of the particular C and C’ belonging to this class. It is necessarily 
contained in the region |x| << f. Let the equations of Cy be y= y(z). 


We now prove our main result, 


THEOREM 4. There exists an invariant analytic manifold C* with the 
equations y = y*(x), such that lim y™ (x) = y*(x) uniformly in D. 
k=00 


Proof. Let ox be the least upper bound of || y™ -—y® || /|| x || in D. 
By Theorem 3, we have wx; S pox. It follows by induction that og S po, 
Thus we have 


| (x) — (x) | Sy —y® (2) || S on | S 


and, since the series > p*1,mB is convergent, p being < 1, the uniform con- 
k=1 


vergence of the sequence y;"°), y;, y;"*,- - - follows from the classical theorem 
of Weierstrass on uniform convergence. 

It follows from another theorem of Weierstrass ® that C* is analytic in 
the interior of D, since D is a domain of m complex dimensions or 2m real 
dimensions. 


Furthermore C* is invariant. For lim C; —C* while lim Cy, = the 
k=00 k=00 


transform of C*, since T is continuous. It follows that C* is identical with 
its transform. 
THEOREM 5. C* 1s independent of the initially chosen manifold Co. 
Proof. Let C’, be another sequence of manifolds of the same type as Ci; 
i.e. each belongs to K(a, 8); T carries OC’, into Let y=y™'(2) 
be the equations of C’;. Then, if w is the least upper bound of 


in D, we find from Theorem 3 that 


°Cf. W. F. Osgood, Lehrbuch der Funktionentheorie, vol. 2 (1924), first section, 
p. 13, 1. Satz. 
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(k (k)’ (k) (k)’ k k 
| S | S pro | || S 
And, since p < 1, it follows that lim C’, = lim Cx. 
k=00 k=00 


CoroLtAry. If C belongs to K(a, 8) and is invariant it must necessarily 
coincide with the manifold C* of Theorems 4 and 5 throughout D. 


Proof. Referring to the proof of Theorem 5, let us take C’) =C. Then, 


since C is assumed to be invariant, we have C’, = C, and hence C = lim C;, = C*, 
k=00 


throughout D where C* is defined. 
We might add the obvious remark that C* can be continued analytically 
over the complete domain of definition of C and the two manifolds will then 


coincide throughout. 


6. Note on real transformations. So far we have looked at the trans- 
formation 7’ from the point of view of the complex domain. If, however, we 
are primarily interested in a real transformation and real analytic manifolds, 
we obtain similar results. 

If T is a real transformation, we do not necessarily mean that all the 
coefficients in the power series appearing in (1.1) are real nor that real values 
for z and y represent real points. For, in order to reduce the linear terms of 
the transformation to the canonical form displayed in (1.1), it might be neces- 
sary to introduce conjugate imaginary variables, in which case the coefficients 
would not all be real and real values of the variables would not correspond to 
real points in the transformation. Since conjugate imaginary variables are 
associated with conjugate imaginary characteristic roots and since the char- 
acteristic roots s; are all in absolute value greater than the characteristic roots 
on, it is clear that, if any such conjugate imaginary pairs occur, none of the 
variables z can be paired with a variable y. 

We briefly sketch the type of argument to be used in connection with the 
real theory. The (, of the previous paragraph may be taken in such a way 
that values of x corresponding to real points in the m-dimensional z-space will 
yield real points in the n-dimensional y-space. Then Cy, (C2,- - - will auto- 
matically have the same property, if 7 is real. The manifolds C;, are known 
to converge uniformly in a complex domain in which our real domain is im- 
bedded. Hence our real manifolds will converge uniformly to a manifold 
which is necessarily both real and analytic. 

It is also possible to use the method of this paper to treat directly real 
transformations which are not necessarily analytic, as, in fact, was done 
originally by Hadamard (loc. cit.) for the case n =m -—=1. The invariant 


manifolds will then, of course, not necessarily be analytic. 
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ON STRONG SUMMABILITY.* 


By H. J. Haminton and J. D. Hitt. 


1. Definitions. Being given in the complex domain a matrix (dn) 
(k,m = 1,2,3,- +), and a positive real number p we shall say (following 
Szisz, Brown Umversity Lectures, 1934-35) that a complex sequence {:s,} is 
strongly summable of order p to the complex number s by (dmx), or simply 
strongly summable to s, if for each m > 0 the series om = > dmx | § — &% |? is 

k 


convergent, and if limo» —0. If each convergent {s,} is strongly summable 
m 


to its limit, then the matrix (Gmq) will be called strongly regular. The terms 
summable and regular, unmodified, are to be interpreted in the usual Silverman- 
Toeplitz sense. 

We shall say that a matrix is of type U if it has the property that when- 
ever any sequence is strongly summable to both s and ¢, we are permitted to 
conclude that s=¢t. The phrase of type U for convergent sequences will 
mean that the strong summability of any convergent sequence to both s and t 
implies s = ¢; and analogously for bounded sequences. 


2. Strong regularity. ‘To find necessary and sufficient conditions for 
strong regularity it is convenient to introduce three lemmas. We mention in 
passing that the index p plays no essential réle here. 


Lemma 1. In order that (dm) be strongly regular it is necessary and 
sufficient that it be regular for real non-negative null sequences. 


Lemma 2. In order that (dmx) be regular for real non-negative null 
sequences it is necessary and sufficient that it be regular in the space (co) of 
real null sequences. 


Lemma 3. In order that (dmz) be regular in (co) it is necessary and 
sufficient that 
(1) lim dma = 0 (k= 1,2,° °°), 


(2) sup | dm | < 2. 


* Received January 24, 1938; Revised April 25, 1938. 
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Proofs. The first is obvious, and the second follows from the fact that 
an arbitrary real null sequence may be written as the difference of two real 
non-negative null sequences. To prove the third observe first that in case 
(am) is real, a slight modification of. the regularity proof for convergent 
sequences * suffices to establish (1) and (2) as necessary and sufficient. 

In the general case we may write dng = + 10mg Where mx, are 
ral. It is clear that (dm) is regular in (c¢)) if and only if each of the 
matrices (@’mx), (mx) has the same property. In order that the latter be 
true one easily shows, by the above statement for real matrices, that (1) and 
(2) are necessary and sufficient, and the proof is complete. 

From these three lemmas we obtain the following theorem, in answer to 


a question raised by Dr. Szasz. 


THEOREM 1. Jn order that (dm) be strongly regular the conditions (1) 
and (2) are necessary and sufficient. 


Since the Silverman-Toeplitz conditions include (1) and (2) we observe 


that every regular matrix is strongly regular. 


3. Matrices of type U. To treat the question of uniqueness of the 
strong limit we need the following lemma. 


Lemma 4, For each p> 0 there exists a constant K, depending on p, 
such that for all values of a and b we have |a+6 K(|a|?+ | 6 |?). 


Proof. We may assume that a + 6 ~0 and hence that a, say, is not zero. 
Then we have 


— (1+| b/a|)? 


Now it is easy to verify that if 0< F(z) 
fr 0S < w, and if p>1, F(z) for OS w. Consequently, 
the result follows with K equal to 1 in the first case and 2? in the second. 

It will be useful to investigate first of all some of the properties of 
matrices for which a constant M = 0 exists such that 


(3) Om: = 0 for each m > 0 and all k > M, 
(4) lim = 0 for 
wm 


See, for example, Banach, Théorie des opérations linéaires, pp. 90-91. 
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For such matrices the strong limit has the property of finite additivity a 


shown by the following theorem. 


THEOREM 2. If {s,} and {tx} are strongly summable to s and t, respec. 
tively, by a matrix (dmx) which satisfies (3) and (4), then for all values of 
a and b the sequence {as;, + bt} is strongly summable to as + bt. 


Proof. Using Lemma 4 we may establish the inequality 


| > | + bt.) — (as + bt) |? |S ~ | dma | | a(se—s) + b(t, 


M 


+ K\a|? Sam | + K |b)? San | t—t|? 
k>M k>M 
for each m > 0, and the conclusion is apparent. 
THEOREM 3. If (dmx) satisfies (3), (4), and tf 


(5) > dm ts convergent for each m > 0, 
k 


then the condition 


(6) lim | Sam. | > 0 


m 


as necessary and sufficient that (dmx) be of type U. 


Proof. If (dm) is of type U the sequence 1,1,1,- - -, which is strongly 
summable to 1, can not be strongly summable to 0; hence the necessity. (u 
the other hand, if {s,} is strongly summable to s and also to ¢, then by Theorem 
2 the sequence {(1)s, + (—1)s} —0,0,0,--- is strongly summable to 
s—t. Thus we must have lim | s—t |? adm = 0, and if (6) holds this is 

k 


m 


possible only if s =. 


THeorEM 4. I[f {s,} is strongly summable to s by a matrix (dmx) which 
satisfies (3), (4), (5), (6), then s must be a limit point of {s:}. 


Proof. If we set o’m= D> | |", 0% m=>Dd mx | |? then 
k=M k>M 


om + om — 0, whence, by (4), 0m —> 0. But the latter is impossible if s Is 
not a limit point of {s,}. For in that event a number d > 0 exists such that 
|s,<—s|?>d for all Then >d and since by (4) and (6), 


lim | = On, | = lim > dng > 0, we have lim om > 0. 
m m K>M m 


The foregoing property of strong summability may be used in obtamilz 
the following comparison with ordinary summability. 
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THEOREM 5. Suppose that (dmx) satisfies (3), (4), and 


(7) lim } dmx = 1. 


m k 


Then if {sx} is strongly summable of order 1 to s by (dmx), tt is also summable 
tos by the same matrix. Moreover, the converse 1s false for every order p. 


Proof. From the inequality 


| dmx (S — Sx) | = | | | — Sk | + ame | 
k kSM k>M 


we see that — = 0(1). Consequently we obtain 
k 


D = Ome + 0(1), 
k k 


and the first part of the conclusion follows. 

Since the sequence {(— 1)**} is (C,1) summable to 0, the falsity of the 
converse is apparent from Theorem 4. 

Proceeding to the general case we begin by establishing the following 


result. 


THEOREM 6. In order that a strongly regular matrix (dmx) be of type U 
for convergent sequences, the condition (6) is necessary and sufficient. 


Proof. The necessity follows as in the proof of Theorem 3. To establish 
the sufficiency let {s,} be an arbitrary convergent sequence. By the assumed 
regularity we have 
(a) lim | — Sx 


m k 


(), 


where s =lim sy. Denote by ¢ any number for which 
k 


(b) lim Amk | t —- Sk |? == (). 
m k 
Setting == | s — s |? + | — |? we obtain 
(c) lim = | t—s |?, 
and from (a), (b), 
(d) lim = 0. 


m k 


Now from (6) we infer the existence of a sequence {mn} tending to in- 
finity, and of a number A 0, such that 


(e) lim Adm, k =— 


n 
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Since the matrix (bn) = (Adm,x) satisfies (1), (2), (e), it is regular in the 
Silverman-Toeplitz sense. Consequently, from (c) and (d) we find that 


lim = | t—s |? = 0, whence t=s. 
n &k 
At this point the question naturally arises whether or not conditions (1), 
(2), (6) are sufficient to define the strong limit uniquely in general, and the 
following example shows that they are insufficient even for the case of real 


matrices and bounded sequences. 


Example 1. Define = 1/m (m = 3n — 2), = 1/m 
(m = 3n —1), = —1/m (m= 3n) for n = 1, and le 
Amz = 0 otherwise. Then (dm) is strongly regular, and condition (6) is 
satisfied. But if we let Sgn-2—1, Sgn-1 = 0, S3n = — 1 for n 1, 2, 


one easily shows that the sequence {s,} is strongly summable by (dmx) to both 
0 and 2. 

It may be of interest to point out that this example suffices also to show 
that the conclusion of Theorem 4 is no longer valid in the ‘absence from the 
hypotheses of condition (3). : 

In view of Example 1 it becomes necessary to seek further conditions 
(mx) in order to insure uniqueness for strongly summable sequences that ar 
not necessarily convergent. The problem of finding such conditions which ar 
necessary as well as sufficient remains unsolved. Certain sufficient conditions, 
however, are introduced in the following lemmas and theorems. 


Lemma 5. If, for any subsequence {mn} of {m}, (dmx) ts of type U, 
then (dmx) 1s of type U. 


Lemma 6. If, for any bounded sequence of complex numbers {¢n), 
ts of type U, then is of type U. 

Lemma 7.2 If either (a’m.) or (mx) is of type U, then (dmx) 1s of 
type U. 

The proofs of these lemmas are immediate consequences of the definition 
of matrices of type U. 


TuxroreM 7%. In order that a given matrix (dmx) be of type U in genertl 
it is sufficient that conditions (4), (5), (6), and the following condition (8) 


should be satisfied. 


2The authors are indebted to Dr. Otto Szasz for suggesting the introduction of 
Lemma 7, and also for pointing out the generalization of Theorems 7 and 8 obtainel 
by replacing the condition y = 7/4 of the original manuscript by the condition 7 < [2 
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There exist a value dmx Of argdne (m,k =1,2,3,°° +), a sequence 
(8) {dm}, @ positive constant y < 7/2, and a constant M = 0, such that, for 
each m > 0 and for allk > M we have dm—y S S 


Remark. Stated in geometric language, condition (8) postulates the 
existence in the complex plane of congruent sectors Qm of angle less than 7, 


such that for each m arg dmx lies in Qm for all k > M. 


Proof. Setting = + 1Bme, Where and Bmx are real, we 
see by Lemmas 7 and 6 that it will suffice to prove that (%m) 1s of type U. 
Now @mz = | Ama | COS(mx — dm) = | mx | cos y = 0 for each m > 0 and all 
k>M, so that (%»x) satisfies (3). That (@%mz) satisfies (4) and (5) is clear. 
Moreover, from the inequality | Bmx | tan y (m >0,k > M), it follows 
that 


mk | | z= | = > + | Bk | = (1 + tan y) Amk 
“SM k>M k>M k>M 


| 
k 


V 


for all m, whence, in view of (4) and (6), (mx) satisfies (6). The con- 
dusion now follows from Theorem 3. 

The question of whether any such “ sector condition ” as (8) is necessary 
for uniqueness is answered in the negative by the next example. 

Example 2. Define dam = Gm,m-2=1, Gm,m-1=—1 for m= 3, and 
‘m= 0 otherwise. Then (dm) satisfies (1), (2), and (6), but not (8). 
It is nevertheless of type U. For supposing that {s,} is strongly summable 


to s, we have, for m = 8, 


Dp | |? | S—Sm 0, 


on = | Sk |? | 
k 
whence 


om Om+1 = | S — Sm-e2 | S— Sm |? | S — Sm+2 


P—>(), 


80 that $s, —>s. Thus (dmx) sums convergent sequences only, and, indeed, only 
to their proper limits. 


THEorEM 8. Jn order that a given matrix (dmx) be of type U for 

bounded sequences, it is sufficient that conditions (5), (6), and the following 
condition (9) should be satisfied. 
There exist a value dm: Of arg dm (m,k =1,2,3,:- +), sequences 
{gm}, {kn}, and a positive constant y < 1/2 such that (i) for each 
and for all kAln™ we have ¢m—y ZS bm ZS om+y, and 
(ii) lim } | @mx,™ | = 0. 


m n 
6 
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remark, It is clear that any matrix which satisfies (4) and (8) aly 


satisfies (9), whereas the converse is not true. 


Proof. For each m > 0 define bn, as 0 if k = ky”, and as dmx if k Ah," 
(k,n =1,2,3,-- +). It is clear that it will suffice to prove that (On) is of 
type U; but this is immediate, since (bm) satisfies the conditions of Theoren 
%, with M = 0. 


Theorems 7 and 8 can be extended by application of Lemma 5 in a 
obvious manner. (It may be noted that the condition lim | ¥ amxz | > 0 insures 
n 


m 
the satisfaction of (6) for all subsequences {m,}—and of course conversely, 
That no such “ sector condition” as (8) or (9) is necessary for uniqueness 
of the strong limit in any case, is evident from Example 2 above. 
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INVARIANTS DERIVED FROM LOOPING COEFFICIENTS.* 


By KE. R. van KAMPEN. 


A looping coefficient’ was first introduced by Brouwer for two non- 
intersecting manifolds of complementary dimensions k and n—k—1 
embedded in n-dimensional space. Let the product of the two manifolds be 
transformed into the unit sphere of n-space by means of the vectors from 
points of the first manifold to points of the second manifold. Then Brouwer 
defines the looping coefficient of the two manifolds as the degree of the result- 
ing transformation. It is essential for this definition that the manifolds are 
embedded in ordinary n-space, but if the manifolds are replaced by cycles of 
the same dimensions, the definition retains its meaning. When the identity of 
the looping coefficient of two non-interesting cycles of complementary dimen- 
sions with the intersection number of one of the cycles and any chain bounded 
by the other cycle was established, the way was paved for the introduction of 
a looping coefficient for cycles which are homologous to zero in any arbitrary 
orientable n-dimensional manifold M,. At this stage the looping coefficients 
still were characteristics of the cycles only and did not contain any invariant 
property of the manifold M, itself. 

The next step was the introduction of looping coefficients also for so-called 
zero divisors of M,, that means for cycles in M, of which a certain integral 
multiple is homologous to zero in M,. The definition was now formulated 
as follows: If « times the cycle a, is the boundary of the chain ¢ and the 
cycle a, of complementary dimension to @,, is a zero-divisor and does not meet 
a, then the looping coefficient L(a,,a2) is the intersection number of ¢ and 
a, divided by a The condition that a. is a zero-divisor is necessary and suffi- 
cient for L(a,, a2.) to be independent of the particular choice of c. In this 
last form the looping coefficients are a priori capable of carrying invariant 
properties of the manifold M,, since it turns out that L(a,,a2) is deter- 
mined modulo 1 by the homology classes of the cycles a, and a. As a conse- 
quence of (6) (cf. 1), the looping coefficients of zero-divisors do not carry 

* Received March 15, 1938; Revised April 11, 1938. 


*L. E. J. Brouwer, “ On looping coefficients,” Proceedings of the Royal Academy tn 
Amsterdam, vol. 15 (1913), pp. 113-122. Compare also: G. de Rham, “Sur l’analysis 
situs des variétés A n dimensions,” Journal de Mathématique, vol. 10 (1931), pp. 115- 
200; in particular pp. 156-165; H. Seifert, “ Verschlingungsinvarianten,” Sitzungs- 
berichte der Preussischen Akademie, Physik.-Math. Klasse, 1933, pp. 811-828. 


595 


596 E. R. VAN KAMPEN. 


invariant properties of M, if the complementary dimensions k and n —k —~| 
are distinct, since in that case any base may be used for the torsion grow 
(the group of zero-divisors) both for the dimension k& and the dimensioy 
n—k—1. 

If n= 2k -+ 1, however, the complementary dimensions are equal ani 
the following problem arises. Let two manifolds My, and M’, have simply 
isomorphic groups of k-dimensional torsion. In which case is it possible ty 
conclude from their looping coefficients alone that WM, and M’, are not homeo- 
morphic. This problem may be solved by transforming the matrix L (aj, a) 
into one of a certain collection of non-equivalent normal forms, by a suitable 
choice of the base a; for the group of k-dimensional torsion. It is easily seen! 
that in considering this problem one may consider separately for each given 
prime number p, the zero-divisors of which the order is a power of p. 

For even k, the problem was solved by G. de Rham.’ It turns out that 
no new invariant of the manifold may be obtained in this case by the con- 
sideration of zero-divisors of which the order is a power of an odd prime nun- 
ber p, while for the zero-divisors of order 2* certain unexpected a_ prion 
possibilities arise for the matrix L(ai,a;). However thus far no example 
are known of manifolds for which the matrix L(a;,a;) assumes such an 
anomalous form. 

For odd k and p= 2, the problem was solved by H. Seifert.* In this 
note the case of odd & will be considered without the restriction that p <2. 
Certain of the considerations of Seifert will be repeated (cf. 2-5). This 
is due partly to certain modifications necessitated by the inclusion of the cas 
p = 2 and partly to the desire to treat the cases p42 and p = 2 in the sam 
way. In contrast to the former case, the main difficulty of the latter case is 
the consideration of the influence on each other of zero-divisors of which the 
orders are adjoining powers of 2 (cf. 11). 

In 12 the normal forms arrived at are computed for an infinite collec- 
tion of known 3-dimensional manifolds. These examples clearly indicate hov 
little the homology and intersection theory can contribute to the fundamentl 
problems concerning manifolds even of such a low dimension. 

1. The looping coefficient L(a,b) of a k-dimensional zero-divisor 4 0 
order « and a (n —k —1)-dimensional zero-divisor b of order 8 in an orient 
able manifold M» is given by 


(1) L (a,b) = S(c, b)/a, 


?H. Seifert, loc. cit., pp. 816-817. 
® Loc. cit., pp. 159-165. 
* Loc. cit., p. 823. 
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where ¢ has aa as boundary. Here S(c,b) is the intersection number and a 
and ¢ do not have a point in common. The following properties are well 


known : 


(2) L(a,b) is uniquely determined modulo 1 if only the homology classes 
of a and b are given. 


3) L(a,b) = L(b,a) modulo 1. 


(4) + 6) = a, + aL (de, b). 

(5) If «a~0 and Bb ~ 0, then L(a,b) may be written as a fraction with 
the greatest common divisor (a, 8) of « and B as denominator. In particular 
ifa and are relative prime, then L(a,b) is an integer. 

(6) If ai, t1—1,2,-- - are the k-dimensional torsion numbers of Mn, then 
they are also the (n — & —1)-dimensional torsion numbers of Mn. Further- 
more if a; is a base of the group of k-dimensional zero divisors, such that 
aja;~ 0, then a base b; may be found for the (n — k —1)-dimensional zero 
divisors in such a way that ~ 0 and aL (ai,b;) Here 8;; is the 
Kronecker symbol. 

(7) A statement analogous to (6) remains true for those k-dimensional 
zero-divisors of which the order is a power of a fixed prime number p. 


This statement follows easily from the last remark in (5). The same 
remark shows also that the problem under consideration is solved in the gen- 
eral case if it has been solved for the zero-divisors of prime power order cor- 


responding to every prime divisor of the torsion numbers of My. 


2. From now on, & is an odd integer, n= 2k +1 and M, is a fixed 
orientable n-dimensional manifold. For a fixed prime number p, let G denote 
the group formed by these k-dimensional zero divisors of G, of which the 
order is a power of p. Let a,° - -,@2 be a base of G and let every relation 
between the a; be a consequence of the order relations 


(8) 


A 


C8. 


let A be the matrix with elements gi; = p®' L(ai,a;) ; then (2) shows that 
the integers g;; are uniquely determined modulo p*, while (3) shows that 


(9) = modulo 


Since the transformation from one base of @ to another base of G may 
be made by means of a non-singular matrix modulo p, it is clear that (7) is 
equivalent to the statement that A is non-singular modulo p. Since, by (9), 
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gi; 1s divisible by p*%-%, whenever e; > e;, the symmetric submatrices 4 
of A, which correspond to sets of subscripts 1, 1+ 1,- - -, m, where 


are also non-singular modulo p. Now A‘, being non-singular modulo yp, has 
an inverse matrix modulo p® which also has integer elements. This inverse 
may be obtained by multiplying the ordinary inverse by an appropriate integer 
prime to p. If e# > e =e then the sum of a; and any linear combination of 
the generators a1, i141," * *,@m may be used as generator instead of a;. With 
the help of the inverse matrix of A‘ one may easily find linear combinations 
in such a way that for the new matrix A, 
94 =0, 1+1,---,m, 

Thus A may be reduced to diagonal form, each element of the diagonal being 
one of the matrices A“. 

If this reduction has been completed, let H be the subgroup of @ gen- 
erated by the elements a; = 0,, Gm of G, r= m—I1+1, 
Then any relation between the b; is a consequence of the order relations 
pb; ~ 0. Let [ ci, cj] denote, for any pair of elements c;, c; of H, the number 
P°L (ci, cj). Then, by (1), (2), and (4) the [ci,¢;] are integers uniquely 
determined modulo p® and the [c;, ¢;] are linear in ¢;. Since k and n are odd, 
(3) implies that [ci, ¢;] = [¢;, ci]. 

Furthermore, the matrix 


(11) B= | has || = | = = 


is non-singular modulo p, since it is identical with A’. 

The next problem is to determine a number of non-equivalent normal 
forms into one of which every such matrix B may be transformed by a change 
of base of /7. If the new generators of H/ are given in terms of the old genera- 
tors by left multiplication with a matrix P, which is necessarily non-singular 
modulo p, then the matrix B is replaced by the matrix PBP’, Thus the 
determinant of B may be multiplied by any quadratic residue modulo p’ but 
not by any other factor. . 

In what follows a matrix B will occasionally be considered as belonging 
to two or more groups H of which the generators have two or more distinct 
orders p*. Wherever necessary the exponent e will be specified by placing 


modulo p® after a statement on B. 


8. Let B be the matrix (11) corresponding to a group H which is gel- 


erated by 7 independent elements b,,: - -, b,, each of order p’. 


5H. Seifert, loc. cit., pp. 818-819. 
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First it will be shown ® that B may be transformed into diagonal form 
ifpts odd. In fact, if hj is not divisible by p, one has [bi, mbi] = mhy =1. 
nodulo p® for a suitably chosen integer m. If one replaces b; by the new 
snerator b; — mbjhij, the element h;; will be replaced by zero. Proceeding in 
this fashion one may replace all elements in the i-th row and i-th column 
(except hii itself) by zero for any 1, for which hi; #40 modulo p. Now sup- 
pose that all reductions of this type have been made and that hi; is divisible 
by p. Since B is non-singular modulo p, it follows that at least one element in 
the i-th row, say /jj, is not divisible by p. Since all reductions of the pre- 
eding type have been made, hj; must be divisible by p. If one replaces by 
by the new generator b; + bj, the i-th diagonal element in the new matrix B 


‘isha + hj + 2hi;. Thus if p~ 2, the new diagonal element is not divisible 


by p and the preceding reduction may be continued until B has been trans- 


formed into diagonal form. 


4, Suppose that p~ 2 and that B has been transformed into diagonal 
form. If uw, and uw, are arbitrary diagonal elements of B, corresponding to 
the generators b, and b, of H, then it is possible to replace u, by 1, changing 
if necessary, but leaving all other elements of B unchanged.” It will first 
be shown that the subgroup of H generated by the elements b, and b, con- 
tains an element c = a,b, + ab. such that 


(12) [c, = + = 1 modulo 


Ifu, (or us) is a quadratic residue of p*, one may choose @, (or «,) equal to 
zero and determine a, (or %) in such a way that (12) is satisfied. If wu, and wu, 
are not quadratic residues of p*, let v be a quadratic non-residue of p*% such 
that for some r, 

(13) 1 + 7? =v modulo 

One may take as v the smallest positive quadratic non-residue modulo p. For 
any quadratic residue (non-residue) modulo p is also a quadratic residue 
(non-residue) modulo p*. The group of prime residual classes modulo p® is 
tyclie, so that u,v and w.v are quadratic residues. Thus the integers a, and 


%may be found in such a way that 


Equation (12) is now an immediate consequence of (13). 


*H. Seifert, loc. cit., p. 822. 
"Compare H. Seifert, loc. cit., p. 823, footnote. It seems that the elaboration in 4 
i$ necessary to complete the indications given there. 
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The element c may obviously be used as one of the generators of the sub- 
group of H generated by 6; and b.. By (12) the corresponding diagonal 
element of the new matrix B is 1. If the other generator of the subgroup 
is chosen according to the method of 3, and the remaining generators of H 
are left unchanged, the object stated at the beginning of 4 is obviously reached, 

Clearly one may use the above method to replace the diagonal elements of 
B, except perhaps one, by the number 1. The remaining element different 
from 1 may be placed in the position h,,; and may be multiplied with an arbi- 
trary factor a prime to p*® by multiplying the corresponding generator with 
a Thus it is clear that a matrix B corresponding to a triple of numbers 
pA 2, e, r may be transformed into the unit matri« EL, if det B is a quadratic 
residue modulo p*, and B may be transformed into the matrix E,, obtained 
from the unit matria EL, by changing the first diagonal element into an arbi- 
trary quadratic non-residue modulo p°, if det B is not a quadratic residue 
modulo p°®. Moreover, if p32, then two matrices, which are non-singular 
modulo p, are equwalent modulo p*, if and only if they are equivalent 


modulo p. 


5. The structure of the group H is determined by the numbers jp, ¢, 1, 
which in turn are determined by (10) in terms of the fundamental relations 
(8) of G. However, it is clear that the subgroup H of G is not only not 
uniquely determined by G but even not uniquely determined by the matrix 4 
of the numbers gij;._ In fact let A be reduced, as described in 2, to a diagonal 
form, each diagonal element of which is one of the matrices A“. If 7 andj 
are such that e; > ej, add p* a; to the generator a; of G. Apply the reduc- 
tion of 2 to the mattrix A in its new form. The j-th generator remains equal 
to aj + p**a;, so that the group H, belonging to e = ej, has been replaced by 
a different group. Accordingly the considerations of 3 and 4, for the case 
p 2, must be completed by an investigation of the changes of det A“, 
when the group H is replaced by a different group. This is very easily done 
by means of the following statement. 

If two different matrices B and C' both are obtained from the same group 
G as the matrix A corresponding to two different subgroups H and H’, both 
of which have r generators of order p’, then they satisfy a relation of the form 


(14) C = PBP’ modulo p* 


for some matrix P which is non-singular modulo P. Here c is the least pos 
tive value of | e; —e| and the e are the different orders of generators of G. 

In fact the generators 6’; of H’ may be expressed in terms of the gener 
tors b; of H,i—1,- - -,r and the remaining elements a; of a set of generators 
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of G@ (which includes the 6;) in the form b’ = Pb + Qa, where b’, b and a are 
vectors with components 0’;, b; and a;. It is easily verified that P must be a 
non-singular square matrix modulo p, so that new generators of H are defined 
by b’ = Pb. The matrix A‘ which corresponds to the new generators b” is 
dearly D = PBP’. 

Thus in order to prove (14) it is sufficient to show that if the group H is 
modified by the addition of linear combinations of generators of order ~ p® to 
the generators 6” of order p*, then the congruence classes modulo p® of the 
corresponding matrices A“? are the same. 

If aj; has the order p% < p* and if the generator 6”; is replaced by 
b’; = 0b”; + aa;, then one has for the 7-th diagonal element of A“, 

b’;) = (b" i, b”; )+ pes | 2ap%L (aj, aj) + (aj, a; | 
and similar changes take place in the other elements of B. If a; has the order 
p > p®, then only linear combinations of the form ap%-¢a; may be added to 
the generators of , and a similar change in the elements of A‘ results, 
Since passage from b”; to b’; is possible by a finite number of steps of the 
two types described it clearly follows that (14) holds. 

As a direct consequence of (14) and the last statement in 4 one obtains 
the following final statement for the case under consideration: If p~ 2, the 
invariants of the different matrices A‘ are also invariants of A itself. 

6. Let B be the matrix (11) which corresponds to a group H with r 
generators each of order 2°. Then B may be transformed into diagonal form, 
if and only if at least one diagonal element of B is odd. Since B is non- 
singular the necessity of this condition is made evident by the remark that, 
if every diagonal element of B is even, then [a,a@] is even for every a in H. 

For the proof of the sufficiency let it be remarked first that, if no diagonal 
element of B is odd, then the number of rows of B is even. Otherwise B would 
be singular modulo 2, since every term of B would either contain a diagonal 
element or have a symmetric term distinct from itself. It also follows that 
the coefficient of any diagonal element of B in det B is even, so that B remains 
non-singular modulo 2¢ if any number is added to one of its diagonal elements. 

If B has at least one odd diagonal element, B may be reduced by the 


method of 4 to the form 
h, 


B= | hi; | = 
hs 


Where B” is a square matrix without odd diagonal element and the empty 
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spaces represent terms which are equal to zero. If one replaces the generator 
by Doss + 03, then hy and increase by h,, so that the new 
(s+ 1)-th diagonal element is an odd number. Since the matrix, which 
replaces B”’, is non-singular by the above remark, one can reduce the elements 
hy «4, and hs, 1 to zero by adding a suitable linear combination of bs,1,° - -, b, 
to b;. The first diagonal element in the resulting matrix B is again odd, since 
it is the only element * 0 in its column. Thus the number of odd diagonal 
elements of B has been increased by one. This procedure, combined with the 


method in 8, reduces B to diagona! form. 


7. Let B be the matrix (11) belonging to a group H with r generators 
of order 2° and suppose that B has diagonal form. If e =1, B has the form 
7, modulo p’, so that no further reduction is necessary. If ¢ = 2, the diagonal 
elements of B may be taken equal to +1 or —1. It will be shown that 
a matrix B corresponding to a triple of numbers p = 2, e = 2, r may be trans- 
formed into one of the non-equivalent forms Erm, 0S m < 3, m Sr, where 
the first m elements in the diagonal of Erm are —1, while the remaining 
elements are +1, (in particular 1’, = H,). First it is easily seen that any 
four elements equal to — 1 in the diagonal of B may be replaced simultaneously 


by +1. In fact if [ai,a¢] =— 1, 1 = 1, 2,3, 4, then bi, bi] =-+ 1 modulo 4, 
where 

b, =a, + 4.+ 43, =a, + a4, =— a, + ag + D4 = — 0, + 
Thus if the b; replace the a; as generators of H, four elements — 1 in the 


diagonal of B are replaced by + 1. This proves that any of the matrices B 
under consideration may be transformed into one of the above normal forms 
Eym and also that m is determined as the residual class modulo 4 of the 
number of diagonal elements —1 in B. It remains to prove that the above 
normal forms £m are not equivalent. The value of det B may be used to 
prove that Lym and Ey» are not equivalent if m—n is odd. The non-equiva- 
lence of Hq and Kg. and also of Hq, and Hy, is a consequence of the non- 
equivalence of H,. and FL. if r > q. This is seen by adding r— q generators 
of order 2° to the g generators which give rise to Lm. 

Thus it remains to prove the non-equivalence of H’,, and L,2 for some 
arbitrarily high r. For any group H of the type under consideration, let H’ be 
the subgroup of I determined by the elements of order 2 of H. The value of 
[a,a] is constant on each co-set of H’ in H. In the table below the number 
of these co-sets, on which [a, a] takes specified values, is listed for five groups 
Eym. If the matrix B, belonging to H, is E,, the number of co-sets of H’ in 


H, in which [a, a] = modulo 4, is obviously = . This gives 


the first, third and fourth columns of the table. The second may be easily 
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verified directly. The last may be obtained from the second and third by 
noting that the group // corresponding to F’;,; » is the direct sum of the groups 


orresponding to /,, and LH... The table shows immediately that the matrices 
B=E,) and B = #,» are not equivalent for any r of the form 8k + 2. 


+ 
2 | 1 1 Qc 1. 94k 28k 


8. Let B be the matrix (11) of a group // with r generators of order 
> 4, and suppose that B may be transformed into diagonal form. Then B 
is equivalent to the matrix B’ = || hi8ij || modulo 2¢ if and only if B 1s equiva- 
lent to B’ modulo 8. For e = 3 this is evident. Suppose that the statement 
has been proved for e —1, so that B may be transformed modulo 2¢* into the 
form B’. The same transformation transforms B modulo 2¢ into the form 
B’ + 2¢1D, where each element of PD is 0 or 1. If B is reduced to diagonal 
form by the method in 8, it retains the form B’ + 2¢"D, where D is now a 
diagonal matrix each element of which is 0 or 1. The proof by induction of 
the above statement in italics is completed by the remark that 1 + 2%? is a 


quadratic residue modulo 2¢ for e > 3, since 
52° == 1 + modulo c=—e—3=20. 


Thus it remains to consider the diagonal matrix B if 2°=8. In that 
case any two diagonal elements h, and hs of B may be replaced simultaneously 
yh, +4 and h,+ 4. In fact it is sufficient to replace the corresponding 
generators b, and b, of H by b, + 2h,b. and b, — 2h.b,. Thus, if B is equiva- 
lent modulo 4 to the form Fm, it is equivalent modulo 8 (and also modulo 2°, 
¢>3) either to EL,» or to Frm, Where Fm is obtained from Lm by adding 4 
to the first diagonal element. That Z,» and I’; are not equivalent is evident, 
since their determinants are distinct modulo 8. Accordingly, one has for the 
mana B corresponding to a group I with r generators of order 2° > 4 the 
vight (or 2r + 2 if r= 3) non-equivalent diagonal normal forms Eym and Frm, 
(Sm=3, 

The following statement may be obtained easily from the above considera- 
tions: Two matrices B and B’, which belong to two groups with r generators 
of order p? = 2° = 8 and have at least one odd diagonal element, are equivalent 


modulo 2¢ if and only if they are equivalent modulo 8. 
9. Let B be the matrix (11) belonging to a group H with r generators 
b; of order 2¢ and suppose that every diagonal element of B is even, so that 


B cannot be transformed into diagonal form and r is even. If hij is an odd 
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element of B, the submatrix of B formed by the elements in the intersections 
of the i-th and j-th column with the i-th and j-th row is non-singular modulo 2, 
so that the remaining elements in these rows and columns may be changed 
into zeros by adding multiples of b; and b; to the other generators of J. 
Continuing this process one may transform B into a diagonal matrix the 
elements of which are two rowed square matrices. The odd elements in these 
two-rowed matrices may be made equal to 1 by multiplying one of the two 
corresponding generators with some odd number. Then each such matrix 
appears in the form i 


2k 1 
(15) 


If two matrices of the form (15) are congruent modulo 4, then they are 
equivalent modulo 2°. If e = 1 any two matrices of the form (15) are equiva- 
lent. If ¢=2 their equivalence modulo 2¢ is an immediate consequence of 
their congruence modulo 4 = 2°. Thus the above statement will be proved 
by complete induction if it is shown that, if two matrices (15) are equivalent 
modulo 2°', they are equivalent modulo 2°, e > 2. If C is the one matrix, 
and the other may be transformed into C modulo 2°", then it may be trans- 
formed into the form C + 2*1D modulo 2°, where D is symmetric and each 
of its elements is either 0 or 1. Now any diagonal element of D may be made 
equal to 0, since, if e > 2, one may add 2° to a diagonal element of C + 2°'D 
by adding to the corresponding generator 2°? times the other generator. 
Multiplying, if necessary, one of the generators by 1 + 2°? one finds that ( 
and C + 2¢+D are equivalent, so that the above statement in italics follows 
by complete induction. 

Any matrix (15) is equivalent modulo 4, and hence modulo any power of 


2, to one of the two matrices 


0 1 _f2 1 
(16 


In fact, since equivalence modulo 4 is a consequence of congruence modulo4 
and generators may be interchanged, it is sufficient to show that the matrices 


1 2 
are equivalent modulo 4. This is evident if one replaces the second generator 


by the sum of the two generators. 
The four rowed matrices 


I, 0 and 
0 Ts 
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are equwvalent modulo 2°. For e 1 this is evident. If e > 1 transform the 
second matrix by adding the third generator of the corresponding group to the 
first generator. The upper left-hand corner then takes a form equivalent to J, 
and may be reduced to J,. If the matrix is reduced further to normal form, 
the lower right-hand corner must assume either the form J, or the form J>. 
That it cannot assume the form J» follows from the fact that 7, and J, are not 
equivalent. This will be proved in 10, where J, and J, are defined for every 


even 7. 


10. If r is even, let J, denote the matrix obtained by arranging $r 
matrices J, in the diagonal of an r-rowed matrix, of which the remaining 
dements are zero, and let J, denote the matrix obtained from /, by replacing 
the first of the matrices J, by Je. It is easily seen that the considerations in 
Jimply: 

If B ts the matrix (11) of a group H with r generators of order 2° and 
if every diagonal element of B is even, then r is even and B may be trans- 
formed into the form I, or J,. It will next be proved that I, and J, are 
quivalent modulo 2° if and only if e—=1. The case e —1 of this statement 
isevident. It is also evident that the case e > 2 is a consequence of the case 
¢=2. It remains to show that J, and J, are not equivalent modulo 4. But 
this is evident from det J, det J, modulo 8 and from the following statement. 

If B has even diagonal elements and B is replaced by an equivalent matria 
modulo 2° = 4, then the residual class of det B modulo 8 remains unchanged. 
In fact, changing B into an equivalent matrix either results in multiplying 
det B by the square of an odd constant (and such a square is always congruent 
to1 modulo 8), or it consists in adding multiples of 4 to the elements of B. 
The latter changes do not affect the residual class of det B modulo 8, since B 
has to remain symmetric, has even diagonal elements and has an even number 


of rows. 

The results obtained may be restated as follows: T'wo matrices B and B’, 
which belong to two groups with r generators each of order p° = 2° = 4, and 
one of which has no odd diagonal element, are equivalent modulo 2¢ if and only 


if they are equivalent modulo 4. 


If a matrix B belongs to a group H, which has r generators of order 2°, 
¢>1, and if every diagonal element of B is even, then B is equwvalent to I, 
or J, according as det B= (—1)*" or det B=5(— 1) modulo 8. 


11. Let G be a group of which all elements have an order which is a 
power of 2 and let the corresponding matrix A (cf. 2) be transformed into 
hormal form by the methods of 6-10. As in 5, it is necessary to investigate 
in how far this normal form is dependent on the particular choice of the sub- 
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groups of G corresponding to the different orders 2° of base elements of 
By (14) and the statements at the end of 8 and 10 the invariant propertia J 


of a matrix A‘ derived from A, are also invariant properties of A if e=1, 
or if e=2,¢>1 or if ¢ >2 (Immediately below (14) the definition of , 


may be found). fr 
The problem described above will be investigated here in the case wher § t 
only two distinct exponents e occur in the orders 2¢ of base elements of G ani § % 
if the difference of these two exponents is not more than 2, i.e. if in (14), 
¢=2. On the basis of the facts obtained, it will be easy to decide what ar § /? 
the invariant properties of any particular matrix A. ap 
The following three statements will be needed: F 
(17) Modification modulo 4 of a matrix B in the normal form I, or J; or , 
modification modulo 2 of non-diagonal elements of such a matrix does nol in 
change the normal form. The first part of this statement has already been m 
proved. The second part depends of course on the fact that all matrices under th 
consideration are symmetric. It is easily checked that the addition of one i 
pair of symmetrically placed even elements to J, or J, does not change the 
‘ residual class of the determinant modulo 8. But the same must hold if more : 
i than one such pair is added. For any new term, which contains one element ck 
each of more than one pair of new elements, cannot affect the determinant " 
modulo 8, since it is either divisible by 4 and duplicated by a symmetric tern, 
or else is symmetrically placed, in which case it is divisible by 16. ‘ 
(18) Modification modulo 8 of a matrix Bin the normal form Eym or Frm ot de 
modification modulo 4 of non-diagonal elements of such a matria does nol ch 
affect the normal form. The first part has already been proved. For the f 
second part it should be remembered that m is invariant under modifications . 
modulo 4. The statement follows, since it is easy to verify that the determ- th 
nant modulo 8 is not changed by addition of pairs of symmetrically placed A 
numbers which are divisible by 4. he 
(19) Modification modulo 4 of a matrix B in the normal form Eym or Frm ly 
or modification modulo 2 of non-diagonal elements of such a matrix may A 
interchange E and F but cannot change the value of m. The first part is 
already known. For the second part, notice that if a pair of symmetrically th 
placed even elements is added to Em or Frm and this pair is eliminated by 4 A 
change of base according to 8, then the change in diagonal elements is 4 
modification modulo 4, so that the second part is a consequence of the first patt. i 
in 
In what follows a matrix A is supposed to be built up out of a matrit ‘ 
A“ and a matrix A‘*” or A‘**), both of which are supposed to have normal ai 
form and the problem is to determine the invariant properties of A. The 


W 
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large number of cases to be considered has been arranged in five groups of 
which only the last gives some trouble. 

The form A‘ A‘) cannot be modified if at least one of the normal 
forms is I, or J,. That the one equal to J, or J; cannot be modified follows 
from (14) and (17). But if one of the matrices has the form Erm or Frm, 
its normal form cannot be modified by (18), which is applicable, since the 
other matrix has even diagonal elements. 

The form A‘?A‘*” cannot be modified if both matrices have a normal 
form of the type I, or J, In fact in this case the second half of (1%) is 
applicable, since all diagonal elements are even. 

In the form A‘? A”, where both A‘ and A‘*® have normal forms of 
the type Lim or Frm, the two values of m and the product of the determinants 
of A‘? and A‘°**) modulo 8 are invariants. In other words both A“ and A“¢**? 
may change from / to F or conversely at the same time but not separately. 
That the two values of m are invariant follows from (14) and (19). That 
the product of the determinants is invariant modulo 8 is evident, since the 
transformation of generators for H‘® and /H‘¢*?) combined consists in multi- 
plication with a non-singular matrix. It remains to show that the determinant 
of A‘’*?) is not invariant. This is clear, since the determinant of A‘¢?? 
changes if any generator b; of H‘***) is replaced by the sum of by and any 
generator of 

In the form A‘? A”, where one matrix is of the type I, or J, and the 
other is of the type Esm or Fam, the value of m and the product of the two 
determinants modulo 8 are the only invariants. In other words the one may 
change from J, to J, or conversely if the other changes at the same time from 
Eym to F'sm or conversely. That m is invariant follows from (19). The 
product of the determinants is always invariant modulo 8. In order to see 
that the determinants of A‘ and At” are not separately invariant in case 
A“ has the form J, or J,, it is sufficient to add one generator of A“ to 
both generators corresponding to a matrix J, or J, in A“*”, If A has the 
type J, or J,, one obtains the same result by adding twice one generator of 
A“) to a similar pair of generators of A“’. 

If e 1 or if e—2 and A“ is of type # or F in the last two statements, 
the product of the determinants modulo 8 is not an invariant of the matrix 
A, since then det A“ is not an invariant of A. 

Let the two matrices A A‘? both have a normal form of type E or F. 
In (20) each vertical pair of numbers represents diagonal elements the first 
in A“, the second in A“*), Two vertical pairs separated by the sign ~ are 


such that the one pair may be replaced by the second in the normal form under 


discussion. If ¢ —1 or e—2 the table may be simplified in an obvious way. 
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(20) ~ ~ ~ ~ ~ ~ ~ 

In order to see how (20) is obtained, consider the generators a and b of 
order 2¢ and 2° with L(a,a) = k2-¢, L (a,b) =0, L(b, b) = The new 
generators a’ = a 4- 2b, b’ = kb — la satisfy L(a’, a’) = (k + 2l)2~ 
L(a’, b’) =0, L(b’, b’) = (kl + Since in every A‘ any reduction 
modulo 8 may be obtained by a change of generators and since k and J are odd 
numbers, one sees that the pair &,/ may be replaced by the pair & +- 21, 1 + 2k. 
That no other equivalences are valid, except those in (20) may be verified 
easily. Now if A‘A®*? is a matrix A, and if both A“ and A‘ are of the 
form Lym or Frm, then it is easily seen from (20) that A‘*?? may be reduced 
to the form F,) or Fy. and also that, if A‘ and At? do not both have 
exactly one row, then A‘**? man be reduced to the form Ey, =FEH,. The in- 
variants of the new form of A are now the invariants of the pair A A“, 
This statement may be proved by a method which is closely related to the one 
used at the end of 7. Of course if both A‘ and A‘! have one row and 
e > 1, then the pair A‘ A‘? has in addition the invariant property that 
may be reduced to the form or 

12. Examples may be given to show that all normal forms found above 
for the matrix of looping coefficients of a manifold of dimension n = 4k +3 
with given 2k +1 dimensional torsion may actually occur. The problem to 
prove this is simplified very much by the well known remark that the sum of 
two manifolds M, and M’, has a matrix of looping coefficients which appears 


L 
0 L’ 


where L and L’ are the matrices of looping coefficients of M, and M’,. The 


in the form 


sum of two manifolds of the same dimension n is obtained by omitting an 
n-simplex from both manifolds and identifying the boundaries of the remain- 
ing bounded manifolds. Thus any normal form of a matrix of looping 
coefficients which is diagonal may be obtained by forming the sum of suitably 
chosen lens spaces*® (Linsenriume) and all other normal forms may be 
obtained if examples are known of manifolds with 2 torsion numbers 2°, suc 
that their matrices of looping coefficients have the normal forms J, and J». 

In case n= 3 many examples which are not sums of simpler manifolds 
may be found among Seifert’s “ gefaserte Riume.” Here only the manifolds 
of that type will be considered with a signature ® of the form 


5’ Compare H. Seifert, loc. cit., pp. 824-825. 
For the definition and properties of “gefaserte Raume,” see H. Seifert, Act 
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(21) (0.0; 0|05 a%, 2%; a, 22; - * Gr, 2°), 
where 
(22) ris even, is odd, 1=—0,1,2,---,7, 


Manifolds with such signatures are obtained by the following construction. 

Let C X S be the product of a simple closed curve C and a 2-dimensional 
manifold S of genus zero. Let Ci, i=0,---,7, be r-+1 simple closed 
curves on S of which the “ interiors” have no point in common. Now omit 
for each i the product of C and the interiors of C; and replace this product by 
a different anchor ring 7; with the same boundaries C & C; but on which 
2b; + aa is homologous to zero instead of bj. Here a is a basic cycle on 
(Xp (p is any point of S) and 6; is a basic cycle on q X Ci (q is any 
point of C). 

Let ui be a 2-chain which is on 7;, except for the product of 8, and an 
are from a point of C; to the point p, and suppose that 


(23) ut —> 2°b; + aa. 

Then one has for the intersection number S(uj, b;) of us and bj, 

(24) S (us, bj) = 

where 6; is thought of as moved into the interior of 7’; by a small deformation. 


As generators of the homology group of the manifold under consideration we 


may use b; and a, with the basic homologies 


(25) + aa~0, and 3b,~0. 

The last relation expresses the fact that the “exterior” of all curves C; has 
as its boundary the sum of all simple closed curves C;. As new generators 


of the same homology group one may use 
(26) a and cj, where cj = 


For (25) and (26) imply 


r 
Bbo and 2%¢;~0, j—1,---,7, B= 
j=1 i=0 


By (22), the coefficient B of b, is an odd number. Thus by may be obtained 


a a linear combination of Bb) ~ and ~—a. Since bj = ajby — cy, 

this implies that every element of the homology group may be obtained as a 


linear combination of the elements (26). The basic homology relations (25), 
if expressed in terms of the generators (26), take the form 


(27) Ba~0, 2%;~0, 


Mathematica, vol. 60 (1933), pp. 147-238. For the signature (21), see in particular 
P. 181, For the statement that the spaces are not sums of simpler manifolds, see p. 229. 
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The a; are not required to be positive. Accordingly one may choose the a; in 

such a way that 8 = & a —1, in which case the manifold has r torsion nun. 
i=0 

bers equal to 2°. Whether or not one makes this assumption, the only group H] 

of interest has the r generators c; of order 2°. The corresponding matrix 8 


may be determined as follows. By (23) and (26) 


Uy — Uj —> 2°( b;) = +—1,-- -,7. 
Hence on denoting again by hij, 1,7 =1,: - -,7 the general element of B, 


and so, by (24), 


(28) B= | hijll = || + 


? 


Since all diagonal elements of B are even by (22), the normal form of B is 


I, or Jy according as 


(29) det B= (— 1)" or det B=5(—1)* modulo 8, 
and before determining det B one may reduce the elements of B modulo 4. So 
suppose that 


(30) a=1modulo4,is; «=—1modulo4,i>s; r—s=t. 


Then B reduces modulo 4 to the form 


Ay .. 


where 


Ay=14+ 8), Cy Du =1— dx. 


In order to compute the determinant, first change the sign of the last 
t columns, then subtract the (i -+ 1)-th column from the i-th column succes 
sively fori =1,---,s-+¢—1. Next subtract suitable multiples of the first 
up to the (s + ¢—1)-th column from the last column, making all elements 
of the last column zero except the last element. Thus one sees that 


(31) det B= (— 1)*(s + 1) modulo 8. 
Comparing (29) and (31) the following statement may be verified: 


If a manifold with signature (21) satisfies (22) and (30), then its 
matrix of looping coefficients has the normal form I, if s —-t == 0 or 6m odulo8 
and J, if s—t=2 or 4 modulo 8. 
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FIXED POINTS AND THE EXTENSION OF THE HOMEO.- 
MORPHISMS OF A PLANAR GRAPH.* 


By SaunpErRs MacLANe and W. ApDKISSON. 


1. Introduction. Gehman, Adkisson, and Moore! have found con- 
ditions under which a given homeomorphism of a continuous curve on the 
sphere can be extended to the sphere. In this paper we consider the problem ? 
of characterizing those graphs on the sphere for which every homeomorphism 
of the graph can be extended to the sphere. We restrict ourselves to cyclicly 
connected * graphs and obtain a necessary and sufficient condition that such 
agraph has some one map ‘ on the sphere in which all of its homeomorphisms 
are extendable. ‘This necessary and sufficient condition depends essentially 
on the behavior of certain fixed points, for it asserts merely that the fixed 
points of all homeomorphisms of order 2 must be distributed on the graph 
as are the fixed points of periodic homeomorphisms of the sphere. 


1.1. Let G, be a cyclicly connected continuous curve lying on the sphere 
and consisting of a finite number of simple closed curves. Then G, is com- 
posed of a number of simple arcs ,,8,: --, each ending on two branch 
points. These simple ares and branch points, considered as elements, con- 
stitute a combinatorial graph G3; such a graph is made up of a finite number 
of edges (simple ares) %, and a finite number of vertices 


each edge “ ending ” on just two vertices.’ An edge @ with ends p and q will 
be denoted by «(p,q). The original curve G, is a map of the graph G; for 
agiven G,, we may assume, without loss of generality, that each vertex of G 
ison at least three edges of G. 

A given homeomorphism T' of G, to itself takes each are a, of G, into 
some arc 8; = Ta, and thus sets up a one-to-one correspondence between the 


* Presented to the Society, March 27, 1937. Received by the Editors April 8, 1937. 

*Gehman, [1], [2], [3]; Adkisson, [1], [2]; Moore, [1]. Numbers in brackets 
refer to the bibliography at the end of the paper. 

*One form of this problem was originally suggested by J. R. Kline. 

* For this concept see Whyburn, [1], [2], [3], and Whyburn and Kuratowski [1]. 
Acyclicly connected graph is also non-separable in the sense of Whitney. See Whitney, 
Theorem 7. 

‘In another paper we characterize graphs such that all homeomorphisms are ex- 
tendable in every map. See Adkisson and MacLane [1]. 

*For definitions of other combinatorial terms used, see Whitney [1] or [2], or 
MacLane [1]. 
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corresponding edges a and f in the combinatorial graph G. This correspond- 
ence is an automorphism of G. Here an automorphism o of a combinatorial 
graph @ is a one-to-one correspondence « <> oa of the edges of G to the edges 
of G and a one-to-one correspondence p<>op of the vertices p of G to the 
vertices of G such that each edge a(p,q) corresponds to an edge oa with the 
ends op and oq. 

The extendability of a homeomorphism is intimately related to the possi- 
bility of disconnecting the graph by removing two of its vertices. We shall 
eall this “splitting” the graph. More explicitly, a semi-split of G at the 
vertices h, and hz is a representation of G as a sum 


where H and H’ are two non-void subgraphs, having in common no arcs and 
no vertices except for the vertices h,; and hz. This semi-split is a split of G 
if neither H nor H’ is a chain. A subgraph H in a semi-split (1) of @ ath, 
and h» will be called least if H has itself no semi-split at h, and hz; that is, 
if any two arcs of H are connected outside h; and he. A split (1) of G will 
itself be called least if either of the components H or H’ of the split is least. 
If (1) is a least split, the subgraphs H, and Hz are components of G, and 
each component has the ends h, and hz Note that component means 


“component of a least split.” ° 


1.2. If a graph G is mapped on the sphere, and if a homeomorphism 
of the sphere carries G into itself, then a fixed point x of the homeomorphism 
on the sphere may be on the graph, in which case the graph will have a fixed 
vertex or a fixed edge. Otherwise z lies in one of the complementary domains 
into which the graph subdivides the sphere, so that the boundary of this con- 
plementary domain must go into itself in the homeomorphism. If G is cyclicly 
connected, this boundary is a circuit of G. Hence fixed points on the sphere 
appear in G@ either as fixed vertices, edges, or circuits. We define for any 
automorphism o of G: a fixed vertex p is one with op=p. A fixed edges 
is one with oa =a, while a circuit C is a fixed circuit if oC =, and if ( 
contains no fixed vertices or edges. We note that in a fixed circuit ( the 
cyclic order of the vertices and edges must be preserved by o, since an inversion 
of this order would necessarily involve two fixed points, either edges or vertices, 
on C. A combinatorial fixed point will mean either a fixed vertex, edge, 


circuit. 


®It can be shown that a cyclicly connected graph @ has a split if and only if it 
contains a “ split circuit,” in the sense of this term used in Adkisson and MacLane, (1). 


giv 
a 
re 
anc 
or 
wo 
(i 
(il 
(Or 
the 
mig 
this 
thr 
cor 
the 
it 
in 
pro 
par 
ares 
6, 
can 
beg 
inv 
gray 
| refle 
| cire 
vert 
| 
vert 
| 
| 


EXTENSION OF THE HOMEOMORPHISMS OF A PLANAR GRAPH. 613 


1.3. A homeomorphism of a graph which can be extended to the sphere 
gives essentially * a periodic transformation 7 of the sphere into itself. But 
a periodic transformation is homeomorphic to a rotation about an axis or to a 
reflection in a diametral plane or to a product of a rotation with a reflection, 
and hence has either two fixed points, or a circuit all of whose points are fixed, 
or else no fixed points (cf. Hilenberg, [1]). Some impossible configurations 
would thus be 


(i) a circuit of fixed points plus another fixed point; 
(ii) three distinct fixed points plus a fixed circuit.® 


Our main theorem states essentially that a graph with no such impossible 
configurations has a map in which all homeomorphisms are extendable. In 
the census of distinct fixed points for condition (ii), several fixed circuits 
might unfortunately correspond to the same fixed point on the sphere. In 
this case the fixed circuits will “nest” in some fashion. More explicitly, 
three fixed circuits, each pair of which lies on one side of the third, would 
correspond to three distinct fixed points on the sphere. In this statement, 
the term “ side ” refers to the map of the graph on the sphere. We can replace 
it by a purely combinatorial term. A combinatorial side of a circuit C in G 
is a subgraph H CG such that @ has a least split G=H-+ (G—H) 
in which ® CC (G—A). 

We thus obtain the following condition which refers only to combinatorial 
properties of the graph. In stating this condition an exception is made of the 
particular graph Go, consisting of two vertices p and q, and of four distinct 


ares, each with the ends p and q. 


THEOREM 1. Jf G is a cyclicly connected planar graph, not the graph 
G, defined above, and if each vertex of G is on at least three edges, then G 
can be so mapped on the sphere that any homeomorphism of G into itself can 
be extended to a homeomorphism of the sphere into itself if and only tf there 
sno automorphism o of G with o? =1 and with either one of the following 


invariant configurations in G: 


"More explicitly, 7" for some n will carry every complementary domain of the 
graph into itself. 

*The presence of a fixed circuit excludes the possibility of representing o by a 
teflection of the sphere. For, if o is of order 2, the assertion that there is a fixed 
tireuit is equivalent to the assertion that there is a chain A containing neither fixed 
vertices nor fixed edges and having the ends p and op. This means that there is some 
vertex p not separated from its image vertex op by the set S of all fixed edges and 
vertices, while in a reflection in a diametral plane the fixed edges and vertices do 
separate every vertex in one hemisphere from its image in the other hemisphere. 
*G@—H denotes the subgraph of G containing all edges of G not in H. 
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(i) A circwt C, all of whose vertices and edges are invariant, and a 


fixed edge or vertex not on C; 


(ii) A fixed circuit C and three distinct combinatorial fixed points, 
xr, y, and z, such that if any one of x, y, or z is a circuit 1° D, then the other 
two of x, y, and z are both contained in one combinatorial side of this circuit D. 


1.4. Since the condition of Theorem 1 refers only to automorphisms of 


order 2, it will have the following curious consequence. 


THEOREM 2. If a planar combinatorial graph G is cyclicly connected 
and has each vertex on at least three edges, and if G has no automorphisms of 
order 2, then G has a map in which every homeomorphism is extendable to 


the sphere. 


It is more remarkable that the condition of Theorem 1 refers only to 
properties of individual homeomorphisms and not to the relation between 


several homeomorphisms. This can be stated as follows: 


THEOREM 3. Jf the planar combinatorial graph G is cyclicly connected, 
has each edge on three or more vertices, and tf G has no map on the sphere i 
which every homeomorphism is extendable, then there is one homeomorphism 


T of G which can not be extended in any map of G. 


This theorem is true even for the graph Gp, for here the automorphism 
cyclicly permuting three edges and leaving the fourth edge fixed is not 


extendable in any map.” 


1.5. The proof of Theorem 1 will first be reduced to a purely com- 
binatorial problem. This will be done in § 2, where we also treat a simpler 
but analogous problem which shows the essential réle of the “splits.” The 
treatment of the combinatorial problem will then proceed by mathematical 
induction. The essential device consists in obtaining from a given graph 6 
a simpler graph, the “skeleton ” of G, which has all of the homeomorphisms 
of G. The existence and properties of this skeleton will be discussed in §$4 
and 5, while the subsequent paragraphs will show by a suitable subdivision 


into cases that the map of the skeleton can generate a corresponding map 0! 
If # is a circuit, it is a fixed circuit, so that the presence of the fixed circuit ( 
need not be explicitly required. 
11 For any G ~ G, the homeomorphism 7 of Theorem 3 can be taken to be of orde! 
2, but for G, there is no such “ nowhere extendable ” automorphism of order 2. This 
unique behavior of the graph G, justifies the apparently capricious exceptional réle of 
this graph in our main theorem. 
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the original graph in which the homeomorphisms will be extendable. This 
proof of the sufficiency of the condition of Theorem 1 is supplemented in § 3 
by a simple topological proof for the necessity of the condition. 


2. Splits versus extendability. In this paragraph we consider the 
problem of the extendability of a homeomorphism which carries a graph into 
some Other graph, with the following conclusion: 


THEOREM 4. Jf G, and Gs are lwo maps of a cyclicly connected com- 
hinatorial graph G on the spheres 8S, and Sz respectively, then every homeo- 
morphism T of G; lo Gz can be extended to a homeomorphism of the sphere 


§, to S, if and only if G has no split. 


2.1. A given homeomorphism 7 establishes an automorphism of G, 
provided each vertex of G is on at least three edges. For if a, is any are of 
,, and if a, and are maps of the edges and respectively of G, then 
the correspondence ov = &” yields an automorphism of G. 

The extendability of a homeomorphism 7 to the sphere depends upon 
combinatorial properties of the corresponding automorphism. The boundaries 
of the complementary domains into which the cyclicly connected graph G; 
divides the sphere (call them c. d. boundaries) are the maps of circuits of CG.” 


These circuits control extendability as follows: 


THEOREM 5. A homeomorphism T of a cyclicly connected graph G, on 
asphere S, to a graph Gs. on a sphere S» can be extended to a homeomorphism 
if S, do S. if and only if T carries every c. d. boundary of G, to ac. d. boundary 
of 


This theorem is an easy extension of Theorem 2 of Adkisson, [1], which 
was proven from a theorem of Gehman, [1]. In this case, since the number 
of domains is finite, we can also proceed thus: Let R, and R, be regions of 
‘, and S, respectively whose boundaries C; and C correspond under o;. Use 
the result that the interior and boundary of a Jordan curve can be mapped 
on the interior and boundary of a circle to extend o; so that it carries R, into 


Rk, The combination of these extensions is a homeomorphism of §, to So. 


2.2. Ifa graph @ has no splits the c. d. boundaries of its maps on the 
sphere are uniquely determined. For these boundaries are simply ** the 


See Whyburn, [1], Theorem 10 or MacLane, [2], Theorem 5.3. The latter theorem 
gives a complete combinatorial characterization of these circuits. 

“@ is either triply connected or a 6-graph. For a 6-graph, the statement above 
about e. d. boundaries is immediate. For a triply connected graph it is given in 
MacLane, [3], Theorem 6. 
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circuits C' in G whose removal from G does not disconnect G. Hence any 
automorphism must carry these circuits into themselves, so that any homeo- 
morphism of G, necessarily preserves the c. d. boundaries and is therefore 
extendable by Theorem 5. This proves the sufficiency of the condition of 
Theorem 4. 


2.3. For the necessity proof we need the fact that in a map of a split 
graph any component can be “turned around” on the two split vertices. 
If G is split at p and q into components H, and He, we introduce two new 
arcs % (p,q) and @(p,q), and form H,+4,, H2+ In any map of 
H, + a, there must be two c. d. boundaries containing «,, so that these boun- 
daries may be written in the form LZ, +, and M, + %,, where Z, and M, 


are two chains in H, with ends p and q. 


Lemma 2.4. If G=H,-+ H2tsasplit at pand q, and if H, + (p,q) 
has a map with the c. d. boundaries 


while H, + a2(p,q) has a map on the sphere with the c. d. boundarves 
then there is a map of G in which the c. d. boundaries are the circuits 
(4) C,,C2,° +,Cs, Ds, + Le, Mi + Me, 
and another map of G with the c. d. boundaries 

(5) Di, Li + Me, Mi + Lr. 


Proof. In the map of H. on the sphere, remove g, and insert in its 
place 14 the given map of H,. This gives one of the maps (4) and (5). The 
same process, with a change in notation, gives the second map. 

The two maps (4) and (5) are distinct, for were these sets of c. d. bout- 
daries identical, we should have either M, — L, or Mz =L2. But M=h 
means that the chain M, = L, is the whole of H,, contrary to the definition 
of a split. Therefore, the homeomorphism of G which carries the first map 
of any edge into the second map of the same edge does not preserve c. d. boul- 
daries, and so is not extendable. Hence all homeomorphisms are extendable 
only if G@ has no split, as asserted in Theorem 4. 


14 For details, ef. MacLane, [3], Lemma 5. 
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3. The necessity proof. The proof that the combinatorial conditions 
of our main theorem are necessary requires first a demonstration of the rele- 
vance of the term “ combinatorial side ” used in our theorem. We shall show 
that a combinatorial side always lies within a topological side. 


3.1. Lemma. If H is a combinatorial side of a circuit C in G, then 
inany map of G on the sphere all of H, except perhaps for two of tts vertices, 
lies on one side of the map of C. 


Proof. By definition of a combinatorial side H, G has a least split 
¢=H + (G—#H) at two vertices h, and he, while CC (@—H). There- 
fore C can meet H at most in the ends h, and h. of H. Suppose that H is 
not all on one side of C. 

In the given split, either H or G— H is least. If H is least, and if EF, 
is the part of H on one side of C, then H = #, + (H — F;) is a semi-split 
of H, because these two non-void parts can meet only in the vertices h, and ho. 
This contradicts the assumption that H is least. 

Suppose then that G— H is least. If a and £ are edges of H on opposite 
sides of C, then, because G@ is cyclicly connected, there is a circuit D in G 
containing « and 8. This D must cross ( to get from a to 8. But a and B 
are in H, so that D, which has vertices on C and hence in G — H, must pass 
through the split vertices h, and hz. Therefore D crosses C at h, and hz and 
lies entirely in H. Because G— H is least, G— H must as in the previous 
case lie entirely on one side of D. Hence C, which is in G — H, also lies on 
one side of D, contrary to the fact that D crosses C. This contradiction shows 
that H must lie on one side of ( and can meet C at most in its end vertices 


h, and hy. The lemma is established. 


3.2. We now show that the conditions (i) and (ii) of Theorem 1 are 
necessary if the graph G@ has a map in which every homeomorphism is 
extendable. For suppose that G has such a map in which each edge @ has a 
map Ma and also that G has an automorphism o of order 2. For this o one 
can veadily construct a corresponding homeomorphism T which will also have 
period 2 and which will have the same fixed points as o. More explicitly, 
each fixed vertex of o is fixed under 7’, each fixed edge a of o is point-wise 
fixed or contains a fixed pomt under 7’ according as o leaves fixed or inter- 
changes the ends of «, and each fixed circuit C maps into a simple closed 
curve MC such that 7’ (MC) = MC and such that T has no fixed points on 
MC. By assuraption the transformation 7 can be extended to the sphere. 
Therefore, as in Theorem 5, 7 carries every c. d. boundary of the map M into 
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ac. d. boundary of this map, while 7 certainly has period 2 when considered 
as a permutation of these boundaries. 7 can then be readily extended to a 
homeomorphism 7* of the whole sphere in such a way that 7* has the same 
period 2. 

Suppose now that o has the impossible configuration (i) of Theorem 1: 
A circuit C of edges and vertices all of which are fixed and a fixed edge or 
vertex not on (. Corresponding to these, 7 will have a simple closed curve 
M(C) consisting of fixed points and also a fixed point not on C. But this is 
impossible because 7* is a periodic homeomorphism of the sphere, for the 
Fundamental Lemma of Hilenberg, [1], states that a periodic transformation 
of the surface of the sphere has either (1°) no fixed points, (2°) all fixed 
points, (3°) a simple closed curve of fixed points and no other fixed points, 
(4°) exactly two fixed points. 

In the second place consider an automorph o with the fixed circuit ( 
and the combinatorial fixed points x, y, and z of condition (ii) of the theorem. 
If x, y, and z are all fixed edges or vertices, then 7 will have three distinct 
fixed points. By the result of Eilenberg quoted above this is possible only if 
T* has a simple closed curve of fixed points. In this case (Hilenberg, [1], 
Theorem 1), 7* is homeomorphic to a reflection of the sphere in a diametral 
plane. But the map of the given fixed circuit C cannot. cross this diametral 
plane, for C contains neither fixed edges nor vertices. Thus M(C) lies on 
one side of the diametral plane, contrary to the fact that oC = (C. 

In the remaining cases one or more of the given fixed points x, y, and 4 
may be fixed circuits. If « is a circuit D, then y and z lie on a combinatorial 
side of D. Lemma 3.1 then shows that M(y) and M(z) lie on one side of 
M(D). Call the side of M(D) not containing M(y) and M(z) the “ inside” 
of M(D). Since o leaves fixed y and z “ outside” D, the extended 7* must 
carry the inside of M(D) into itself. But a periodic transformation of a circle 
and its interior is homeomorphic either to a rotation or to a symmetry in 4 
diameter (Hilenberg, [1], Theorem 2). Because D has neither fixed edges 
nor vertices, 7* is not a symmetry in a diameter of D, and so must be homeo- 
morphic to a rotation of the inside of M(D), so that T* has a fixed point 
“inside” «=D. This fixed point is distinct from y and z. If y or z is4 
circuit, 7* likewise has a fixed point within this circuit, so that in any event 
T* has three distinct fixed points. This gives a contradiction, as in the pre- 
vious case, and this contradiction establishes the necessity of the conditions 
of Theorem 1. 

This necessity could have been established without appeal to the general 
theorem of Hilenberg, the proof of which involves complexities of a point-set- 
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theoretic character. In the present case the given periodic transformation T* 
of the sphere is associated with a “triangulation” G, such that T* is com- 
pinatorially periodic on this triangulation. This fact can be used to give for 
our theorem a proof depending on a readily established combinatorial sub-- 


stitute 2° for Eilenberg’s theorem. 


4, The construction of the skeleton. The sufficiency proof of our 
theorem proceeds by an induction, reducing a given graph to a simpler graph 
having essentially the same group of automorphisms. This simpler graph, 
called a “skeleton,” will be obtained by replacing a “ minimal” component 
of the original graph by a single edge and by simultaneously replacing all 


homologous minimal components by new edges. 


4.1. A component M of a least split of G is minimal if and only if in 
every least split G— H + H’ of G the component M is contained entirely in 
H or entirely in H’. We now deduce several requisite properties of minimal 


components. ‘The definition immediately proves the property 


4.2. Two minimal components are either identical or else have at most 


end vertices in common. 


4.21. In any least spht G =H, + EF. at the vertices e, and e, the com- 
ponent EL’, is either cyclicly connected or else BE, contains another component 
of G with fewer edges than E,. For, if EH, is not cyclicly connected, then F, 
has a “cut vertex” s such that there is a “separation” H, =F, + F., in 
which the non-void subgraphs F', and F', have only the cut vertex s in common. 
We shall show that one of the F’s is a component of G. FF, can touch the rest 
of @ at most in the vertices s, e¢,, and e.. If F, contains only one of these 


three vertices, it is cut from G— F, by this vertex, contrary to the cyclic 
connectivity of G. If F, contains all three of these vertices, only one of them, 
s, can be in F’,, and this is similarly impossible. Therefore s, e,, and és, are 
distinct, and F, touches the rest of G@ at just two vertices s and e,. Hence 
G¢=H,+ F,+ F., where the only common vertices of these subgraphs are 


1 and in s and e, in F,, s and in This gives two semi-splits 


* This substitute runs as follows: Let @ be a cyclicly connected graph mapped on 
the sphere such that (i) each vertex of G is on at least three edges; (ii) ¢ is a homeo- 
morphism of the sphere to itself with oG = G; (iii) a” but not o carries every edge and 
vertex of G into itself; (iv) CO is a ¢. d. boundary of the map of G, oC =C, and o 
preserves cyclic order on C. Then there is in addition to C either an edge or a vertex 
or ac. d. boundary of G which is esrried into itself by ¢, and there is only one such 
invariant element (vertex, edge, or buundary). Furthermore, if D is a e. d. boundary 


with oD) — D, then o preserves cyclic order on D. 
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(1) 


If neither were a split, both F, and F, would be chains, so that £, would be 
a chain, contrary to assumption. Both #, + F, and Ff, + F, are least because 
each has a cut vertex (at ¢; or é2 respectively). Therefore one of the decom- 
positions (1) is a least split, so that either F, or F2 is a component of G con- 


tained in F,, as asserted. 


4.22. Hvery minimal component of a cyclicly connected graph is cyclicly 
connected. For a component not cyclicly connected contains by the above 
argument a proper subcomponent of G and hence cannot be minimal according 


to our definition. 


4.23. Hvery component of a least spht G=FH,-+ contains 
minimal component of G. We shall show that F#, is either minimal or con- 
tains a component of G with fewer edges than #,. From this the assertion 
will follow by induction. We denote the ends of HE, by e; and és. By § 4. 21, 
we may assume that FH, is cyclicly connected. Furthermore, we may assume 
E, least, for if F, is not least, then either #, contains a smaller least com- 
ponent with the same ends e,; and é2, as required for our induction, or else L, 
consists of ¢ = 2 suspended chains with ends e, and ¢2, while Ez is least. 
In this case, the given split G = H#, + H, is the only least split of G at a 
and é2, while in any other least split of G at vertices p and q, neither p nor 4 
could lie inside any suspended chain of #,, so that p and q do not disconnect 
H#,. In any least split of G, #, is, therefore, contained in one component, 80 
that #, is in fact minimal. 

In the remaining cases we have an /, which is least and cyclicly connected. 
If £, is not minimal, there is a split G = H, + Hz at h, and hz such that 
E, is in neither H, nor H,. Since arcs of H; are disconnected by h, and oy 
and since F, is cyclicly connected, both of h; and hz must be in #,. As E; 
is least, one of h, and h, is not an end of #,. Either #, contains neither hy 
nor hs, or else H, contains one of h, or hz at one end of #.. But all edges of 
FE. are connected to both ends e; and e2, so that HE, will in no event be dis- 
connected by h, and hz. Therefore 7, is all contained in one component of 
the split + Hz, say in H;. Hence H.C #,. Because Hz and 
have distinct ends, H, has fewer edges than /,, so that we have the componelt 


H, contained in E;, as required. 


4.24. Let E be a component from a least split of G at e, and e.. Form 
the graph F + a where «(e;,¢2) is a new edge not in G. Then EH 1s minimal 
if and only if (i) each end of E is on at least two edges of EB; (ii) E + 4 has 
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no least split. This fact will show that the decision whether a given component 
f is minimal or not depends only on the structure of H + a and not on the 
rest of G. This graph # 4+ @ can be considered as a “ homomorphic ” image 
of G obtained by replacing all of G — EF by a single edge a with the same ends. 
It is then geometrically apparent and it can be readily verified combinatorially 
that any least split of # + @ will yield a corresponding least split of G, if we 
replace a by G— EH. Conversely, any least split of G at two vertices p and q 
will yield a “ homomorphic ” least semi-split of # + «, provided both p and q 
are in #, and provided # is not all contained in one component of the given 


least: split. 
By this means we prove the necessity of the conditions above: (ii) is 


requisite, because any least split of H + a would give a homomorphic split of 
¢ in which £ did not all lie in one component, so that # would not be minimal. 
(i) is necessary because H, to be minimal, must by § 4.22 be cyclicly con- 
nected. Conversely, suppose (i) and (ii) to hold. Then # must be cyclicly 
connected, for were # to have a separation at a cut vertex s, then H+ « must 
lave a corresponding least semi-split which would be a split because of (i). 
This split would contradict (ii). Next, if H were not minimal there would 
be a least split GH + H’ at vertices p and q, such that both H and H’ 
contain edges of H. Since FH is cyclicly connected, both the vertices p and q 
of this split must be in #. This split therefore gives a homomorphic least 
split of # + a at p and q, contrary to condition (ii). Therefore conditions 


(i) and (ii) are sufficient to make # minimal. 


4,3. Two types of minimal components may be found by classifying 
graphs M + @ with no least splits as “ branch graphs” and “ triply connected 
graphs.” A graph consisting only of k = 2 suspended chains, A;, As,: - *, Ax 
having the same two ends p and gq, but not having any other vertices in com- 
mon, will be called a branch graph. A cyclicly connected graph G may be 
called triply connected if it is not a branch graph and if it has no split. The 
definitions readily show that a graph with a split at two vertices must have a 
least split at the same vertices unless both original components were branch 


graphs. We deduce thence the following dichotomy: 


4.31. A cyclicly connected graph which has no least split ts either triply 
connected or is a branch graph. 'This fact, combined with § 4. 24, then yields 


4.32. If M is a least and minimal component, then M + «@ is triply 
connected, while if the minimal component M is not least, then M is a branch 


graph with ends m, and ms, and G— M is least. 


| 
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4.4. Consider now a cyclicly connected graph G with a group & of auto- 
morphisms and with some least split. Because of the existence of minimal 
components (§ 4. 23), we can then find a minimal component M = M, in G. 
Any automorphism of the group must carry M, into another subgraph having 
the same combinatorial properties, that is, into another minimal component 
of G. Let 
(2) Mo, M;, Mo,- Mus, (Mi = ced) 


be all distinct minimal components which arise in this fashion from M, by 
the automorphisms of %. These components, by § 4.2, have at most end ver- 
tices in common. Hence we can construct a new graph @ by replacing each 
M; of (2) by a new arc pi; with the same ends as M;. The resulting graph (’ 
we call a skeleton of G. 

Since least splits of G never take place inside the minimal components 
M; replaced in the formation of G’, it is clear that least splits of @ yield 


corresponding semi-splits of G’, and conversely, as follows: 


4.41. If G=H,+ Hz is a least split of G at p and q, then G’ has at 
p and q a least semi-split G’ = H’, + H’s, where each H’; arises from H; 
(7 =1,2) by replacing each M; in H; by the corresponding new arc pi. 


4.42. If G@=F,4+ F is a split of the skeleton G’ at p and q, then 
G has at p and qa split G =F, + F2, where each subgraph Fj is obtained 
from F’; (j =1,2) by replacing each new arc pi in F’; by the corresponding 
M;. If the given split of G’ is least, then the resulting split of G 1s least. 


4.43. A skeleton of a cyclicly connected graph is cyclicly connected. 
This fact is readily established from the definitions. 


4.5. Corresponding to the given group & of automorphs of G, we now 
define a group 3 of automorphs of the skeleton G’. Each oeX induces a corte- 
sponding transformation o’ of G’. For, each edge p; of G’ corresponds to 4 
component M; of G, and oM; must be some one of the set (2) of homologous 
minimal components. If oM; Mj, we set =p; for the corresponding 
new edges py; and yj, while if « is an edge of G which is also in @ we set 
o’4 =o. These equations, with o’p = op for any vertex p of G’, define the 
induced transformation o’ on G’. This o’ is a 1 —1 transformation carrying 
vertices and edges of G’ into vertices and edges of G’. It is an automorphism, 
because o’ is so constructed that an edge a(p,q) has an image o’a with ends 
o’p and o’g. Finally, the correspondence « > 0’ preserves the product of auto- 


morphs, for if por holds in &, the definition shows that p’ = o’7’. Sine 
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the product is preserved the set >’ of all these o’ is a group and the corre- 
spondence ¢ >’ is a homomorphism of & to 3’. We shall subsequently show 


that this homomorphism is in certain cases an isomorphism. 


4.6. The skeleton which we have thus defined can be used in particular 
cases to explicitly construct all homeomorphisms of a graph, for we need only 
find the group of all homeomorphisms of the skeleton (which may be con- 
structed by replacing simultaneously all minimal components) and investigate 
which of these can, in fact, be extended to be homeomorphisms of the graph. 
By taking repeated skeletons, the problem is thus reduced to that of finding 


homeomorphisms of a triply connected graph. 


5. ‘Admissible groups of automorphisms. The sufficiency proof for our 
main Theorem 1 proceeds by induction, using the skeleton, and requires con- 
ditions on the automorphisms of the skeleton which are in stronger form than 
ihe conditions in the theorem itself. A group of automorphisms satisfying 
these conditions (cf. I and II below) will be called “admissible,” and we 
shall prove in the subsequent paragraphs that any G can be so mapped that 
all the automorphs of a given admissible group of automorphs can be extended 


to the sphere. 


5.1. To define an admissible group, we consider automorphisms which 
“twist” a single component or which permute several components “ in 
parallel.’ An automorphism a is said to twist G if there is a least split of G 
with a component H such that oH =H and o carries each end of H into 
itself, while o is not the identity on H. 

A representation of G with more than two subgraphs 


is called a multiple split of G at the points p and q if any two distinct sub- 
graphs H; and H; have in common no edges and only the vertices p and q, 
and if no H; has a semi-split at p and g. An automorphism o is a parallel 
permutation if there is a multiple split (1) at p and q such that op = p, 
oq = 4, oH, == H. and such that either m = 4 or else m =3 and H is not 


a chain. 
A group & of automorphisms of a cyclicly connected graph @ is admissible 


if and only if 


(1) contains no parallel permutation and no twist of order 2. 


(II) 


contains no o of order 2 for which G contains a fixed circuit and 
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three distinct combinatorial fixed points, x, y, and z, where z is a circuit only 
if y and z are in one combinatorial side of z, with similar conditions when 


y or z is a circuit. 


5.2. Lemma. If G satisfies the conditions of Theorem 1, then the group 
> of all automorphisms of G is admissible. 


The proof uses primarily the fact that & contains all the automorphs. 
The condition (ii) of the Theorem is the same as (II) of the definition, 
Hence we need only consider the condition (1). Suppose first, contrary to (I), 
that = were to contain a o of order 2, twisting a component H. The trans- 
formation + which is equal to o on H and which is the identity on G—4H 
must then be an automorph of G. This 7 is of order 2. Since G—AH is not 
a chain it contains a circuit whose vertices and edges are all invariant under r. 
If G— H contains edges not in this circuit these edges are also fixed under r 
and + violates the condition (i) of Theorem 1. Therefore G— H must be 
just a circuit, and this circuit must pass through both ends p and q of H, 
so that G—H consists merely of two suspended chains Z and N with ends 
p and q. Since each vertex of G is on at least three edges, L is a single arc, 
as is N. Define a new automorphism p which is the identity on H and which 
interchanges Z and N. As before, H contains a circuit of points fixed under p. 
Hence, by the argument used for 7, H must consist only of this circuit. 
G=H+L+N consists of four arcs with the same end points p and q, 90 
that G is the particular graph G, excluded in Theorem 1. This contradiction 
shows that G can have no twists of order 2. 

Suppose on the other hand that @ has a parallel permutation o, defined 
as above. Introduce a new automorphism 7 which is equal to o on H, and to 
ao on H., and which is the identity elsewhere. This 7 is of order 2 and may 
be treated exactly as the + in the preceding paragraph. This treatment 
establishes the lemma. 


5.3. Lemma. If & is an admissible group of automorphisms for the 
cyclicly connected graph G and if G’ is a skeleton of G with a corresponding 
group S of automorphisms, then the correspondence oo’ defined in § 4.5 
makes isomorphic to 


The correspondence will be an isomorphism if no ¢ ~1 corresponds t0 
the identical automorphism of 3’. Suppose contrarywise that o 1 corre 
sponds to 0’ =1. This means that oM; = M, for each minimal component 
M, used in § 4, (2), to construct the skeleton, while o is the identity excep! 
on these M;. Consider the two types of minimal components established i2 
§ 4. 32. 
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In case M; is a branch graph, then each one of the M’s must be a branch 
graph. Select some one, say M,, on which o is not the identity and let M, 
consist of / = 2 suspended chains A,,- - -, Ax with ends p and g. Theno 
must permute at least two of these A’s, so that o is a parallel permutation, 
contrary to the definition of an admissible group. . 

There remains the case when each one of the components M;, is least. 
Consider one such component M, with ends p and q, and adjoin a new arc 
a(p,q). Then by § 4.32, M,-+ a is triply connected, so that all maps of 
M,+« have the same c. d. boundaries by § 2.2. There will be two such 
boundaries A -+- « and B+ a containing a. If we extend o by setting oa = a, 
then o« is an automorphism of M, + @ which carries the c. d. boundaries into 
cd. boundaries and therefore takes the unordered pair (A + «, B+ a) into 
itself. One of the following alternatives holds: 


oA =A, cB=B; or cA=B, cB=—A. 


Under the first alternative, o must leave every edge and vertex of these circuits 
4+aand B+ invariant. But o can be extended from M, + to a periodic 
homeomorphism of a sphere into itself. Because o has more than a circuit of 
fixed points, it must by Hilenberg’s results be the identity on M,-+«. In the 
second alternative, o°A — A, o?B = B, so o” is, as in the previous alternative, 
the identity on M,. o? is thus the identity on every M;, and so o must actually 
be of order 2. But we have just shown that o twists at least one Mj, which 
contradicts the condition (1) of an admissible group. Hence o ~1 implies 
1, and is isomorphic to &. 


5.4. Lemma. Jf & ts an admissible group for the cyclicly connected 
graph G, and if G’ is a skeleton of G, then the corresponding group %’ is an 
admissible group on the skeleton G’. 


To show that %’ satisfies condition (1), suppose first that 3’ contains a 
o of order 2 which twists a component H’. Then the corresponding o is by 
the preceding lemma also of order 2, while the component H of the original G 
corresponding to H’ as in § 4. 42 is itself twisted by o, contrary to the assump- 
tion that the group & is admissible. 

Secondly, suppose that >’ contains a parallel permutation o’ for the 
multiple split 

= A’, +--+ H'n. 


Then the argument of § 4. 42 yields a corresponding decomposition 


G=H,+-::+Hmn 
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which is a multiple split of the original G. Since o’H’,; = H’2, it follows that 
off, = IH, for the corresponding automorph ga, so that o is a parallel permu- 
tation, contrary to the assumption on &. This contradiction shows that the 
group &’ satisfies the condition (1) for an admissible group. For the cop- 
dition (Il) we must consider how the ends of a minimal component can lb¢ 


interchanged. 


5.41. Lemma. If M is a minimal component of G with ends m, and 
m., and if « is an automorphism of order 2 with oM = M, om, = mz, then 
contains either a fixed circuit under o or else two fixed points under o which 


are either vertices or edges. 


Consider the two possible types for M indicated in § 4.32. In case M is 
a branch graph, let A, denote one of the suspended chains of M. Then either 
oA, = A,, in which case A, contains either a fixed edge or vertex, or els 
oA, ~ A,, in which case A, + oA, is itself a fixed circuit. 

In case M is least then, as in the proof of the Lemma 5.3, any map of 
M + @ contains two c. d. boundaries A + @ and B+ & which can at most be 
interchanged by «. If oA = A, then the hypothesis that the ends m, and m 
of A are interchanged implies that A contains a fixed edge or vertex, while 
oB = B, so that B contains a second fixed point. Otherwise oA = B, and 
A + B is a circuit '° which is a fixed circuit, so that in all cases M contains 


a fixed point. 


5.42. Suppose now that condition (II) fails for the group 3’. Ther 
>’ contains an automorph o’ of order 2 with a fixed circuit C’ and three com- 
binatorial fixed points a’, y’, and 2’, restricted as in (IL). We will obtain « 
contradiction by constructing corresponding fixed points in G. 

In the given C’ let p be any vertex and o’p its image, and let A’ be 
chain of C’ with ends p and o’p. Replace every “ new ” edge pi in A’ by aly 
chain NV; with the same ends as »; and taken from the corresponding minimé 
component M;. These replacements in A’ yield a chain A in G with ends 
p and op. A-+@A is readily seen to be a circuit ( which is fixed under «. 

If the given fixed point 2’ is a circuit, the same treatment will yield @ 
corresponding fixed circuit x in G. If 2’ is a vertex, the same vertex eat 
is fixed in G. If 2’ is an edge a, then either @ is also an edge of ( and 804 
fixed point x of G, or else a is one of the new edges p; representing a coll 

16 Kor if A+B is not a circuit A and B have in common a vertex s, 64" 
An inspection of the map of M+ a, in which A+a and B-+a are 
boundaries, shows that s must be a cut vertex of M, contrary to the cyclic connectiv!! 
of M (see § 4.22). 
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ponent M; of G. Since o’a =, we then have oM; = Mj. If o leaves fixed 
each end of M;, these ends are fixed points in G. Otherwise, o interchanges 
the ends, so that by § 5.41 M; does contain a fixed point 2. 

The given fixed points 2’, y’, and z’ of G thus yield three distinct fixed 
points z, y, and z under o in G. Furthermore, if @ is a circuit, then y and z 
are on a combinatorial side of « For the construction above gives a fixed 
circuit « only when 2’ is a circuit or when 2’ is an edge pi. If 2’ is a circuit, 


‘and 2 lie on a com- 


then, by the assumption that (II) is violated in @’, y 
binatorial side //’ of a’. If all the edges p»; in this component H’ are replaced 
by the corresponding subgraphs M;, we get as in $4.42 a corresponding 
“side” of « which contains the constructed fixed points y and z, as desired. 


In the other case, when 2’ is an edge p;, the new fixed circuit x lies in the 


corresponding minimal component M;, and G— M; is a combinatorial side 
cf containing y and 2. 

For the automorph o of order 2 in & we thus have a fixed circuit C and 
three distinct fixed points v, y, and z, contradicting condition (II) for 3%. 
, 


This demonstrates the admissibility of 3’ asserted in Lemma 5. 4. 


5.5. To show the extent of the conditions for admissibility we note that 
they imply that an admissible group & contains no twist of any order, although 
the definition itself explicitly excludes only twists of order 2. In fact, the 
isomorphism of the groups 3’ and & shows that a twist of a given order must 
remain a twist of the same order on the skeleton,’ so that any twist must 
eventually reduce to a twist of a minimal component in some skeleton, while 
such twists are either of order 2 or are parallel permutations and so are 


excluded. 


6. Ambiguous automorphs. Certain automorphs @ in an admissible 
group may have so few fixed points that they can be realized geometrically 
either as rotations or as reflections. Such automorphs will be called 


“ambiguous.” 


6.1. Definition. An automorph @ of order 2 in an admissible group & 
of G is ambiguous on the edge « of @ if 6(«) =, if @ has no fixed circuits 
in G and if 6 has in G exactly two combinatorial fixed points. 

The fixed points of a given ambiguous @ will now be shown to divide G 
into two equal “halves,” H, and Hy. First, both ends of « can not be fixed 
points, for that would yield three fixed points. Hence 6 turns «= a(p, q) 

‘T Provided we use a skeleton with respect to the subgroup of 2 composed of the 
Powers of the given twist. 
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end for end and has exactly one fixed edge or vertex x in addition to a. Let 
E, be the subgraph containing all those edges 8 of G for which there exists a 
chain Ag free of fixed points, containing B, and ending on p. Define £, 
similarly. Here a chain Ag is “ free of fixed points” if and only if Ag con- 
tains no fixed edges and no fixed vertices, except perhaps for a fixed vertex at 
one end. Since 69 —gq and since @ carries chains free of fixed points into 


chains free of fixed points, we have 
(1) OL, = Ey, OE = E>». 


6.2. If G has an ambiguous 6 with two fixed points «= «(p,q) and z, 
then G has a semt-split 


(2) G= +a) + 


Proof. First, every edge y of G appears once on the right of (2). For, 
G is cyclicly connected, so that y lies on a circuit C containing « C can con- 
tain at most two fixed points # and z. If y is neither of these, then the 
subchain of C joining y to an end of @ and not containing xz will be free of 
fixed points. Therefore such a y lies in either F£, or Ey. 

Hp and Hq have no common edges. For suppose 8 were in both £, and £;. 
Then, by (1), 68 would be in both, and there would be chains Ag and Ag 
connecting 6 and 68 to p. Ag+ Agg would necessarily contain a chain L 
free of fixed points and having ends r and s on B and 68 such that 6(r) =s. 
If Z contains an interior vertex ¢ with 6teL, then replace Z by the subchain 
joining ¢ to #¢. Eventually we would thus obtain a new chain ZL with no such 
interior vertices ¢ and with ends 7” and s’ such that 6(7’) =s’. This means 
that L + 6L is a fixed circuit under 6, contrary to the Definition 6.1 which 
asserts that an ambiguous @ has no such fixed points. 

We now know. that each edge of G appears exactly once on the right 
of (2). But by definition of £, two edges on a common vertex not a fixed 
point would both lie in the same component EZ, or Ey. Therefore the only 
vertices common to FL, and EK, are fixed vertices. If the given fixed point 7 
is a vertex, then the components Z,-+ a and Ey, of (2) obviously have in 
common only the vertices x and q, so that (2) is a semi-split at 2 and q. If 
is an edge a = x(s,1), it cannot have both its ends in one of the subgraphs 
Ey or Ey, say in Eg, for then the two subgraphs of (2) would have but one 
vertex in common, so that this vertex would cut G, contrary to the cyclic 
connectivity of G. Hence an end s of x must lie in Zp while the other end 
isin Hy. In this case (2) is a semi-split at q and s. 
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The component H, + @ is least, for it contains only one edge a ending 
on the split vertex g. Therefore (2) is a least split of G unless Hy or Hq is a 
chain. But if #, is a chain then 6#, =F, must also be a chain, so that G 
is simply a circuit. The following conclusions result: 


6.3. If G has an ambiguous 6, then G has a least split or is a circuit. 


6.4. If 0 is ambiguous on the edge a, then a is contained in no minimal 
component of G. For a minimal component M would, by definition, be con- 
tained in one of the components H,-+ %, H,-+ 2 of (2). By symmetry, M 
is also contained in one of #,-+ 4, #,-+ 2a. Therefore M is in one of Ep, Eq, 


and hence outside a, as asserted. 


6.5. For a given map of G, we must distinguish when a given ambiguous 
automorph is a rotation and when it is a reflection. Hence the following 
definitions: Any automorph o is extendable in a given map of @ if each c. d. 
boundary C of the map is carried into a circuit, oC, which is a c. d. boundary. 
This means that any topological homeomorphism which corresponds to the 
automorphism o as in § 1. 1 is extendable to the sphere (cf. Theorem 5 in § 2). 
Suppose a map is given in which every automorph of a group & is extendable. 
If 8 is ambiguous on the edge a, then a is on two c. d. boundaries J and K, 
while 6(@) =a. Because @ is extendable, 6 carries J into one of J or K, and 
K into one of J or K. Define x(@) as 


x(0) if K, 0(K) —J, 


x(0)=—1 if 0(J)=J, 0(K) =K. 


[f 6 is also ambiguous on an edge B, « and 8 must by (2) belong to both J 
and K, and x(@) is the same for « as for B. We call x(@) the character of 6 
in the given map.'® One verifies readily the following natural consequence 
of the definition. 


6.6. If G has a map in which every automorph of a group & is extenda- 
ble, and if OeX% is ambiguous on G, then any conjugate 6 of 6 in & is also 
ambiguous on G, and x(0) = x(@). 


7. The regular mapping method. We now prove the following theorem 
by induction on the number of distinct least splits of G. 


“Tf x(0) =+1, then 6, when extended to the sphere, is homeomorphic to a 
rotation of the sphere, while x(@) —=—1 would mean that 0 yields a “ reflection” of 
the sphere. Hence x is in fact the group character of 2 which is + 1 for all o’s which 
Preserve orientation on the sphere and —1 for all other o’s. 
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THEOREM A. If G is a cyclicly connected graph, and if & 1s an admissi- 
ble group of automorphisms of G, then G can be mapped on the sphere so 
that every automorphism of & is extendable (cf. §6.5). Furthermore, if 
6,,02,° - +, are ambiguous automorphs of % on G, no two of which are 
conjugate in &, and tf, fort =1,---, g, each & 1s a number + 1, then a map 
in which every oe& 1s extendable can be so chosen that each x(6i:) = «i, for 


This asserts that the characters of the ambiguous automorphs can be 


arbitrarily assigned, subject to the inevitable restriction of § 6. 6. 


%7.1. First case of the proof: G has no least split. This means as in 
$4.31 that G is either triply connected or a branch graph. If @ is triply 
connected, the result of § 2.2 shows that every homeomorphism is extendable 
in any map. If G@ is a branch graph, it consists of k suspended chains, 
A,, Ax, with the same ends p and q. If k= 3, any map of suffices. 
If k = 4, we have a multiple split. Since the given group & is admissible, 


no parallel permutation is allowed; hence any o with cp =p, og = q must 
have oA; = A; for 1=1,:--,k. Therefore such a o is the identity. The 
only possible «1 must then have op —q, og =p. Any two such auto- 
morphs o and + would have a product which would be a parallel permutation, 


hence the identity, so that o 7 and o? — 1. 

Suppose then that the branch graph G@ has just one o with op=4, 
og =p. If cA; = A; holds for all 1, any map of G is satisfactory. If, how- 
ever, cA; = A; for some 1 j, the sum A; + A; will be a fixed circuit of «. 
From the conditions for an admissible group our branch graph could not then 
contain three fixed edges or vertices, and so there are at most two of the sus- 
A;. By a suitable choice of notation G will consist 


pended chains with oA; = 
of the suspended chains 


, 
A;,° A -,A 85 B,, 


where either B, or B, may be absent, and where 


(1) oB, = B,, oB, = B,, oA; = A’;, cA’; = Ai, (1 =—1,- 
The map of this branch graph with the c. d. boundaries 


(2) B,+ A,, B, + A’), B, + As, B, + A’s, Ai + Ain, A’, + Mwy 


for i—1,---,s—1, will then be a map in which the only automorph 18 


extendable. 
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Finally, suppose that G has ambiguous automorphs 6;. Since @ has no 
least split, this implies, as in § 6. 3, that G must be a circuit. Any map has 
this circuit twice as a c. d. boundary, and the desired conclusion as to the 
ambiguous @’s is trivial. Thus Theorem A is established in this case. 


7.2. Assume that Theorem A is true for all graphs with fewer than n 
distinct least splits. Consider a cyclicly connected graph G with an admissible 
group = and with vm least splits. By § 4.23, G must have some minimal 


component. <A skeleton G’ can be constructed by replacing all the homologs 
g 


of any one suitable minimal component My = M (see § 4, (2)). The skeleton 
@’ has fewer than n least splits, by Lemma 4.42, and is cyclicly connected 
by §4.43. Furthermore the group on G’ is admissible by Lemma 5. 4, 
so that the induction assumption of our Theorem A applies to show that G@’ 
has a map in which all automorphs of 3’ are extendable. In this map, the 
new edge »(p,q) used to replace the minimal component M, will appear in 


two c. d. boundaries, which may be written as 

(3) K=—p+N, 

where L and N are two chains in G’ with the same ends, p and q, as p = po. 
LEMMA 7.21. % contains no o of any order twisting Mo. 


For if o twists Mo, then *° = po and o leaves the ends p and q 
fixed. Therefore o, when suitably extended to the sphere from the map of G’, 
has all the points of yo as fixed points, and hence by EHilenberg’s results must 
have a circuit of fixed points and must therefore be homeomorphic to a reflec- 
tion of the sphere. This extended o, and hence o itself, is of order 2. The 
group ¥ then contains an automorph o of order 2 twisting M,, contrary to 
the first condition for admissibility. The Lemma is established. 

We next map M + a, where a(p,q) is a new edge with the same ends 


és My. The chief difficulties arise from automorphs p in 3 such that 
(4) pyr =p, p~ 1, pp = 4, pd = p. 


By Lemma 7. 21, there is at most one such p. But p?(M) = M and p?(p) = p, 
while M has no twists; hence p? = 1. 

If p is present, then the group generated by p is admissible on M +- a. 
For no twists or parallel permutations are present. The complement G—M 


* This lemma could also be proven by the remark at the end of § 5. 


* Henceforth we omit the primes distinguishing the automorphs ¢ in 2 from the 
in 2’, 


80 
if 
re 
ap 
Foy 
in 
ly 
ile 
18, 
le, 
ist 
he 
0- 
n, 
0. 
st 
is 


632 SAUNDERS MacLANE AND VIRGIL W. ADKISSON. 


contains a chain LZ with ends p and pp. One argues then, as in § 6, that 
L + pL contains either a fixed edge, vertex or circuit. Therefore, the fixed 
edge a of M + «@ corresponds to at least one fixed point of G under p. Every 
fixed point of M + a yields at least one fixed point of G. Thence one con- 
cludes that p, which is admissible on G, must be admissible on M + a. 

By § 7.1 there is a map of M + @ in which p, if present, is extendable. 
Denote the c. d. boundaries of this map by 


(5) A + B + a, Cs, 


where only A+ a and contain « the chains A and B can 
intersect ** only at their ends p and q. Because p is extendable, it preserves 
the c. d. boundaries (5), so that pA is A or B. This yields the alternatives 


(6;) pA = B, pB=A, A+B a fixed circuit of p, 
(62) pA =A, pB=B, A-+B contains two fixed points of p; 


for in the second alternative A and B are transformed end for end and so each 
contains a fixed edge or vertex. 

On the other hand, since p preserves the c. d. boundaries (3) of the map 
of G’, we must have one of the following: 


7.3. Lemma. If p of (4) ts present, then either (6,) and (7;) hold 
together, or both (62) and (%2) hold; provided that, if p is ambiguous in @, 
the map of G’ is so chosen that X(p) has a prescribed value + 1. 


Proof. Suppose first that in the given map of @’ there exists a fixed 
edge or vertex 2 contained in both Z and N. On the map of @’ let the point 
X be x or the midpoint of x and let the point Y be the midpoint of the other 
fixed edge p. Join X to Y by two arcs B and y lying in the domains bounded 
respectively by J and K. It follows that B + y is a circuit cutting (’ into 
two pieces, one inside 8 + y and containing p, and one outside and containing 
q. But B+ -y meets G@’ only at the vertices Y and Y invariant under p. 
Because pp = q, p must interchange the two pieces of G’ which are cut apart 
at X and Y. Therefore, a combinatorial fixed point of G’ under p can be i! 
neither of these pieces and so must be at either Y or Y. Hence p is ambiguous 
on the edge » in G’ according to the definition of § 6. 1. 


21 This fact was proved in Lemma 5. 41, if M is least, while it is obvious, if M isa 


branch graph. 
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By the induction assumption the map of G@’ can therefore be chosen so 
that X(p) is + 1 or —1; that is, so that either (71) or (72) holds. If the 
choice is regulated by the presence of (6,) or (62), we get the conclusion of 
cur Lemma. 

Consider now the other case when LZ and N have no fixed edges or vertices 
incommon. Hither (7,) or (72) holds in the given map of G’. If (72) holds, 
Land N must each contain a fixed edge or vertex, so that we have two distinct 
fixed points z’ and y’. By the argument of § 5. 42, p has corresponding fixed 
points « and y in G—WM. If M should then, as in (6,), contain the fixed 
circuit z= A + B under p, we would have three fixed points x, y, and z under 
the automorph p of order 2, while x and y lie in the combinatorial side 
G—M of z. This contradicts the condition (ii) of our Theorem I as restated 
in the definition of an admissible group. Hence (72) implies (62), as in the 
Lemma. 

Next suppose that (7) holds. If Z has a vertex ¢ with pte L, then 
ptAt, for otherwise pt would be in pL = N, and thus would be a common 
fixed point as in the case previously treated. As in a previous argument we 
construct in J a subchain Z* (which may equal LZ), with ends r and s, such 
that pr =s while Z* contains no interior vertex ¢ with pte L*. L* cannot 
be a single fixed edge, for such an edge would be a common fixed point of L 
and N. Therefore L* + pL* is a circuit which is a combinatorial fixed point 
under p. If, as in (62), M should then contain two fixed points y and z under 
p, we would again find a contradiction to the definition of admissibility. Thus 
(62) is impossible, so (71) implies (6,), as required. The Lemma is now 
established. 

7.4. We now combine the maps of G’ and M=M,. Since all k of the 
minimal components M; are homologous, there must be automorphs 


= 1, T1y * 5 Th-1 
in the group & such that 
(8) = Pis = Mi, (i=0, 
Any o in the group carries M, to some M;, so that 7;-'¢ sends My to Mo. 
Hence any o has one of the forms 
(9) o=Ti; = Tip, 
and therefore either the automorphs 7; or these automorphs together with p 


generate the whole group. 
In the map of the skeleton G’, » = po is on two c. d. boundaries J and K. 


Introduce the notation 
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(10) Ji = K; == A; == Bi = 7B, 


Obviously, wi is on the boundaries J; and Kj; in the map of G’. Furthermore 
any 7; applied to the map of M, + @ in (5) gives a map of the corresponding 
M;, + a; with the c. d. boundaries 


(11) Ai + %, B; + ai, ° ; 


where a; is a new edge with the same ends as M;. Maps of G can be con- 
structed by superimposing on the map of the skeleton these maps of the 
minimal components. By Lemma 2.4 this can be done so that pi, formerly 
on the boundaries J; and Kj, is so replaced by M; that the chain A; on the 
“rim” of M; falls into the domain bounded by Ji, while the other chain B; 
falls into the domain bounded by K;. In other words, each boundary C of the 
map of G’ yields in the map of @ a boundary C*, obtained from C by replacing 


cach edge p; in C as follows: 


(12) Replace pi by Ai if C—Ji; by Bi if C— Ki. 

These circuits C*, together with the circuits 7:Cj, are the c. d. boundaries of 
the map of G. This rule (12) is unambiguous except when J; = K; for 
some 7. This can happen only when G’ is a circuit. Hence asswme for the 
present that G’ is not a circuit. (See, however, § 8.) 

Since p leaves fixed the original set (5) of boundaries (Cj, it follows 
readily from (9) that any o of the group will carry a c. d. boundary of the 
form 7;C; into another circuit of the same form. It remains to show that the 
circuits ¢(C*) are also c. d. boundaries. We shall prove more explicitly that 
(13 o(C*) = (cC)*, 
where (o(')* is certainly a c.d. boundary. For (13) it suffices to show that 
when yp; is replaced by Ai in the construction (12), then opi is replaced by 
oA;, and similarly for B;. But for given o and 7 there is a j so that opi = pi: 
For this o, 7, and 7 we need only show that one of the alternatives 
(14,) oA; Aj and od Jj, 

(142) oA; => B; and od — K; 


must hold. We know already that opi = pj, oM; = M; and hence by (9); 
(10), (6), and-(%) that oA; is either A; or B; and that oJ; is either J; or Ki. 


Case 1. The group does not contain a p. Then or; carries po to pi tO Mi 


hence or; = 7;. Consequently, 


oA; = atiAo 7jAo Aj, 


(15) 
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by the choice of notation in (10). The first alternative (14,) holds, as 
required. 
Case 2. Both (6,) and (7) hold, as in Lemma 7.3. Then 


(16) pA == §, pB = A, pJ = K, pk =J. 


Now consider (14) for any o and 7. Since or; carries po to pj, o74 is either 
7; or tip by (9). If or; =7;, then (15) holds again, as required in (14). 
Alternatively, if or; = rjp holds, then (16) and (10) entail 

oA; oti Ao tjpAo Tj Bo — B;, 


oJ, = = = Kj, 
which is the second alternative of (14). 
Case 3. Both (6.) and (72) hold, as in Lemma 7.3. Then 
pA = A, pB = B, pJ = J, pk = K. 


From this point we obtain the result (14) much as in the previous case. 
Thus in all cases we have established one of (14,) and (142), so that the 

«. d. boundaries C* of our map of G@ introduced in (12) are in fact carried 

into boundaries by any o. Thus all the automorphs o of the group & are 


extendable. 


7.5. Now let contain automorphs 6, , no two of them con- 
jugate, and each 6; ambiguous on an edge Bi of G, and let g numbers 
«=+1 be given. By §6.4, each Bj is also an edge of the skeleton G’, 
s0 that each 6; is ambiguous on the corresponding f; in G’. Hence our induc- 
tion assumption yields a map of G’ in which x(@;) for -,g. 
lf the “reflection” p should be present and ambiguous on G”’, then 
o(M,) = M, implies that p is not ambiguous on G, so that p cannot be con- 
jugate to any of the ambiguous @’s (see § 6.6). Thus the map of @ with 
x(6;) =; can also be chosen so that x(p) has an assigned value, and hence 
80 that Lemma 7. 3 applies. Construct the corresponding map of G as in (12). 
The definition of x and the relation (13) together imply that x(6;) has the 
same value in this map of G as it does in the map of G’. Thus we have an 


“extendable ” map of G@ with the assigned characters x(6;) = «i, and the 


induction is complete in this case. 
8. The circular case. It remains only to consider the omitted case of 
7.4 in which the skeleton @’ is a circuit. Choose the notation so that the 


hew edges are yw; = pi (pi, gi), Where ** the vertices p; qi are in the cyclic order 


(1) P0GoP191P2d2° Pe-1Qk-1 

*Throughout this section, subscripts i, j, ete. run from 0 to k—1, or may be 
teduced mod k. 
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on the circuit G’. In addition to the pi, G’ contains chains 1% = vi (qi, piss). 
Any automorph carries p’s to y’s, hence carries v’s to v’s, so that without 
altering = we can assume that each yj is a single edge.”* Thus @’ has the 
edges po, Voy > Ve-1, 10 that order, and 


Meat mea, v4 = vi( Piss), 


where the subgraphs on the right have no common edges and only the vertices 
(1), as indicated, in common. 
Every automorph o of G’ carries each pi into some pj and preserves or 


inverts the order (1). Hence every o belongs to the dihedral group generated 


by » and p, where w is a “ rotation” of 27/k radians and p a “ reflection” 


in the “ diameter ” through v9: 

(2) = Pin, Oi = Jinn = OVE = Via 
(3) PPi = = = pVi = 
One readily obtains the following relations: 


a 


The group 3’ must contain automorphs taking yp, to each pi. The only o% 
with o(yo) =i are o—p and oo. If wo is absent and k > 2, then the 
only o’s with o(po) = ps are w* and wp. But op and p together give ». 
Hence 3’ must contain » or else must contain p and w. The only such groups 
>’ are the three following ones, where each group is determined by the 
generators given in braces: 


(5) » p}, with k = 2t; {w}; Dat {w, p}. 


For 3, note that pw(yo) = po, so that pw leaves po fixed. 

To map G, first take a new edge «(p, qo) and choose a map of M, +2 
as in §7,(5). If the group is 3, then pw is an automorph of M + « if we 
set pw(a«) =a. In this case the map of M + a is to be chosen, as in §7.%, 
so that pw is extendable on the map. Choose automorphs 7; « &’ such that 
Tifio = pi; if w is present, choose 7; = w! and apply § 7, (10). Then Mi +%, 
where a; = (pi, gi), has a map with the c. d. boundaries of § 7, (11). Super- 
impose all these maps on G’ so that the A’s all fall on one side of G’; that is, 


so that G has a map with the c.d. boundaries, 74C;, for i= 0,- -,k—1, 
and j = 1,- - -,s, and also two boundaries 

(6) Di, Ansa m1, 


*Ifq,—=p is a single vertex. The formulas below will apply also to this cas 
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If the group is =, or Xs, the 7; include the whole group, and every 7% is 
extendable, so that we have a map with all automorphs extendable. 

If the group is 33, 74 = 4, po(po) == po, and pw is extendable on My + @, 
30 that pw(A,) is Ay or Bo. Therefore one of the alternatives 


(8;) = Aj, = B,; 

(80) pAyo = = 

must hold.?* In the first alternative, (4) and the definition 7; =‘ show that 
(9;) pAi = pw'Ay = wtpAy = wt, = A1-i, pBi = By-i. 


In the second alternative, one similarly calculates that 
(92) pA; — pBi Art 


It follows that p interchanges D, and EF, or leaves them each fixed according 
as (8.) or (8,) holds. But pw also leaves the set of all C, fixed, because the 
map of M,-+ a was picked so that pw is extendable on this map. Hence 
p(riCj;) = w-*(pwC;) is a ec. d. boundary, and p is extendable in the map of G. 
But » is extendable by the construction of (6) and (7), so all o’s in % are 
extendable. 

An automorph 6 of G could be ambiguous only on some edge vj, by § 6. 4. 
But pw*-*J is the only o ~1 with v; as a fixed edge. Hence the ambiguous 6s 
are all in the set 
(10) 6; = 


Every 6;2 = 1. If k& is odd, then k = 2¢ + 1, 0;(ptsji1) by (2) and 
(3), and 6; interchanges the ends of M;,;,,;. As in Lemma 5.41, 6; must 
then have a fixed circuit or two fixed points in M;,;,,. These, in addition to 
the fixed point v;, show that 6; is not ambiguous on G. There remains only 
the case k = 2¢, in which event 6; is ambiguous on both v; and vj, in G. 

Possible conjugates of 6; are = 6;,; and = 6;_;._ Therefore 
all #s are conjugate in 3, while in 3, of (5) there are no 6’s present. For 
the group 3, of (5), % has conjugates 2, and 61, where 
k=2t, Thus all 6’s are conjugates if ¢ is odd, while if ¢ is even 6) and 6; 
are not conjugates, but every 6 is conjugate to one of 6 or 4. 

For alternative maps when k = 2t, we again superimpose the maps of 
Mi+ a; on G’, but now so that the c. d. boundaries are not (6) and (7), but 


Dz, = 3vi + Ao + Bi + Az + Bs +: *+ Apo + Bur, 
B.+As+° Brot An-s, 


“The automorph p, though a “ reflection” of the circuit @’, is not necessarily a 
“ reflection ” of G. 
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where Xv; is the subgraph of all the vy. If k = 2t, and ¢ is even, use 


Ay +- +- B, B, A, + As B, + b, + + o+f 
= dV + Bo + B; + A, + A; + Bs + B; + Ag + A, a + Ars +i A 


as the c. d. boundaries, or else use the circuits D, and E, obtained from J 01 


12 Ds 
(12) E, 


and /; by increasing all subscripts on the right of (12) by 1. Call the latte J gz 


map (12+ ). 


If the group is and = 2¢, then is extendable in either map 
or map (11). All 6s in (10) are conjugate to 6,5 =p. As in (9), p carrie 
pi to w1-i, hence takes odd subscripts to even ones. If (9;) holds, p carris Fo, 


A’s to A’s, so that p(D.) = p( In both maps p is extendable, 
but, by the definition in § 6.5, x(p) is + 1 in (11), and —1 in (7). If the 


other alternative (92) holds, p is again extendable, but x(p) = + 1 in (7), 2 
and —1 in (11). In either event a map can be picked so that all o’s are 
extendable, and p, the typical ambiguous automorph, has either character J“ 
desired. M 
If the group is 3, and k= 2t, similar calculations can be made. By o 
(10), (2), and (8), one has 
vo 
If ¢ is odd, all @s are conjugate to 6) =p, and (7) and (11) again give maps ‘ 
with »* and p extendable and with x(p) =—1 in (7), and x(p) =+1m 
(11). If? is even, all 6’s are conjugate to 6) or 6;. But w* and p are extendable th 
in all four maps, and the characters x(p) and y(6,) are, in that order, Ar 


(—1, —1) in (7), (+1, +1) in (11), (—1, +1) in (12), (4-1, —1) W 
in (12+-). This gives all four possible sets of characters. Ps 

This completes the proof that when the skeleton is a circuit there is & 
map of G@ in which all o’s are extendable and in which the characters 0! 


ambiguous automorphs are arbitrarily assigned. The induction for Theorem A 

is finished, and with it the proof of Theorem 1 and its consequences in § 1. (] 
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ASYMPTOTIC CURVES ON A SURFACE.* 
By E. P. and M. L. MacQuEsEn. 


1. Introduction. The purpose of this paper is to make some contribu- 
tions to the theory of the asymptotic curves on an analytic non-ruled surface 
in ordinary projective space. Section 2 contains a summary of portions of 
the classical analytical theory of the projective differential geometry of curves 
and surfaces which are used in later developments. Power series expansions 
in non-homogeneous projective codrdinates for the parametric asymptotic 
curves on the surface are computed to terms of higher degree than have hitherto 
been considered. By means of these power series a brief study is made of the 
asymptotic curves regarded as space curves. 


2. Analytic basis. If the four homogeneous projective codrdinates z of 
a variable point on an analytic non-ruled surface § in ordinary space are given 
as analytic functions of two independent variables u, v, and if the parametric 
net on S§ is the asymptotic net, then the functions x are solutions of a system 
of differential equations which can be reduced to the form 


Luu == px Outu + 


Ly = qu + + log By). 


(1) 
The coefficients of these equations are functions of u,v and satisfy certain 
integrability conditions. 

The formulas for the third derivatives of 2 expressed as linear com- 
binations of 2, 2y, Ly, Lu» are found from system (1) to be 


Cuuu = (Pu + + (p + Ou? + eu + (Bu + BOu) + Btw, 
(2) Luuv = (po + + kau + + Outur, 

Cuvv = (Qu + yp)x + xXTu + kay + 

= (qv + Ov) + (yo + yOv) tu + ( + + yLurs 


where z, x, & are defined by the formulas 


(3) x=p-+t By, x=q+y¢, k = By + Ow, 
and by 
(4) (log By*)u, y= (log 


* Received March 3, 1938. 
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Furthermore, we find 


(5) Luuuu = Age + Baty + Cytr + Datu, 

where 
Ay = (pu + pOu)u + p(p + Ou? + Guu) + B( pe + BQ): 

(6) By = (pu + pou) + 6u(p + Ou? + Ouu) + (p + Ou? + Bun) u + Bk, 
B(p + + + (Bu + BOu)u + Br, 
Dy = 2(Bu + 


In fact it is possible to express every u-derivative of « as a linear combination 


of 2, Zu, Lr, Luv by an equation of the form 


(7) = + + Citr + Ditw, 
where 

Aj = Ai-tu + pBia + (po + Bq) Di-, 
B, = t+ + + 
C; = BBis t+ Cia + Dia, 

Di, = + OuDi-n + 


(8) 


The parametric vector equation of an analytic curve is 
(9) == 2(t), 


the parameter being ¢. These codrdinates x satisfy an ordinary differential 


equation of the form 
(10) giv + 6 pa” 4p a’ 4. Dt = 0) dz/dt, ), 


the coefficients being functions of ¢. Let P2, Ps, Ps be defined by the formulas 


= pr” — py 
(11) P; = — 3pip2 + — rr”, 
P, = px — 4 pip, — 3p.” + 12p,7p2 — 6p,4 — 


Then two invariants 6,6, of the differential equation are defined by the 
formulas 
(12) 6, = P; — %P,’, 0,—= P,— — + %P2”. 


If the differential equation of the form (10) for the asymptotic u-curves 
on the surface is calculated by means of equations (1), (2), (5), then the 
coefficients of this equation are found to be given by the formulas 
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2p; = 36.4, 
6p2 = + du-— — 46un + 116,? — 2p — By, 
43 = — 66u° — Ouuu + — 2pu + 
— buh? — 2ph — 2uuh — Gubu + — Bk, 
Ps = p? — 6p + — pou + 
+ 5pubu — Puu — pp? — 2pup — B( pr + By). 


(13) 


The invariants 6;,6, defined by the formulas (12) can be calculated for the 
u-curves, but we shall omit the writing of these results here. 


3. Power series expansions for the asymptotic curves. In ordinary 
space an analytic curve can be defined by expressing two of the non- 
homogeneous coérdinates of a point on the curve as power series in the third 
codrdinate. Power series expansions for the w-curve can be calculated in the 
following way. 

The codrdinates of any point X near the point x and on the w-curve can 
be represented by Taylor’s expansion as power series in the increment A, 
corresponding to displacement on S from z to the point X along the curve: 


(14) XxX = 7 + LyAUu + Ve Vo CuuuuAut 


Expressing each of as a linear combination of 2, Lu, 
we find 


where the local codrdinates z,,---,2, of the point X are given by the 
expansions 


pau? + % (Pu + pOu) + 
= Au+ + (p + Ou? + Au? 
(15) + %4BiAu*t + YooBsAw 
+ YooCsAu’ + 
t, = + Yo(Bu + BOu) Aut + 
+ YeooDcAu® + YosoDrAu' 


Introducing non-homogeneous codrdinates by the definitions 


(16) 
we find 
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Au + %6,Au + (6.7 + Ouu — 2p) Au? 
+ (By — 4pu — 10p6,) Au* 
+ A20[Bs — 5A, — 100u(pu + pOu) +° °°, 
y = + % (Bu + + (Cs — Aut 
+ — 108 (pu + —10p(Bu + 
(17) + Yoo[Ce— 15BA, — 20(Bu + BOu) (pu + pOu) 
15p(C,—6Bp) 
+ (Bu + Aut + 420(Ds — 10Bp) Au? 
+ (pu + — 30p(Bu + 
+ — 21p(De — 10Bp) — 35BAs 
— 10 (Ba + B64) (pu + +> 


Inverting the first of these series we obtain 


(18) Au = 2+ con? + + + 
where 

Co = — You, C3 = — 4 (Ouu — 261? — 2p), 

C4 = — — + + 12964 — 2pu + Bk), 
(19) Cs = — Yoo (Ounuu — + — 240u* — 


+ 249 — 30,7 — p) + 20 2Puu 
+ + 646, — 3k —4(po + 


If we substitute the series (18) for Aw in the last two of the series (17) we 
arrive at the power series expansions for the asymptotic u-curve, namely, 


(20) 2—= + 
+ YeoBber® + +° °°, 


dy = + Oup — bu + 4p + BY, 
Os = Agu — (20u + a, — 10 pd — 2Boy — 4Bk, 
= Asu — + ds + 3(6p + By) as 
(21) + 20Bpk — + 108(p» + Bq), 
b; = 3a, — 
bg = 4a; + + + ov — 36uv), 
= 5ag — (36, + (be — 
+ Deu — - 4 By (bs + 10p) — 10B¢k. 


Analogous expansions for the v-curve can be written by making the appropriate 
symmetrical interchanges of the symbols. 


where 
| 
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4. A canonical form for the expansions. By suitable choice of the 
codrdinate system the power series expansions (20) can be reduced to a simple 
canonical form which it is the purpose of this section to obtain. 

First of all, the osculating twisted cubic at the point O(0, 0,0) of the 
u-curve defined by equations (20) is found to have the parametric equation 


(22 Ct + Dt, ar, = 
) t -+- + Ht*, — Bt, 


wherein C, H, D are defined by the formulas 
C = Yo (38a, — 56? — 12By), 


(23) H = — (3a, — 5g? + 18By), 
D = + Yodas — %7¢’. 


Incidentally, it will be observed that C,H satisfy the relation 
(24) C+ 3H =— 


The osculating twisted cubic may also be written in the form of two power 
series expansions which must agree with the series (20) up to and including 
the fifth powers of z. For this result we find 


y = — + + YooBast® + 
(25) z= — oBor* + 
+ Yoo Bber® + 
where 


dig = — Vga, — 14% — 140(C — 2H) ¢? 
(26) + 360(2C? — 80H + ‘H’), 
+ 


Ba, — 14% — 60By(5C — 7H). 
Let us make the transformation 


(X+%oY + HZ)/(14+ C¥ + DZ), 
(27) y = (4BY)/(1+ + DZ), 
2 = (%BZ)/(1+ CY + DZ), 


from the old codrdinates x,y,z to new coordinates X,Y,Z. This trans 
formation moves the vertex (0,0,0,1) of the tetrahedron of reference to 4 
point on the osculating twisted cubic of the u-curve. Furthermore, the edg? 
X,—X.,=0 of the new tetrahedron is tangent to the osculating cubic at 
the point (0,0,0,1), and the face Y, = 0 is the osculating plane of the cubic 
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at this point. The unit point is somewhere on the osculating cubic whose 
equations become 

(28) Y = X?, Z 

Moreover, we find that the equations (20) of the u-curve can be written in 


the canonical form 


the coefficients Ag, Be, B; being defined by the formulas 


Ag = (46 - Ge); 
(30) B, = 420 (b6 — be), 


If we replace bs in the second of equations (30) by its value found in 


equations (26), we find 
(31) Be = Y%oB[By — (log 8) 


The coefficient B, is found to be an invariant and differs from the invariant 
6, of the differential equation of the u-curve only by a constant factor. In 


fact, if 0, is calculated, it is found that 


Moreover, further calculation shows that 
(33) As 80 (564 26s), B; (256, + 146’s), 


so that we have 
(34) B; — = 


Therefore the expansions for the u-curve may be written in the form 


go (864 + 20’3) X°® +: 


(35 


5. Asymptotic curves regarded as space curves. Application of the 
theory of space curves to the power series expansions of the asymptotic curves 
leads to some interesting results. In the old codrdinate system the equations 
of the osculating quadric cones at the point O of the u-curve and the r-curve 
are respectively 
— — 2)2 — 0, 


(36) 
— — Yoda — 9H2)2 0, 
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where H‘) is the same as the H defined in equations (23) and H) is easily 
written therefrom. The polar plane of the v-tangent, c = z = 0, with respec 
to the osculating quadric cone of the u-curve is the plane 


(37) y+ 


Similarly, the polar plane of the u-tangent, y= z—0, with respect to the 
osculating quadric cone of the v-curve is 


(38) a+ 0. 


Thus the polar plane of the u-tangent with respect to the osculating quadric 
cone of the v-curve intersects the polar plane of the v-tangent with respect ti 
the osculating quadric cone of the u-curve in the first edge of Green. 


Another quadric cone can be obtained from the two osculating quadric 
cones of the asymptotic curves. For this purpose let us consider any line | 
through the point O and lying in the tangent plane to the surface at the point 
OQ. This line has the equations 


(39) y—nz=2z=0 (n~0). 
The polar planes of the line / with respect to the cones (36) are respectively 
(40) y + 1/4n(n¢d— 38)z=—0 and %4(~— 3ny)z=—0. 
Eliminating n from these equations, we find 

(41) (t+ yz) (y + dz) — = 0. 

The following theorem summarizes this result: 


Consider any line | through the point O of a surface and lying in the 
tangent plane of the surface at the point. Consider the polar planes of the 
line | with respect to the two osculating quadric cones of the asymptotic curves 
through the point O. As 1 varies about the point O the line of intersection 0/ 


these two planes generates a quadric cone with its vertex at the point 0. 


It may be remarked that Calapso has obtained * the cone (41) by a metho! 
based on a consideration of the osculating twisted cubics of the asymptoti 
curves at the point 0 of the surface. He shows, among other things, that the 
polar line of the tangent plane of the surface at the point 0 with respect 10 
this cone is the first edge of Green. 

1R. Calapso, “Sugli enti proiettivi legati al generico punto di una superficie, 
Atti Accademia Gioenia, Catania, (5), vol. 19 (1932), mem. 14. 
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From the canonical expansions (29) we find that the u-curve belongs to 
a linear complex in case By = 0, and is a twisted cubic in case Bs = Ag = 0. 
In the new coordinate system the principal plane at the point O of the u-curve 
is found to have the equation 


(42) — = 0, 
and the principal point on the u-tangent has the codrdinates 
(43) (3A6, Be, 0, 0). 


If the u-curve belongs to a linear complex it is obvious that the principal 
plane coincides with the osculating plane of the curve and that the principal 
point coincides with the point O. Moreover, the principal plane is indeter- 
minate in case the u-curve is a twisted cubic. 

The Halphen cone at the point O of the u-curve is the eleven-point cubic 
cone with its vertex at the point O and with the u-tangent for a double line. 
In the new codrdinate system the equation of the Halphen cone at the point O 
of the u-curve is found to be 


The nodal plane of this cone has the equation 


This plane coincides with the principal plane defined by equation (42) if, 
and only if, 
(46) B, — 3A, = 0. 


Referring to equation (34), we thus obtain the following geometrical inter- 


pretation of the vanishing of the invariant 6,: 


The principal plane at a point of the u-curve coincides with the nodal 
plane of the Halphen cone at the point if, and only if, 0, = 0. 


Another geometrical interpretation for the condition 6,0 can be given 
in the following way. The plane containing the three inflexional generators 


of the Halphen cone is found to have the equation 
(47) — 2B.(B;— 2Ac)¥ + (B,— 2Ac)*Z — 0. 


The pencil of quadric surfaces containing the osculating twisted cubic and 
having seven-point contact with the u-curve at the point 0 is given by 


)). 
the 
the 
rves 
of 
hod 
otic 
the 
10 
ie,” 
[ 


648 E. P, LANE AND M. L. MacQUEEN. 


(48) (2 — — 27) 0, 


where /, k are arbitrary constants. Among these quadrics there are only two 
cones, for which 


h? (kB? +hA =0. 
The one of these for which h == 0 is the osculating quadric cone 


ZX =0 


(50) 
with its vertex at the point O. The other, for which 
kB,’ + hA,? = 0, 
has the equation 
(51) Bo? (Y — X*) — AcBo(Z — XY) — Ae? —ZX) =0, 


and its vertex is at the Halphen point 
(52) (A,’*, AcBe’, B,*). 


The polar plane of the principal point (43) with respect to the cone (51) is 
found to have the equation 


(53) —2AcBsY + =0. 


Comparison of this equation and equation (47) shows that these two planes 
coincide in case B;, —3A,—0. Thus the following theorem is proved: 


At a point O of the u-curve the plane containing the three inflexional 
generators of the Halphen cone coincides with the polar plane of the principal 
point with respect to the cone defined by equation (51) tf, and only if, 0, = 9. 


Finally, it is easy to establish the following theorem: 


If the u-curve belongs to a linear complex, the Halphen cone is composite, 
one component being the osculating plane and the other being the osculating 
quadric cone. Moreover, the osculating quadric cone has eight-point contacl 
with the curve, provided B, —2A,~0. 
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SYSTEMS OF QUADRICS ASSOCIATED WITH A POINT OF A 
SURFACE.* 


By Louis GREEN. 


1. Introduction. One of the popular methods of studying the local 
geometry of an analytic surface immersed in a three-dimensional projective 
space is to examine the properties of algebraic osculants. For, these osculants 
can be used to obtain simple characterizations of many elements intimately 
related to the given surface. The osculating quadrics at a point of a surface 
are of particular importance in this respect, and it is the purpose of this paper 
to make a more comprehensive study of certain of these quadrics, obtaining as 
a result significant properties of the surface. 

Among other things, the problem of determining the envelope of a two- 
parameter family of Moutard quadrics is solved, the singularity of the curve 
of intersection of the surface and one of its Moutard quadrics is investigated, 
certain individual members of each Moutard pencil of quadrics’ are char- 
acterized, and three new pencils of quadrics which we call the Darboux-Segre 


pencils of quadrics are defined and discussed. 


2. Analytic basis. The local codrdinate tetrahedron of G. M. Green 
(with a modified unit point) is taken as the projective codrdinate system 
throughout this paper, and the equations of the various configurations to be 
used are obtained in this section by transformation from Fubini’s codrdinate 
system. 

Fubini’s canonical differential equations of an analytic curved surface S 


are given by 
= px + Cry = YL Yeu Aer, (9 log 


Let 0 be an ordinary point of S, chosen as the vertex (1,0,0,0) of two 
local tetrahedrons, one of Fubini and the other of Green. If a point of the 
ambient three-space has the two sets of codrdinates Xs) 
telative to these respective tetrahedrons, then the following relations exist : ° 

Society, April 9, 1937. teceived by the Editors October 30, 1937. 

180 called because each of these pencils contains a quadric of Moutard. These 
pencils were first studied by Su and Ichida, Japanese Journal of Mathematics, vol. 10 
(1933), pp. 209-216. 

"lane. “Power series expansions in the neighborhood of a point on a surface,’ 
Proceedings of the National Academy of Sciences, vol. 13 (1927), pp. 808-813. 
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= 4X, + + 3mypX, + (9/4) n (dy — 8Ouv) Xs, 


(1 Lo = — 121X. — 
) L3 12mX, 4, 
= 36nX,, 


where 1, m, n, $, W, have the values 


 m—=1/(By*)*, n—Im, 

With the introduction of non-homogeneous coérdinates XY, Y, Z defined in the 
customary way, 0 becomes the origin of a local non-homogeneous codrdinate 
system, and the coordinates of a point on 8 sufficiently “near” 0 satisfy a 
convergent power series expansion of the form 

(2) ANY 4+ 4+ 

+ C,X°Y? + + CXY*+ +: 


where all the coefficients are absolute invariants of the surface, and in particular, 


A = —3my/2, B= — 31¢/2, 
200, = 3612p — 912d, — 2%my — (9/4) 26? + 9126 Oy, 
16C', = 24 — 12ndby + 135ndy — 135, 

(3) 160, = — 135m?q + + 2%m*y? — 18016 + 
160, = — 1351?p + + 27126? — 180my + (yu/y), 
= 24ndy — + — 135, 
200; = 36m?q — — 2716 — (9/4) my? + Im? Wy. 

For use in §7 the formulas for the derivatives of the local coérdinates 
X,,: * +, X.4 will now be obtained. Equations (1) are first solved for the Xi, 
the resulting equations are then differentiated with respect to u(v), and the 
Liu (Ziv) which appear are replaced by their known values * in terms of the 4, 
The right members are then expressed in terms of the X; by means of (1), and 
when simplified with the use of (3) take the form 


361X = 6BX, + (600, — 72A)X, + (12C,— 45AB + 108)X; 
+ (36C,— 108B — 54A?)X,, 

361X oy = 12X, + 2BX, + (12C,— 45AB + 216) X,, 

= — 386X, — 2BX; + (60C, — 108A) 

361X = 12X, — 6BX,; 

(4) = 6AX, + (12C, —45AB + 108)X. + (600; — 12B)Xs 

+ (36C; — 108A — 54B?) X,, 

36mX oy = — 2AX, — 36X, + (600; — 108B) X,, 

36mX sy = 12X, + 2AX; + (120, — 45AB + 216) 

36MX gy = 12X, — 6AX,. 


® Lane, Projective Differential Geometry of Curves and Surfaces, Chicago, 1932, P- III. 
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By means of transformation (1) all the remaining results of this section 
are readily established. 
The tangents of Darboux through 0 are given by 


the equation of a quadric of Darboux, 


— + ha? = 0 (h =h(u,v)), 
becomes 
(5) = (9/2By) (uw + 2h); 


the equations of a canonical line of the second kind, 


have the form 


X,— (B/2) (1+ 4k) 


(A/2) (1 + 4k)X; =O =X, 
and its polar line with respect to a quadric of Darboux joins 0 to the point 
(0, (A/2) (1 + 4h), (B/2) (1 + 4k), 1). 


If the corresponding equations of a plane in the above-mentioned coérdi- 
nate systems are 


4 4 
> = 0, > = 0, 
1 


then the transformation of Cech in Fubini’s system 
y 


pr, = — + Bé3*), £23”, 
prs €,7&s, V4 — 0) (Gj const.), 
is expressed in Green’s system by the equations 
= + 3] (q2° + 3°), 2 = — gays’, 
XA,=0. 
A curve on S which passes through 0 in a non-asymptotic direction and 


satisfies the differential equation 
dv—)du=0 (A=A(u,v)), 
has for its osculating plane at 0 the plane represented by 


— 25) + (B— — + + = 0 (N= = Ay + Ary). 


Under transformation of codrdinates (1) this equation becomes 
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(62) + (90° —9 + Ap? — Bu — Ow’) X, —0, 
where p, p’, are defined by 
(7) p=Al/m, = 1 (pu + Apo) = + 


The osculating plane at 0 of the pangeodesic which passes through this 
point in a non-Darboux direction X;/X2— yp is expressed by 


(8) +1) (wX2—Xs) + — 3 + Ap? — But) X, = 0, 
and the quadric of Moutard in the non-asymptotic direction p at 0 has the 
equation 

+ (Ap? + But — p® — 2p? —1) = 0. 

3. The curve of intersection of a surface and a quadric. The equation 
of the moste general quadric having second-order contact with the surface § 
at the point 0 is 
(10) XY —Z+ + + = 0, 


where K., K;, Ky are arbitrary functions of wu and v. The curve of inter- 
section C' of this quadric and 8 is expressed by (10) and 
(11) O=X*—K,X*Y — K,XY? + (A— K.?)X*Y 

— (2K.K, + K,)X*Y? + (B—K?)XY*+° °° 
the latter equation being obtained by solving (10) for Z as a power series in 
X, Y and then subtracting from (2). The curve C has a triple-point at 0 
with triple-point tangents satisfying the equations 
(12) X* — K,.X*Y — K;XY? + 
Comparison of equations (10) and (12) leads to the following conclusion: 


Two arbitrary non-asymptotic tangents to S at 0 determine a pencil of 
quadrics having second-order contact with S at 0 and meeting S in a one- 
parameter family of curves each containing these tangents as two of its triple- 
point tangents. The residual tangent at 0 is the same for all the curves of 
the family. 

A particular quadric of such a pencil is uniquely determined, ordinarily, 
by characterizing the osculating plane at 0 of any one of the three branches 


of the curve 


‘The Moutard pencils of quadrics are the only pencils for which this is not the 
case. But, as is shown in §§ 5, 6, for such a pencil of quadrics in a direction + the 
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Several particular examples of the above theorem are worth noting. If 
two of the triple-point tangents lie in distinct Darboux directions at 0, the 
third tangent must lie in the residual Darboux direction and the resulting 
quadrics are the quadrics of Darboux. 

If two of the tangents coincide in a non-asymptotic direction X3/X2 = p, 
the third must lie in the direction —1/y*, and the quadrics determined form 
the Moutard pencil of quadrics in the direction p. If w3 =—1 the triple- 
point tangents all coincide in one of the Darboux directions, while if p* = 1 
two of the tangents coincide in a Segre direction and the third tangent lies 
in the conjugate Darboux direction. 

If two of the tangents lie in distinct Segre directions, the third is seen 
to lie in that Darboux direction which is conjugate to the residual Segre 
direction. Every Darboux direction thus determines a different pencil of such 
quadrics, so that each of the three pencils may be designated as the Darboux- 
Segre pencil of quadrics in the particular Darboux direction considered. 

The Darboux quadrics and the three Darboux-Segre pencils of quadrics 


are special cases of the pencil 


which is determined by the tangents in the directions po, po”, — 1/p?, where 
is a primitive cube root of unity. 

The quadrics of Darboux are thus seen to constitute the only pencil which 
can be determined by three tangents apolar to the asymptotic tangents at 0. 
Similarly, there exists a unique triple of tangents apolar to a given pair of 
conjugate tangents \,/X,—-+ yp, X,=—0, which according to the above 
theorem can determine a pencil of quadrics. These quadrics, whose equations 


can be shown to have the form 


XY —Z — 3p?XZ — (3/p?) YZ 4+ = 0, (K, arbitrary), 


were defined by Davis® in an entirely different manner. 


4. Quadrics associated with the tangents of Darboux and of Segre. 
The theorem of the last section is applied here to the quadrics of Darboux, 
the Moutard pencils in the Segre directions, and the Darboux-Segre pencils 
of quadries, 

‘seulating plane at 0 of a properly chosen branch of @ does determine a unique quadric 
of the pencil, except when « is a Darboux direction. In this latter case the osculating 
Plane at 0 of each of the three branches of C coincides with the tangent plane to 8, 
unless the quadric is the quadric of Moutard of the pencil. 

*“Contributions to the theory of conjugate nets,” Chicago Dissertation (1933), p. 12. 
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The surface S and an arbitrary quadric of Darboux with parameter K 
meet in a curve C whose three branches are representable, as is seen from (2) 


and (5), by the series 

Y + 4(Ag? + Be + K)X? + 

Z=— eX? +4(Ag? + Be + (1 = 1, 2, 3), 
where 


—9e,2m 2ABe, + 2B? + AK + 3BKe? + + 3D 
j=0 
(13) «—1, =w? 


and w is a primitive cube root of unity. The osculating plane at 0 of each 
branch of C has the equation 


(14) 4- + Ba + 


from which it follows that these osculating planes are coaxial if, and only if, 
the given quadric ts the quadric of Wilczynski (K =0). The common aris 
of the three planes then becomes the canonical line of the first kind for which 
k = — 5/12, which we shall designate as the first axis of Bommani.® 

It may be remarked here that the Moutard quadric in a Darboux direction 
— e, meets a Darboux quadric (5) in the asymptotic tangents through 0 and 
in a conic lying in the plane (14). As a consequence the Moutard quadrics 
in the three Darboux directions have a residual point of intersection on the 
first axis of Bompiani. 

If the parameter K is left arbitrary, then the planes (14) correspond 
under a transformation of Cech with parameter j to three collinear points if, 
and only if, K =—18j (the line thereby determined being the polar with 
respect to a Darboux quadric of the first axis of Bompiani, independently of 
the value of K). This equation defines a correspondence at each point of 
the surface between the Cech transformations and those Darboux quadrics 
for which K is independent of u,v. Thus, the quadrics of Lie and Fubini ior 


which K —— 9/2 and —8 respectively, characterize the transformations of 
Cech for which j = 1/4 and 1/6, whereas the transformation of Segre (j =!) 
characterizes the quadric of Darboux for which K = — 18. 


The osculating plane (i4) is a stationary osculating plane if, and only i, 
— = + Be + 


the value of K is thereby uniquely determined’? and when substituted into 


* This line was first characterized in a more complicated way by Bompiani in the 
Rendiconti dei Lincei, ser. 5, vol. 33, (1924), pp. 85-90. 

7 The value of K depends on the particular Darboux direction chosen, so that thert 
exist three distinct Darboux quadrics with the property considered. 


(1 

ha 
(1 
(1 
in 
( 
it 
| 
tl 
| 
t 

ih 
| 

| 


each 


y If, 
axis 
hich 


tion 
and 
rics 
the 


or 


SYSTEMS OF QUADRICS ASSOCIATED WITH A POINT OF A SURFACE. 6: 


(14) gives as the equation of the stationary osculating plane 


(15) (Ae, — X + ¥) + 


The Moutard pencil of quadrics at 0 in the Segre direction X3/X2 = «& 
has the form 


with K; as parameter of the pencil. The curve of intersection of the surface 
§ and an arbitrary quadric of this pencil has a branch in the conjugate 
Darboux direction, the osculating plane at 0 of this branch being expressed by 


(17) e?X + +4(Ag? + Be+ Ki)Z =0. 


Since the equation of the osculating plane at 0 of the curve of Darboux 


in the direction — e«; is 

(18) + + + Be, —18)Z = 0, 

it follows that the planes (17) and (18) coincide only if 
=— (4/3) 6? — (B/3) — 12. 


This value of A; determines a unique quadric of the pencil (16), and since 
there are three Moutard pencils in the Segre directions at 0, three corre- 
sponding quadrics are obtained in all. These quadrics intersect in the asymp- 
lotic tangents through 0 and in a residual point lying on the canonical line 
of the first kind for which k =—1/12. Under the transformation of Cech 
with j= 1/2 the three planes (18) are carried into collinear poinis on the 
second axis of Cech. 

The condition that the osculating plane (17) contain a line 1 joining 0 
to an arbitrary point (0,a,b,1) requires that 


K; = — (4a + A) — (4b B)e. 
The line 7 obtains in this way a single quadric out of each of the three Moutard 
pencils in the Segre directions, the residual point of intersection P of these 
quadrics having the codrdinates 
(4a+A)(4b+ B), 4a+ A, 40+ 1. 


As the line 1 varies in the bundle at 0, the point P generates the quadric of 
Wilczynski; P lies on 1 if, and only if, 1 is the first axis of Bompiani. 

The quadric of Moutard in the Segre direction «; at 0 is that quadric of 
the pencil (16) for which 
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K; Ae,” Be; — 4; 


the osculating plane (17) determined by this value of K; can also be described 
as the plane containing the non-degenerate conic of intersection of the Moutari 
quadrics in the conjugate directions + «¢;. The residual point of intersectioy 
of the Moutard quadrics in the three Segre directions lies on the canonical lin 
of the first kind for which k = — 3/4, while the transformation of Gech fa 
which 1/6 carries the three planes (17) determined by these quadric 
into collinear points on the second directrix of Wilczynski. 

The Darboux-Segre pencils of quadrics will now be considered. For each 
choice of «; let «i, €j, « represent the three values in (13). Then the thre 
directions 


at 0 determine a Darboux-Segre pencil of quadrics in the Darboux direction 
—e;, having the equation 

(19) XY —Z — — YZ + KiZ? =0 (K; arbitrary). 

If the osculating planes at 0 of the three branches of the curve of intersection 


of the surface S and one of these quadrics be denoted by wii, mij, mix corte 


sponding to the respective directions — «, €;, «,, then 
+ (Aci? + Be + Ki)Z =0, 
min: —enY + PinZ =0 (h = j,k), 


where 


Aen — B + 4e1,? + Kien? 
Rei” + degen + 


The condition that the plane z;; coincide with the osculating plane of a 


Pin — 


curve of Darboux at 0 determines a unique quadric out of each Darboux-Segre 
pencil. The residual point of intersection of these three quadrics is the poin 
of intersection (besides 0) of the quadric of Fubini with the canonical line of 
the first kind for which k = — 11/24. 

A unique quadric in each Darboux-Segre pencil is also obtained from the 
condition that the three planes zj;, 7ij, 7ix be coaxial, the parameters Ki then 
having the values 


K;=— (Ae? 4- Be, + 2) (1 = 1, 2,3). 


The three quadrics thus found have their residual point of intersection on th 
canonical line of the first kind for which k = — 9/20. 


The locus of the line of intersections of the planes 7;;, rix for all quadrics 
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in the pencil (19) is a plane passing through the Segre tangent ;/X. = «, 
y,=0 and through the canonical line of the first kind for which k = — 3/4. 
The quadric determined by the condition that the planes aj, 7ix contain this 
vanonical line corresponds to the parametric value 


K; = — 2 2Be; — 4, 


and the three quadrics so obtained for 1 = 1, 2,3 have their residual point of 
intersection on this same line. 

5. The Moutard pencils of quadrics. This section is concerned essen- 
tially with an examination of the singularity of the curve of intersection of the 
surface S and a quadric of the Moutard pencil. The curve determined by the 
Moutard quadric of the pencil is found to differ radically from the curves 
determined by the other quadrics of the pencil. 

The Moutard pencil of quadrics determined at a point 0 of S by a di- 
rection Y,/X>.— yp has the form 
(20) XY —Z + (1/p) (2 — p®) XZ + (1/p?) (2p! —1)YZ+ K,Z? = 0, 
where Ky is an arbitrary function of u, v. The quadric of Moutard of the 


pencil is obtained when 
(21) wee Ky = Ap? + But — + 1)?. 
Let the equation 


(22) Z=n(Y —pX) (n ~0) 


represent an arbitrary plane through the tangent 13/1. = p, X, = 0, cutting 
the surface S in a curve s and a quadric of the pencil (20) in a conic g. Then 
sand q have third-order contact at 0 for all values of n and Ay. Conversely, 
if every plane of the form (22) meets the surface S and a quadric Q in a pair 
of curves which have contact of the third order at 0, then Q belongs to the 
pencil (20). The quadric of Moutard (9) is the unique quadric of the pencil 
for which the contact between s and q is of the fourth order for all values of n. 

If » is not a Darboux direction, there are two planes of sextactic section * 
passing through the tangent =p, X,—=0, for which the contact between 
sand q is of the fifth order at 0. The values of m in (22) which determine 


these planes are the roots of the equation 
(23) hn? + (3 — — Ap? + But) pn + + 1) = 0, 


*Darboux, Bulletin des Sciences Mathematiques et Astronomiques, ser. 2, vol. 4 
(1880), p. 366. 
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where hi is defined by 
h = + 1)* — + 1) (A + By?) + 


and 


5 


0 
The curve of intersection of S and an arbitrary quadric of the pencil (20) 
is given by equations (20) and (11). If yp is not a.Darboux direction, this 
curve has two branches at 0 in the direction », whose equations are 
(25) + Z=XY+:::, 
where r satisfies the equation 


7? == — p(Ap? + But — p® — 2p —1— + 1). 


If r = 0 the curve (25) is found to have a tacnode in the direction p, so that 
in view of (21) a necessary and sufficient condition that a quadric of the 
Moutard pencil in a non-Darbouxr direction p at 0 be the quadric of Moutard 
(9) is that its curve of intersection with S have a tacnode at 0 in the direction 
p instead of a cusp. 

For the case of the Moutard quadric (9) the terms of fifth degree in the 
series (11) can be shown to be 


> * 
0 
where 
Ty =), = + — Gp? + — 8, 
= p*C, — 9p? + + + — — — + 18, 
pT, = + — — 27° — GAp® + + + 3Ap? — 9, 
= p®C, — + — + 1, =C;. 


The two tacnode branches of the curve of intersection of the surface S and the 
Moutard quadric (9) are now found to have the equations 

(26) Y=pX Z=XY+::: (1 =1,2), 
where «, a are the roots of the equation 

(27) + 1)0? + (3 — — Ap? + Bp*)o +h = 0. 


If r ~0, the osculating plane at 0 of each cusp-branch (25) coincides 
with the tangent plane Z 0, whereas if r—=0 the osculating planes at 0 
are represented by the equations 
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(28) Z = (p/oi) (Y — pX) (i= 1,2). 
Setting w/o; = ni and using (27) we find that n,, nz are the roots of equation 


(23). Hence, the osculating planes at 0 of the tacnode branches of the curve 
of intersection of the surface S and the Moutard quadric in the non-Darboux 
lirection p at 0 coincide with the planes of sextactic section which pass through 


the tangent line in the direction p. 


Comparison of the discriminants of (23) and (27) shows that the two 
planes of sextactic section through the line X;/Xo =p, X4=—0 coincide if, 
and only if, the tacnode branches (26) have maximum-order contact at 0, this 
situation occurring for twelve values of p. 

The results concerning the Moutard pencil of quadrics in a Darboux 
direction X;/X.—— « at 0 will be stated briefly. Hach quadric Q of the 
pencil meets the surface § in a curve C' whose triple-point tangents all coincide 
in the given Darboux direction. If Q is not the Moutard quadric of the pencil, 
this curve has a superlinear branch of order 3 and the osculating plane at 0 
of each branch coincides with the plane 7 =0. If Q is the Moutard quadric 
then the curve C consists of two cusped branches and one linear branch. The 
osculating planes of the cusped branches at 0 coincide with the tangent plane 
to 8, while the osculating plane of the linear branch at 0 is none other than 
the plane (15). This plane can also be obtained as a limiting case of (28) 


as approaches — ¢;j. 


6. Cones associated with the Moutard pencils of quadrics. The prob- 
lem of characterizing individual members of the Moutard pencils of quadrics 
in the Segre directions at a point of a surface has already been discussed. We 
how consider this problem for an arbitrary direction. 

The curve of intersection of the surface S and an arbitrary quadric of the 
Moutard pencil (20) in a non-Darboux direction p at 0 has a linear branch 
in the direction —1/y?. The equations of this branch are 


Ap + But —(p§—1)?+ 
pe p®(p? + 1)? 


80 that its osculating plane at 0 is of the form 
(29) + 1)(X + + + But — —1)? + =0. 


The condition that this plane contain a line J joining 0 to an arbitrary 

* Wilczynski, “ Fifth memoir,” Transactions of the American Mathematical Society, 
vol. 10 (1909), p. 293. 
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point (0,a4,6,1) determines a unique quadric Q,» of the pencil, since th 
parameter Ky, must satisfy the equation 


(30) = (n° — 1)? — Ap? — a(p? + 1)?p? — Bus — + 1) 


Associated with the direction » are two others, po, po” which form with p 3 
triple of directions apolar to the asymptotic directions. Thus two other 
quadrics, Qyo, Qyu*, belonging to the Moutard pencils at 0 in the directions 
po, po”, can be defined by this line / in exactly the same way as is Qu, the 
equations of these quadrics being obtained from (20) and (30) by replacing 
p by po, pw, respectively. The three quadrics Qu, Qpw, Gyo? intersect in the 
asymptotic tangents through 0 and in a residual point whose join with 0 is 4 
line /’ containing the point 


Xi, =0, + + 1)?], 


The lines / and I’ coincide if, and only if, 


(32) +1), +2), 


so that the line J and the quadric Q» are uniquely determined by the given 


direction p. As p varies, | generates the quadric cone given by 
(33) + 2AVYZ + 2BXZ + ABZ? = 0. 


If, however, the line / is kept fixed and the direction p is varied, then 
l’ generates a cone which in general is of the fourth order but for special 
positions of | may be of the second order. To determine the conditions under 
which this occurs, we note that any quadric cone generated by the line /’ must 


be of the form 
(34) XY¥ + pY¥Z 4+ qXZ4+ 17? =0, 


where p, g, r are functions of u, v. Substitution of equations (31) into (34) 
leads to seven equations of which the following five are independent: 


b(p—a—A) =—0, a(q—b—B) =0, 

Ab — 3ab — dpb — 4q(a+ A) + 4r=0, 

aB — 3ab — 5aq — 4p(b + B) + 4r = 0, 

5AB + Ab + aB + 14ab + p(11b — 9B) + (1la— 9A)q + = 0. 


These equations have five sets of solutions for a, b, p, g, 7 which are exhibite 


in the following table: 
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Case a b p gq r 
(1) —A/3 — B/3 2A/3 2B/3 AB/3 
(11) 0 0 —A/3 — B/3 — AB/3 
(IIL) — 4A/9 — 4B/9 5A/9 5B/9 TAB/27 
(IV) 0 — 4B/9 A B 5AB/9 
(V) 4A/9 0 A B 5AB/9 


Hence, a necessary and sufficient condition that the line l’ generate a quadric 
cone as p varies is that the fixed line l, which is the axis of the pencil of planes 
(29), join 0 to the point (0,a,b,1) where a,b have any one of the five pairs 
of values listed in the table. 

Five quadrics belonging to the Moutard pencil in an arbitrary non-Darboux 


10 


direction '° » at 0 are thus characterized, each quadric having associated with 
ita quadric cone and a fixed line 7. In cases (1) and (II) of the table this 
line is the first axis of Bompiani and the first edge of Green respectively, while 
in ease (IIT) it is the canonical line of the first kind for which k = — 17/36. 
The lines determined in cases (IV) and (V) can be described as the polars 
with respect to a quadric of Darboux of the lines AyBy, AyBx, where Ax, Ay 
and By, By are the intersections of the asymptotic tangents through 0 with 
the canonical lines of the second kind for which hk == — 17/36, — 1/4. 

The quadric cones associated with these five quadrics are all mutually 
tangent along the first axis of Bompiani, the common tangent plane passing 
through the second canonical tangent. Consideration of these cones readily 
leads to the characterization of a number of new canonical lines of the first 
kind, 

The cone (33), which is also one of the cones listed in the table, can be 
obtained in still another way. The line joining 0 to the residual point of 
intersection of the three quadrics of Moutard in the directions p, po, po 
generates the cone (33) as p varies." 

There is a certain cone of class 3 closely associated with the Moutard 
quadrics at 0. The quadrics of Moutard in the conjugate directions p, — p 
meet in the asymptotic tangents through 0 and in a conic whose plane has the 
equation 

(X + p?V) + (Ap? + But — p® =—0. 


As p varies this plane envelopes the cone, which in local plane codrdinates 


has the equations 


“Tf w is a Darboux direction these quadrics, as well as the quadrie determined by 
(32), all coincide with the Moutard quadric. 

“ Bompiani, “ Contributi alla geometria proiettivo-differenziale di una superficie,” 
Bollettino della Matematica Italiana, vol. 3 (1924), pp. 97-100. 
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n2° + (Ane + — () == 1+ 
The cusp-planes of this cone pass through the Segre tangents at 0 and intersect 
in the first directrix of Wilczynski. 


7. Envelopes of Moutard quadrics. The problem of determining the 
envelope of a family of Moutard quadrics is of sufficient importance to warrant 
consideration. This problem has been discussed only by Kimpara,’ to the 
best of the writer’s knowledge, and then merely for a special case. 

The one-parameter family of Moutard quadrics at a point 0 of a surface § 
has an enveloping surface = which contains the asymptotic tangents through () 
as a locus of singular points. Elimination of » between (9) and its p- 
derivative shows that & is an algebraic surface of order 14. The characteristic 
curve determined by & and a particular quadric of the family in the direction 
vis a conic lying in the osculating plane at 0 of the pangeodesic which passes 
through 0 in the direction ». Hence, the lines joining 0 to the points on thi 
edge of regression of & generate the cone of Segre. 

We now proceed with the problem of determining the envelope of a two- 
parameter family of Moutard quadrics. Let C“’ be a one-parameter family 
of curves on S which satisfy the differential equation 


(35) dv — Adu = 0 (A=A(u, v)), 


and let it be assumed that these curves simply cover the portion of the surface 
under consideration and are nowhere tangent to an asymptotic curve. The 
tangents to C™ then determine a two-parameter family of Moutard quadrics 
Q), one at each point of S. A particular point 0 therefore has associated 
with it a curve Cy of the family C“’, whose tangent at 0 is 


(d/o), 


and a quadric Q, of the family QQ“. An arbitrary curve Cy on 8, which passes 
through 0 in a direction X;/X,—v, determines at each of its points a unique 
Moutard quadric belonging to Q‘’, the quadrics so obtained forming a one 
parameter family Q™ with an envelope Ey. The quadric Q, at 0 is a member 
of this family and hence touches 1, along a characteristic curve I. 

These curves Fy and the envelope E of the family of quadrics Q depent 
on the given curves C, and their properties differ widely in two separalt 
cases, namely, when the curves C“ are curves of Darboux and when they a 


nowhere tangent to a curve of Darboux. 


12 Sur Venveloppe des quadriques de Moutard,” Ryojun College of Engineerins 
Commemoration volume (1934), pp. 33-39. 
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(i) Suppose first that the curves C form a one-parameter family of 
curves Of Darboux. The quadric Q, is the Moutard quadric in the Darboux 
direction X3/X, = at 0, and has the equation 


(36) X.X,—X,X,— + 3p¥,X, + (Bu — Ap?) — 0. 


The characteristic curve Ty determined by Qu and a curve Cy through 0 is 
therefore given by (36) and 


where dv/du refers to the direction of the tangent to Cy at 0, and since 
dv/du = vm/1 this may be written 


(37) lGy vmGy = 0. 


The derivatives of A and B which appear in this equation may be readily 
evaluated. For, 


= — (3/2) my, Ay = — (3/2) (muy + myx), 
m = 1/(By*)?”*, My = — (m/3) (Bu/B) — (2m/3) (yu/y), 


and consequently, 
181A, = 4AB — 27 my. 


Now from (3) it is seen that np, can be expressed in terms of the coefficients 
appearing in series (2), and hence JA, is expressible in like fashion. Thus 
we find 
361A, = 278 AB — 648 — 480, — 240,, 
36mB, = 278A B — 648 — 480, — 240,, 
36mA, = 52A? + 288B — 240, — 1200C;, 
361By, = 52B? + 288A — 240, — 120). 


With the aid of formulas (4) the left member of (37) can now be expressed 
in terms of p, v, the coefficients of series (2), and the local codrdinates 
X;,°++,X,4. Elimination of the term Y,X, from the resulting equation by 
means of (36) finally yields the simplified result 


(38) 36 (p v) (pXs X3) + + MX3X, NX 0, 
where the coefficients L, M, N have the values 


L=12By(p + 2v) 36A + 216(v—p), 
Mp =12y(Ap + B)(»—v) —L, 
N= T2A (2y — — By? (24 —v) + B?(54v + — (54 + 40v) 


+ 131ABpy(v—p) + 12 SO (5 —i)p+ wi]. 
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If vA yp, the equations of Ty can also be written in the non-homogeneous 


form 

which simplify to 
Y =pX + [4(A— Bp?) (vu). 


Hence, if vA p, the characteristic curve Ty is a quartic curve with a cusp at 0 
and a cusp-tangent in the Darboux direction p. 

If Cy is tangent at 0 to the curve of Darboux Cy, then the characteristic 
curve ry consists of the asymptotic tangents through 0 and of a non-degenerate 


conic lying in the plane whose equation is 


(39) 18(Anp+ B) (pX,—X;) 
+ [30% — 36y?(Ap + B) — B*) XN, = 0, 


a being defined in (24). Since this conic is tangent to Cy at 0, it follows that 
if Cy and Cy, coincide, then Cy is part of the edge of regression of the en- 


velope Ey. 

The points where the Quadric Q,» touches the envelope F of the two- 
parameter family of Moutard quadrics Q“? are determined by the simultaneous 
solutions of equations (36), (38) and (39), where in (38) the value of v is 
arbitrary but different from p. Since the plane (39) intersects the cone (38) 
in the Darboux tangent Y,/X,— X, = 0 and in another line / which passes 
through 0, and since these two lines meet the quadric Qp at 0 and at some 
other point P not lying on S, it therefore follows that the envelope FE consists 
of the surface S and of another sheet generated by the point P. 

(ii) We now assume that the curves C” are nowhere tangent to a curve 
of Darboux. If H =0 is the equation (9) of the Moutard quadric Q, in the 
direction p at 0, then the characteristic curve Ty determined by Qyp and a curve 


Cy through 0 has the form 
H 0, lH, + vmH, = 0. 
The second of these equations can be expressed in terms of yp, v, the coefficients 


of series (2), and the local codrdinates Y,,- - -,-Vy, and when combined with 


(9) to eliminate the term X,X, becomes 


(40) — (2v — 3p — — (2p 3p — )X,| 


4. DX.X, + + FX 2 = 0, 
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where D, have the values 


D = +Ap? (2p y — 9p + 2v) + 4By? + — 
+ 12p*[p°( Ay) —v) + — 
+ 1) (lpu + py), 
F = 12Ap*| + 11) + + 18) | 
+ 12Bp*[ + 1) + p?v(11p) + 5) ] 
+ A*p'(54p + 40v) + (40p + 54v) 
+ 176) + + 45) | 
— — — 2) + v(— — — + 1)] 


+ 36p7 ( 3 — Ap? + By*) (lpu + 

The characteristic curve Ty is therefore a quartic curve with a double 
point at 0, one nodal tangent always lying in the given direction p, the other 
depending on v. This second tangent lies in the direction p» if, and only if, 
y=, and lies in the direction v only if v= yp or y=—1/p?. The osculating 
plane at 0 of that branch of Ty which lies in the direction p has the equation 


v) (pX2—X;) — (D+ En) X,=—0, 


+ ] 


which reduces, when vp, to (8). Hence, if vA yp, the osculating plane at 
0 of that nodal branch of the characteristic curve Ty which lies in the direction 
wis independent of v and is the osculating plane of the pangeodesic in the 
direction p. 
If pv , the osculating plane of the second nodal branch of Ty at 0 is 
£ } 


expressible in the form 


(u? + 1) — — 1) Xa] 
+ [D(2u3 — v—1)+ E(Qv— 3p — = 0. 


As v varies this plane generates an axial pencil, its limiting position as v ap- 


proaches » being given by 


+ 1) (pX,— Xs) 
+ [ Ap? (11 — 4p?) + Bu(4—11p*) + 9p°— 9 + 36(p3 +1) 


where yw’ is defined in (7). The plane (41) depends on the curve Cy alone, 
being independent of the other curves of the family C, and together with 
the osculating plane of Cy at 0, the osculating plane of the pangeodesic in the 


direction » at 0, and the tangent plane XY, = 0, determines an invariant cross- 
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ratio of —4. Hence, the plane (41) coincides at every point of the surface § 
with the osculating plane of the curve Cy, if, and only if, the curves C are 


pangeodesics. 
If vy, (40) reduces to 
(42) [Xs — (Xs — pX2) [Xs — n2(Xs — pX2)] = 0, 
where ,, nz are the roots of the equation 
(43) Fn? + En — 12p*(p? +1) =0 (v=p). 


The characteristic curve Ty therefore consists of two non-degenerate conic 
determined by the intersections of the quadric Q» and the planes (42). The 
harmonic conjugate of the plane X,— 0 with respect to these two planes has 
the form 

24y* (p> + 1)(uX,—Xs) +#X,=0 (v—yp), 


from which it follows that this plane, the osculating plane of Cy at 0, the 
osculating plane of the pangeodesic in the direction » at 0, and the plane 
X, = 0, determine a cross-ratio of — 2. 

The curves C cannot be chosen so that at each point of S the two planes 
(42) coincide with the planes of sextactic section (28) which pass through the 
tangents to C™. However, comparison of equations (43) and (23) shows 
that this situation does occur at a particular point 0 of S if, and only if, 
Cy, has second-order contact at 0 with any one of a set of twelve pangeodesics. 

The quadric Q, touches the envelope EF of the two-parameter family of 
Moutard quadrics Q at the points determined by equations (9), (40) and 
(42), where the value of v in (40) is arbitrary but different from p. Since 
the two planes (42) meet the cone (40) in two lines /,, 1, which pass through 0 
and are ordinarily distinct, and in the tangent Y;/X.—p, XY, = 0, and since 
these three lines intersect Q, at 0 and at two other points P,, P., it follows 
that the envelope E consists of the surface S and of two other sheets, those 
generated by the points P,, Po. 

The lines /,, 1, coincide if, and only if, 


(44) E? + 48Fp* (p> + 1) =0, 


where v =p in the expressions for EZ, F. Hence, at a particular point 0 of § 
there are two planes either of which may serve as the osculating plane of the 
curve C', in order that J, and J, coincide. It is impossible, however, to choose 
the curves C so that the lines 1,, 1, coincide for every point of S, since 
equation (35) which determines the curves C® cannot satisfy (44) which i8 
now a differential equation of the second order and second degree in dv/du. 
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A GENERALIZATION OF LOCAL CLASS FIELD THEORY.* 


By O. F. G. ScHILLING.* 


In this paper we present a new generalization of local class field theory. 
The underlying ground fields will be perfect with respect to an archimedian 
valuation whose associated value group contains the additive group of all 
rational numbers and a finite number of infinite cycles which are generated by 
irrational real numbers. The resulting theory has many similarities with the 
theory of fields of formal power series of several variables.2 We put stress on 
the investigation of the class group of algebras; it turns out that there exist 
in general division algebras which do not possess unramified splitting fields. 
Consequently, the theory has an entirely different aspect compared with the local 
class field theory as developed in earlier papers of M. Moriya and the author.*® 
Only in two very special cases one can reestablish the classical results. We 
incorporated in the paper a result concerning the relationship between finite 
separable extensions and normal algebras over everywhere dense subfields.* 
Moreover, we prove the existence of perfect fields for which our general theory 
was developed. These and other examples seem to indicate that an axiomatic 
treatment of the algebraic structure of general perfect fields along the same 
lines as in the case of discrete perfect fields ° will be quite involved, in particu- 
lar the structure of the fields considered as additive groups is very complicated. 


1, Preparations. Let & be an abstract field on which an archimedian 
valuation p is defined, i.e. k is a field whose elements a0 can be mapped 
upon elements v(a@) = a of a group I'(k) of real numbers; moreover, the func- 


tion v(a) satisfies the following conditions 


* Presented to the American Mathematical Society April 16, 1938. Received by 
the Editors March 28, 1938. 

* Johnston Scholar at the Johns Hopkins University for 1937-1938. 

*0. F. G. Schilling, “ Arithmetic in fields of formal power series in several variables,” 
Annals of Mathematics, vol. 38 (1937). 

*M. Moriya and O. F. G. Schilling, (1) “ Zur Klassenkérpertheorie iiber unend- 
lichen perfekten Kérpern,” Journal of the Faculty of Science Hokkaido Imperial Uni- 
versity Sapporo (Japan), ser. I, vol. 5 (1936) ; (2) “ Divisionsalgebren iiber unendlichen 
perfekten Kérpern,” loc. cit., ser. I, vol. 6 (1937). 

‘0. F. G. Schilling, “ A note on infinite perfect fields,” Abstract in the Bulletin of 
the American Mathematical Society, vol. 44 (1938), no. 1, part 1. 

°0. F. G. Schilling, “The structure of local class field theory,” American Journal 
of Mathematics, vol. 60 (1938). 
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v(ab) =v(a) + v(d) 
v(a+b) =min(v(a), v(d)). 


In order to include the element 0 of i: we define v(0) = « and assume the 
usual formal relations to hold between the elements of [(/) and the symbol a, 

All elements a in k whose values are non-negative form the maximal order 
o of all p-adic integers in k. The maximal order 0 contains a prime ideal p 
which is given by all elements of & whose values are greater than the zero- 
element of (i). The ring of residual classes 0/p is a field k, the so-called 
residue class field of k with respect to the valuation p.° 

We shall assume throughout the paper that the fields k and k have the 
same characteristic xy. However, most of the theorems we shall prove will also 
hold if we drop this assumption. 

All elements of & form the points of a metric space if we define the dis- 
tance 8(a, b) between two elements a and b of k to be equal to C-®-") where (¢ 
denotes any positive number greater than 1. The space k& need not be complete 
with respect to the metric, but in any case we can complete it to the so-called 
perfect p-adic closure by adjoining all fundamental sequences which are defined 
by the metric. 

It turns out that by completing the field & we enlarge neither the value 
group ['(k&) nor the field of residual classes k. 

The essential feature of perfect p-adic fields k is expressed by Hensel’s 
criterion of reducibility : 7 

If the polynomial f(x) = a" + aya" +-+++ ay with integral coefficients 


m 


in the perfect field k decomposes mod p into the product [[ ¢i (x) of relatively 
i=1 
prime polynomials oi (x) with coefficients in k then f(x) already decomposes 
mn 
in k and (x) where mod p = gi (2x), bi(x) and have 
i=1 
the same degrees. 

It can be shown that there do exist fields / on which an archimedian 
valuation » is defined such that Hensel’s criterion holds for the polynomials 
with coefficients in the maximal order of k although the fields under consider@- 
tion are not perfect. According to A. Ostrowski we shall term such fields 
relatively perfect. The validity of Hensel’s criterion implies that the valuation 


° For general statements about p-adic number fields see e.g. M. Deuring, Algebren 
(Berlin, 1935), Chap. VI, § 10. This tract will be quoted by D. 

7A. Ostrowski, “Untersuchungen zur arithmetischen Theorie der Kérper,” Mathe 
matische Zeitschrift, vol. 39 (1934). 
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yof any relatively perfect field & possesses a unique extension $$(K) corre- 
ponding to each algebraic extension K of k. The value of an element Ae K 
isgiven by [K:k]*v(NA) where NA denotes the norm of A taken from K 
tok. The integers of K are uniquely characterized by the fact that their norms 


are p-adic integers. 


DEFINITION. A subfield k’ of a field k on which a valuation p is defined 
is said to be everywhere dense in k tf 
(1) the valuation p of k induces in k’ a non-trivial valuation such that 


r(k) =T(k’), 


(Il) the residue class fields k and k’ coincide, 
(IIT) & and k’ are relatively perfect. 


THEOREM 1. Jf k’ is an everywhere dense subfield of k then every finite 
separable algebraic extension K of k is the join of a suitable extension K’ of k’ 
with k; moreover [K:k] =[K’: k’]. 


Proof. The fields k and k’ obviously have the same p-adic closure k. Let 
us assume that we proved the theorem for the pairs of fields k,k and k’, k. 


Then any field K over k has the form 


K =k-k(A) and 
K = k-k’(A’) 


where [K:k] =[A:k] =[A’:k’]. Since also [A’: k] = [A’: k’] we find 
[A’: = [A: k]. 


Consequently 


k(A) =k(A’) = kk’(A’). 


Thus it suffices to prove the theorem under the assumption that & is a perfect 


p-adic field. 
n 
We consider the polynomials f(2) = > a,x? of fixed degree n with coeffi- 


i=0 


cents as elements of a topological space S,(k) where we define 


8(f (zr), == C>1 
and 


The function v(f(7)) has the following properties 

*F. K. Schmidt. “ Mehrfach perfekte Kérper,” Mathematische Annalen, vol. 108 
(1933) 
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v(f(x) + 9(x)) = min(v(f(z)), v(g(z))) 

= v(f(z)) + 
It can be proved that two polynomials f(z), g(x) in Sn(k) have the same type 
of decomposition relative to k if v(f(z) — g()) is opaiite. large. We shall 


make use of this statement later on. 
Let g(x) be an arbitrary polynomial of S, (k) then 


g(a +t) =g(x) + (x) 
+ #?D g(x) +: : g(x) +: 


where the differential operator D‘’) is defined by 


d‘'g(z) 1 
(i) 
da* 


It can be shown that such formal derivatives are also defined if the underlying 
field of coefficients & has a characteristic x ~ 0.° 

Now let K be a finite separable algebraic extension of k. We always can 
assume that K is generated by a primitive element A such that its irreducible 
equation f(z) has the form 


where d,* * *,@n-1 are p-adic integers. Since f(x) is a separable polynomial 
we have D") f(A) 0, moreover 


v(D“ F(A)) =A 


for A is an integer of K.'° 
Now let a; be an arbitrary coefficient of f(z) then there exist elements 4 
in the everywhere dense subfield k’ such that 


v(a; —a’;) >A>2A2z0 


where A is arbitrarily large but fixed. Let us then choose such a set of numbers 
a’; and let us consider the polynomial 


g(r) = > a,’ xt 
i=o 
of degree n in k’. Then 


(f(x) —g(z)) >A. 


°H. Hasse, “ Noch eine Begriindung der Theorie der héheren Differentialquotienten 
in einem algebraischen Funktionenkérper einer Unbestimmten,” Crelle, vol. 177 (1937). 

20 Cf. M. Moriya, “Klassenkérpertheorie im Kleinen fiir die unendlichen alge 
braischen Zahlkérper,” Journal of the Faculty of Science Hokkaido Imperial University 
Sapporo (Japan), ser. I, vol. 5 (1936). 
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Since the coefficients a; of f(x) are integers the relation v(f(z) —g(z)) >A 
implies that the a,’ are integers of k’; g(a) obviously is also a separable 
polynomial, 
We have 
v(g(A) —f(A)) =v(g(A)) >A 


when we substitute for the undeterminate xz the root A. 
Next we show that D“)g(A) #40. Namely, v(g(x) —f(z)) >A implies 
that also v(D“™ g(x) — DD f(x)) > A. Since A is an integer we can infer 


v(D™9(A) —D™Ff(A)) >A. 
If we assume that v(D)g(A)) Av(D™ Ff(A)) then 
v(D™g9(A) —DF(A)) =min(Dg(A), DY F(A)) >A >A 


in contradiction to v(D™ f(A)) =A <A. 
Hence 


0 > F(A)) =v(Dg(A)) =A, or D™g(A) £0. 
Consequently we can solve the equation 
g(A) +4D%9(A) =0 


with respect to ¢;. 
Since v(g(A)) > A> 2A we can put 


v(g(A)) =2A+E 


where E > 0. 

Then 

v(t,) =v(g(A)) —v(D g(A)) 
for 
v(D™g(A)) =A<A. 
Consider next the integral element 
A, a= A 

and form 


9(A1) =g(A +t) =g(A) + 


The coefficients of the derivatives D‘)g(x) are easily seen to be integral. Con- 
sequently D‘)g(A) are integers for A was assumed to be an integer over k. 
Therefore we get 


v(t4Dg(A)) iv(t,) +E) =2(A+B) 
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provided thatn=1=2. Hence 
v(g(Ai)) =2(A+E). 


Putting v(g(A,)) =2A-+ E, we have 


E, = 2E and v(g(A:)) =2A +E, > 2A+E=0(g9(A)). 


We find 
v(D™F(A,)) =v(DO F(A +4)) =A 
for v(D™ f(A)) =A and v(t,) >A. 
As before we can prove that 
v(Dg(Ar)) =A, 
hence 
Dg(Ax) £0, 
and we can determine ¢, from 
g(Ai) + 9(A,) = 0. 
Moreover, 


= v(g(Ai)) —v(Dg(A1)) 
=—2A+E,—A=A+E, 2E. 


Introducing the integer A, = A, + ?. we find 
v(g(Az)) 22(A+E,); 


if we put 
v(g(Az2)) = 2A + 
then 


Again 
v(Dg(Az)) =A. 
Repeating these arguments we can construct an element ¢; such that 


v(ti) Z2A+2*°E and v(g(Ai)) = Ej 2 2A + 2E 
where 


A; Ai-1 ti. 
Let us consider the sequence of elements 


These elements form a fundamental sequence of algebraic quantities over k 10 
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Since K is a perfect field the sequence {A;} has a limit Ain K, 


According to our construction we have 


lim v(g(4i)) = 


hence the sequence {g(A;)} converges to 0 in K, or ultimately 
g(A) =0 in K. 


Since the polynomial g(x) is chosen in k’ the root A of g(a) = 0 is algebraic 
wer k’. Moreover, g(x) is irreducible in k according to the remark at the 
leginning of the proof; a fortiori g(x) is irreducible in k’. Consequently 
[A:k’] = [A:k] = [K:k] or 

K =k(A) =kk'(A). 


In particular, k’(A) is a normal extension of k’ if K is normal over k’. 
The theorem we just proved has an analogue for the normal simple alge- 


bras over k and k’. 


THEOREM 2. /f k’ is an everywhere dense subfield of k then each normal 
algebra 2 over k is similar to the direct product of a normal simple algebra W’ 
over k’ the field k. 


Proof. Wet D be an arbitrary normal division algebra over k. Then D 
can be represented uniquely as the direct product D’ & D* of a division alge- 
bra D’ whose degree is relatively prime to the characteristic x and another 
livision algebra D‘*) whose degree is a power of x. Consequently, it suffices 
to prove the theorem for the components separately. As in Theorem 1 it suffices 
to prove the theorem in the case that & is perfect. 

Case i, 

The division algebra D can be represented by a crossed product (do,7, K/k) 
where K denotes a suitable normal extension of / whose Galois group consists 


of the elements fo,7,- ° -}. Since the degree of D is relatively prime to x 
we have 

— 
where (e,y) == 1. Consequently there exists the least normal extension N over 
7 4 . . . 4 
"which contains K and the quantities Let {%,T,- -} be 


the Galois group of V/s then 


where ¢‘6) are suitable e-th roots of unity.1!_ Now we can apply Theorem 1 


"D. Chap. V, § 7. 
1] 
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the field N has the form N = N’-k where [N’:k’] =[N:k] and where th 


respective Galois groups are isomorphic. Observing that the quantities 4 
are absolutely algebraic, we can construct the algebra 
/k’) over k’, 
obviously 
x 

Case uv. D=—D™, 

According to a theorem of A. A. Albert each division algebra of the typ 
we have to consider, is similar to the direct product of cyclic crossed products, 
Consequently, it suffices to prove the theorem for cyclic algebras (a, Z/k) 
Let Z’ be the separable extension of k’ such that 7 = Z’k. We have to con- 


struct a factor set @ in k’ such that 


(a’,Z’/k’) Kk ~ (a, Z/k). 
Since k was assumed to be perfect, the element a of & is the limit of a funda- 
mental sequence {a’;} of elements a’; in k’. Using the fundamental pyopertie 
on the convergence of p-adic sequences and series, we find that 


OO 
a= > 
i 


(aj — 
0 
where 7, denotes the least subscript such that 


v(a’;,) =v(a). 

m 

The section a’ = > (a; —a’;_,) denotes an element of k’ whose value v(/) 


to 


coincides with v(a). The element aa’! = b is a unit of k and 


b=1+e 


where v(c) > 0. The usual arguments concerning p-adic valuations yield tht 
for any prescribed N > 0 in the value group ['(/) there exists a numbe! 
m= m(N) such that 

= 


Now let us consider the expression 


where A denotes a suitable primitive element of 7/k whose trace 1(A) do 
not vanish. The element x can be expressed in terms of a convergent powe 
series in y provided that v(y) is sufficiently large, say v(y) = N. Consequent]} 
the element 1+ y is a norm. We apply this result to the unit )=17' 


ql 


he 


| 

b 
A 
fle 
te 
p 
a 
k 
| 
| 
tl 
| 


re the 


» Type 
lucts, 
/|;) 


4/h 


COll- 


inda- 


(a’) 


hat 


ber 


Cr 


A GENERALIZATION OF LOCAL CLASS FIELD THEORY. 67 


where we assume that v(c) = WN, i.e. that m is sufficiently large. Then 
b= NB with Be Z, hence 


(a,Z/k) = (a’b,Z/k) ~ (a, Z/k) K (b, Z/k) 
~ (a,Z/k). 


Again the field Z has the form Z’k where Z’ is cyclic over k’, hence obviously 
(a’,Z’/k’) Xk ~ (a, Z/k). 


Remark. In Theorems 1 and 2 we can omit the assumption that the sub- 
field k’ be relatively perfect. 

2. Specialization of the value group ['(/). Let K be an arbitrary nor- 
mal extension of the relatively perfect field / and let G = {o,7,° - -} be ‘its 
Galois group. Since k is assumed to be relatively perfect the uniquely de- 
termined prime ideal 8 of A’ is left invariant by all substitutions of the Galois 
group. ( contains a set of subgroups which are determined by the arithmetical 
properties of the extension K’.’* 

I) all substitutions o e G such that 


= en with 7 = 1 (mod $) 


for all units « of A, form an invariant subgroup J of G, the so-called inertial 
group. 
II) All substitutions reJ such that 


a7 = dy With 7» =1 (mod $) 


holds for all elements a of K form an invariant subgroup FR of G@ the so-called 
ramification group. 

The fields (7) and K (R), which belong to the groups / and respectively, 
are called the inertial and ramification fields respectively. If we assume that 
the degree [K:k] is relatively prime to the characteristic x then it can be 
proved that K(/) is the maximal subfield U of AK such that 

r(U) =T(k) and i.e. 
K(I) is the maximal unramified extension lying in A’, when an unramified 
extension U7 of i: is characterized by the relations 
r(U) =V(k) and [U:k] =|U:k]. 
If UV is in particular a normal extension of & then its Galois group induces 
the Galois group of U over k. 


2W. Krull, “ Allgemeine Bewertunestheorie,” Crelle, vol. 167 (1931). 
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The inertial field K (J) is in any case uniquely determined as the maximal 
unramified subfield if the field of residue classes k is algebraically perfect. 

The ramification field K(?) is always an abelian extension of K whose 
Galois group J/F is isomorphic with the factor group '(K(R))/T(K(J)). 
If K is a proper algebraic extension of K(R) then [K: K(R)] is a power of 
the characteristic. Consequently K(R) = K if ({K:k],x) =1, and hence 
K is an abelian extension of K(J) where 


I =0(K)/T(k). 


Lemma 1. If the residue class field k of the relatwely perfect field k is 
algebraically closed then each extension K of k whose degree is relatwely prime 
to the characteristic x is abelian. 


Proof. Let K be an arbitrary algebraic extension of k whose degree is 
relatively prime to xy. The field K is contained in a least normal extension N 
of k. Since k is assumed to be algebraically closed we have N(I) =k. The 
results concerning the ramification field N(R) imply that 


K C N(R) 


for ({K:k],x) =1 and [N: N(£)] is at most a power of x. Consequently, 
K is an abelian extension of & for the Galois group of N(R) over k is iso- 
morphic with T(N(R))/T(k) =T(K)/T(k). 

We now wish to specialize the value group T'(k%) in order to be able to 
obtain more precise results concerning the theory of algebras which we have 
to develop later on. We assume that T'(/) contains the additive group of 
all rational numbers P and a finite number of infinite cyclic groups 0,I') where 
6; ((‘=1,---,A) denote a set of rationally independent real numbers and 
where I‘) denotes the additive group of all integers: 


=T= {P,6,0,- Ar}. 
Each element ae T can then uniquely be represented in the form 
where Be P and y, eT), 


Lemma 2. Let k* and k* denote the multiplicative groups of i and k 
respectively. If the integer n is relatively prime to the characteristic x of k then 
if [k*: k*"] is finite. 
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Proof. Let us fix A elements ¢,,- - -,¢, in & such that 
= 6; 
Then each element a of k* can be written in the form 
a= 
i=1 
where 
v(a) = B+ D> and v(b) =BeP. 
i=1 i=l 


All elements b e k* whose values v(b) lie in the rational component P form 
a multiplicative subgroup B of k*, and obviously k* = <{t,},- - +, {4}, BD 
where {¢;} denote the infinite cycles generated by the elements ti; <. . .> 


denotes the join of {t;},- - -, {¢,} and B. Since 1 is the only element of k* 
contained in both <{t,},- - -, {¢4,}> and B we see that 

= <{ti},° {t}> X B. 
We find = <{t,}",° +, B” as a consequence of 


a" = 
i=1 
Consequently, 


{ti} /{ti}" {ty} /{h}". 


We have 


om <{t,},° {&}>* K B/E™: 1] 
=m [<{t},° {t,}>" x B/<{ti},° {t,}>" Br: 1] 
X 
== n\[ B/B": 1]. 


We next have to reduce the index [B/B":1] under the assumption that 
(n,x) =1. Let b be an arbitrary element of B, then v(b) =BeP. Con- 
sequently, there exists at least one element c ink such that v(¢) = B/n. There- 
fore b = ce where ¢ is a suitable unit. Hence B = ¢B", &> where ¢ stands for 
the group of units in /. Therefore 
B/B* = <B", &>/<B", = 
= «/B" = 
since v(e) = 0, 


mal 
Ose 
)). 
of 
nee 
1s 
me 
is 
N 
he 
0- 
0 
of 
d 
| 


678 0. F. G. SCHILLING. 


Now let » be a unit of & and let a be its uniquely determined residue clas 
mod p. If we assume that the equation x” — a = 0 is divisible in k by a linear 
factor «—b, i.e. a= (x—b)g(x) such that g(z)) =1 


then the polynomial 2” — = 0 is divisible by a linear factor x 


Where 
7 mod » = b for Hensel’s criterium of reducibility holds. Consequently, each 
unit 7 which is = 1 (mod p) can be written as a n-th power. 

Now let us consider p as a multiplicative mapping of the group of all 


units « upon the multiplicative group k*. Then 
[e/e*: 1] = [he*: ke**] 
as the application of Herbrand’s Lemma yields. Hence finally 

Remark. If we assume that the residue class field k possesses for each 
integer n which is relatively prime to x, exactly one cyclic extension U, of 
degree n then obviously 

= 


Namely, if k& contains the n-th roots of unity then U, = k(a‘'/") where 
k* — k*" 4+ -+a"'k*", and if k does not contain the n-th roots 
of unity then surely [k*: k*"] = n for otherwise there would exist more than 
one cyclic extension U, as a simple application of the Galois theory shows. 
Therefore we have 

= 


The structure of k*/k*" is given by 


Corotiary. Let K be an arbitrary algebraic extension of k whose degree 
is relatively prime to x then obviously k*"»CNK* where NK* denotes the 
multiplicative group of the norms of all elements in K*, Then obviously 


as the application of the preceding remark shows. 


Lemma 3. If the field of residue classes k is algebraically closed then tn 

largest abelian extension K of k which has exponent n— (n, x) = 1—is gue! 
by k(t,2/*,- - -,t)2/"). 


Proof. According to the theory of radical fields we find that the largest 


abelian extension K of exponent n is given by adjoining the n-th roots 0! 
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wt of representatives of k*/k*", Hence [K:k] =m according to Lemma 2. 
Now form a complete set of representatives of k*/k*", consequently 
Incidentally, we find that each element b of k* whose 
value is rational is a n-th power. 

We next wish to investigate the structural properties of the class group of 
all normal simple algebras 9 (k) over k. Now each division algebra D with & 
as center is the direct product of a division algebra D’ whose degree is relatively 
prime to x and of a division algebra D‘*) whose degree is a power of x. Con- 
sequently, the group § (i) is the direct product of two subgroups $’(k) and 
$(k) where all classes in §’(k) can be represented by division algebras of 
the type D’ and all algebras in §‘*)(%) are representable by division algebras 
of type D'*. Therefore it suffices to investigate the structural properties of 


the two components. 


3. The structure of §‘*)(k). In order to describe the structure of 
§'(k) we can apply the results of A. A. Albert and other authors concerning 


y-algebras.'* With the help of this additive theory one proves 


THEOREM 3. Lach division algebra in &'(k) is similar to the direct 


product of cyclic algebras. 


In general one cannot say more about the structure of &‘~) (&) since it depends 
on the structure of & as an additive group, i.e. it is closely related to the in- 
variantive characterization of general perfect fields. However, if we assume 
that the field of residue classes k admits for each degree y’ (v=1,2,--° -) 


exactly one cyclic extension Uy we can say more about 9 (k). 


TueoreM 4. (k) contains a subgroup which consists of 
the totality of all classes which are split by unramified fields Uy (v= 1, 2,°°°). 
$,'%) (k) is isomorphic with the direct sum of » additive groups of lype 
My mod 1; where T'y-© mod 1 denotes the additive group of all fractions 


mod 1 whose denominators are powers of x. 


Proof. Let U'® be the infinite unramified extension of k containing all 
the unramified cyclic fields Uy which are uniquely determined by the extensions 
U, over k. If {D,} and {D.} are any two classes of | (k) which are split 
by an unramified field then obviously 

* A. A. Albert, “ Normal division algebras of degree p¢ over fields of characteristic 
P,” Transactions of the American Mathematical Society, vol. 39 (1936); T. Nakayama, 

Uber Algebren iiber einem Kérper von der Primzahlcharakteristik, II,” Proceedings 
of the Imperial Academy of Tokyo, vol. 12 (1937). 
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{D;} x {Do} 4 ~U'x) 
whence 


— 


{Do} K VO) ~ 
and 
{Dit} K UO ~ 


i. e. all algebras which have unramified splitting fields form a group §,'~) (k), 

In order to determine the structure of §,'*)(k) it suffices to describe the 
structure of the subgroup consisting of all algebras which are split by a fixed 
unramified field Uy for the fields Uy form a linearly ordered tower of successive 
algebraic extensions with the limit U™. The structure of these groups 
Sy," (k) is determined as follows. Any algebra M in (k) can be 
represented as a cyclic crossed product (a, Uy/k). Let us fix elements |, 
((=1,---,A) in & such that v(t;) = 6;, then 


v(a) > with BeP 
i=1 
implies 
d 
a= bX" TT 
where 6 denotes an arbitrary element in & whose value v(b) is equal to By”. 
Hence 


(a, Uy/k) ~ (b*", Uv/k) (t1, Uv/k)™ XK (ty, Uv/k)™ X (6, 


We next prove that («, Uv/k) ~k. 

First we remark that there do not exist cyclic algebras (e, Uv/k) whose 
exponent is equal to the degree. Namely, suppose that the exponent and 
degree of (e,Uv/k) coincide. Then (e,Uv/k) =®D is a division algebra. 
Consequently, the valuation p of the ground field & can be extended to the 
algebra D as we shall prove later on page 691. Hence the algebra of residue 
classes belonging to D is a division algebra D over k. Since the maximal 
order of D contains the order which is given by all sums Su‘w; where oj; ate 
integers in Uy, it follows that D has the center k and is explicitly given 4s 
(emod p, U,/k). Such a division algebra D cannot exist since we suppo% 
that the field of residue classes k is algebraically perfect. Consequently 
®—~k. Assume now that (e, Uy/k) is an arbitrary algebra whose factor st 
is a unit « of k. Suppose that the exponent s, of (e, Uv/k) is greater then |. 
We already proved that s, has to be a proper divisor of [Uv:i]. We have 


(€*, Uv/k) ~ (e, Uy) /k) 
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where Uy") denotes the uniquely determined cyclic subfield of Uy such that 
[Uy: Uv ] Consequently, « = where is a suitable unit of Uy 
and where 1, denotes the norm taken from U,") to k. Next consider the 
algebra (e,,Uv/U,"’). Its exponent s, has to be a proper divisor of the 
degree [Uy: Uy] as a repetition of the argument at the beginning of the 
proof shows, Uy’? is also algebraically perfect. If s, should be greater than 1, 


then 
(€,%, Uy/ Uy) /Uy ) ~ 


where Uy?) is the uniquely determined subfield of Uy such that [Uv: Uv") ] = se. 
Hence ¢; = N22 where e is a unit of Uy'?) and where M1. denotes norm taken 
from Uy) to Uy’. We can repeat this argument only a finite number of 
times since the degree [Uy: k] is finite. Observing that the norm is a transi- 
tive multiplicative function we find that e— NE with a suitable unit F of Uv. 
This statement contradicts the assumption that (e, Uv/k) “k, therefore we 
must have («, Uy/k) ~& in general. 

Consequently, each algebra in &y,'*)(k) is similar to the direct product 
of A algebras (¢;, Uv/k)¥'. The elements ¢; are not norms of elements in Uy 


for Uy is an unramified extension of /. Hence 
k*/NU*, = = Z1(x’) Zx(x’), 


where Z;(y”) denote A cyclic groups of order x’. Since each of the groups 
Zi(y’) is isomorphic with the additive group of all fractions mod 1 whose 
denominators are divisors of yx’, we find for v— oo that 9y,'*)(k) is iso- 
morphic with the direct sum of A additive groups ['°)y-© mod 1 consisting of 
all rational numbers mod 1 whose denominators are powers of x. 

The group Y,‘*)(k) is in general a proper subgroup of 9‘) (k) and it is 
not a direct factor of &‘*)(k) as can easily be seen by examples. We wish to 
show by two examples that 9y'%)(k) C 8 (k); these examples will also 
illustrate how in general the additive structure and algebraic structure of the 
given ground field & influence the structure of 9‘*)(k). It is obvious that 
$.%(k) CY~O(k) if X22 Namely, the algebra (t2,¢,) with the gene- 
rating relations 

UX == t,, —y=1l,, ulyu=y+1 


is not split if we extend k to the maximal unramified field U(~). In order to 
prove §% (kk) D Y,'~)(k) for a field k& it is necessary and sufficient to show 
that (77) A1 where denotes the maximal unramified field over /:. 
Let us assume for the present that k =U). If one considers infinite algebraic 


extensions of fields of formal power series of one variable with coefficients in an 
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algebraically closed field of characteristic y ~ 0 then one finds that 8% (k)=1, 
Thus one could suspect that (k) =1 if =P, or = {P, We 
shall give two examples of fields / whose value groups [(k) have either one 
of the types mentioned and whose fields of residue classes are algebraically 
closed but for which ~ 1. 

Let 2 be an arbitrary algebraically closed field of characteristic » 0, 
Consider then the field Q{/} which consists of all formal power series in { 
with coefficients in Q. According to well-known results the field Q{4} is perfect 
with respect to a discrete archimedian valuation p and Q is the associated field 
of residue classes. We adjoin to Q{¢} all elements ¢'/" where (n, x) = 1, the 
resulting field Q{t}(</'/">) is an infinite algebraic extension of OQ{1} whose 
value group P(Q{1}(<t'/">) ) consists of all rational numbers whose denomina- 
tors are relatively prime to xy. Again Q is the field of residue classes. Next 
we adjoin to Q{¢t} all solutions of the cyclic equations of degree x” which are 
given by the roots of 

Yv = dy 


where yy = (41,° Yv) and dy = - -,¢*).14 The resulting cyclic field 
Zy has degree x” over O{t} and p is completely ramified in Zy, i.e. p = py” 
where py denotes the prime ideal of Zy. The fields Zy form an infinite tower 
of relatively cyclic fields 

the join of these fields is an infinite cyclic extension Zx of Q{t} whose degree 
is equal to x©. The value group ['(Z.«) consists of all rational numbers whose 
denominators are powers of x, again Q is the field of residue classes. The join 
of Q{t}(<t'/">) and Zx is an infinite separable abelian extension Aw of O{t} 
whose value group (Ac) consists of all rational numbers P and whose field 
of residue classes 0x/Poo is equal to the algebraically closed field Q. 

The equation f(a) =2* — « = {-"'**) — 0 is not solvable in any one of the 
fields Q{t}, Q{t}(<t/">) and Zx, consequently it is not solvable in Ac. 
Hence a solution of f(x) —0 generates a cyclic extension Z of degree x ovel 
Aw, Z is ramified over Ax. We only have to prove that f(a) is not solvable 
in Ze. Consider for this purpose the discriminant of the field Q{4}(z), its 
equal p'*-1)(2+X) whereas the field Q{¢}(y) which represents the only existing 
subfield Z, of degree y in Zx has the discriminant p‘*-!)”, Consequently 
Q{t} (x) Z,, hence Z = Ax (wx) has degree x over Ax. The field Ace is 0! 


perfect, let L be its perfect closure. Then 


“ E, Witt, “Zyklische Kérper und Algebren der Charakteristik p von Grade p", 
Crelle, vol. 176 (1937); H. L. Schmid, “ Zur Arithmetik der zyklischen p-Korper, 
Crelle, vol. 176 (1937). 
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L] =[Z: An] =x 
according to Theorem 1. 

Next we adjoin to L a transcendental element 7 such that either 

a) v(Z’) = irrational 6 (for example an invariable element), or 

B) v(T’) = rational, i.e. T is a pseudo limit of a pseudo convergent 
sequence of 2nd kind {a;} with elements in the algebraic closure of L. 

In either case we know according to A. Ostrowski that the valuation co 
of L is extended in a unique fashion to a valuation $$ of L(7') such that the 
field of residue classes of L(7') with respect to $8 is equal to Q. For the value 
groups we have: 

a) T(L(T)) = {T(L), TO} — {P, or} and 

B) T(L(T)) =T(L) =P, respectively. 


Now let & be the $8-adic closure of Z(7') then in either case 0/$§ = 2 — 0 the 


and 


maximal order of all $8-adic integers in k 

a) T(k) =T(L(T)) = {P, or 

B) T(k) —T(L(T)) =P. 
Since L(7’) is everywhere dense in k we can establish a one to one corre- 
spondence between the classes of normal simple algebras over L(7’) and k. 
We wish to prove that 9‘*)(k) ~1, hence it suffices to show the existence of 
proper x-algebras over L(7’). We shall deal with the 2 cases separately. 

Case a The join ZL(T) is a cyclic ramified extension of L(7) and 
obviously =(L(T)) for e P. Hence 

(ZL(T)) =NT(ZL(T)) =xV(L(T)) = {P, 
where NT(ZL(T)) denotes the value group of the norms of all elements in 
ZL(T). Consider now the algebra (7, 7L(7)/L(T)) with the generating 
relations 

This algebra is not similar to L(7) for then 7 has to be norm NT’ of a 
suitable element T’¢ZL(7'). This would imply for the values 


xv (T) =OeNT(ZL(T)) = or}, 


such an inclusion cannot be true according to the ramification theory. Hence 


(7,ZL(T)/L(T)) L(T), or 
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Case 8. As before we consider the cyclic extension ZL(T') of L(T'). But 
now we get 


(ZL(T)) =N(ZL(T)) =T(L(T)) = (ZL (T)) =P. 


The field ZL(7') is ramified over L(7') but we can no more measure the rani- 
fication by comparing the respective value groups. 

Since it is sufficient to exhibit an example of a perfect field whose field of 
residue classes is algebraically closed and for which nevertheless § ‘*) (k) 41 
we specialize y 2 for sake of simplicity. Then f(z) =2°?+2+l°=(, 
We consider the algebra (7,7L(7T)/L(T')) of degree 2 which is given by the 


generating relations 
An arbitrary element a + bx of ZL(T) has the characteristic equation 


g(z) =2? + az-+ a’ + ab + = 0, 
hence (a+ br) =a? + ab+ b*t*. The elements of L(7') have the form 
(3a;T*) (3ci:T*) where are polynomials of T with coefficients in 
L. Suppose now that the element 7’ is a norm, then we obtain a relation 


+ (Bai Ts) (3b: T*) (Rei 
+ (30:71)? = T, 


where Sc;,7* denotes the common denominator of the elements a, 6 occurring 
in the equation T= N(a-+ br). Comparing the coefficients of the different 
powers of 7’ one finds 

(ao? + + = 0 


+ = Co, ° 


In order that 7 be a norm the diophantine equation b.? + byat® + a,7t° =0 
must have a solution do, bp in Z. We can transform this equation to a simple 
form by substituting 
r=d-+ cb. where d,ceL. 
Then 
= dby + cho? = dbo + docagt®? + ca,7t 
= + bo(d + caot*), 


hence r satisfies the equation 
lr+td 0) 
‘acl? 
| r+dt caol 
= 7? + + redot® + deagl® + 
+ reaot® + (d? + deat? + c?a,.*t®?) = 0. 
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Put c = then 
g(r) =r +r+ (@+d+t*) =0. 
The element 7 = (a,/*)~'bo satisfies the equation 


which is not solvable in L according to our general construction. But 
[=N(a-+ bx) would imply that ao, bo e L, hence also re L which cannot 
be true. 
Thus 
(1, ZL(T)/L(T)) 
and 


(T, Zk/k) k. 


4, The structure of 9’(&). Whereas the structure of the group 9 ‘* (k) 
is intimately related to the additive structure of the underlying field & the 
structure of the group 4 (k) depends more upon the value group '(k) and the 
multiplicative structure of the residue class field k as we shall see. 

Let us assume that the field of residue classes k possesses for each integer 
n which is relatively prime to the characteristic x of k a uniquely determined 
wyelie extension U,, of degree n; moreover, we shall suppose that k is not real 
inthe sense of Artin-Schreier if y=0.%° Let + 
bea generating equation of U,,, then choose elements a; « k such thata;modp—aj. 
The roots of the equation f,(z) =a" + aa" +: - +--+ ad, = 0 generate then 
acyclic unramified extension U, of degree n over k whose field of residue 
classes coincides with U,.1° Since the fields U, are uniquely determined 
the unramified extensions U, whose degrees n are relatively prime to x are 
uniquely determined in a fixed algebraically closed field of hk. 

Let U be the infinite unramified extension of / which contains the fields 
U, Then (k) and the field of residue classes U possesses no alge- 
braic extensions whose degrees are relatively prime to x. We observe that the 
eld U is not perfect. but it is relatively perfect provided that & is relatively 
perfect. This remark is obvious for any equation with coefficients in U can 
already be considered as an equation in a sufficiently large subfield U» of U; 
ince U, is relatively perfect Hensel’s criterion can be applied to the equation. 
Moreover, we have according to Theorem 2 


A field k shall be called quasi-algebraically closed if all proper and improper 
finite algebraic extensions of it are never centers of finite division algebras. This 
definition is weaker than the one usually given for quasi-algebraic closure. 


No: 7. 
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where U denotes the perfect closure of U. 
One shows as in the proof of Theorem 4 that the classes of algebras in 
§’(k) which are split by U or U form a subgroup (k). 


THEOREM 5. The class group of algebras G’,(k) which are split by w- 
ramified fields is isomorphic with the direct sum of X additive groups which 
are isomorphic with the group of all rational numbers mod 1 whose denomin- 
tors are relatwely prime to x. 


Proof. We verbally can repeat the proof of Theorem 4. Namely, accord- 
ing to the assumption concerning the unramified extensions we find that 


(k) a, (i) x x a,(k), 
where n =] pit and §’y,,%*(k) denotes the group of all algebras which are 
4=1 


split by Hence 


= 


where II, denotes the direct product of any finite number of algebras in the 
groups 9’p,p)(k) consisting of all classes which can be represented by cyclic 
crossed products (a, Up'/k). Consequently, it suffices to determine the structure 
of each Since C we have to determine 
the structure of G’pp‘(k). Let (a, Up‘/k) be an arbitrary algebra of the latter 


group. If v(a) then determine an element be k such that 
i=1 


v(b) = and fix elements ¢; such that v(t;) = 6;. Hence 
N 
(a, Upt/k) ~ (b?', Upi/k) Upt/k) /k), 
i=1 


the Ist and 3rd factors of the right side are similar to / as a repetition of the 
argument int he proof of Theorem 4 shows. 

We only have to observe that algebras (e, Up‘/k) whose exponent equals 
the degree p‘ do not exist. First suppose that xy ~ 0, then k(e/®) has t0 
coincide with U,‘ since there can be established a one to one correspondence 
between the unramified extensions of k& and the cyclic extensions of k. Hence 
«= Ne/?' for —1 has to be a norm. Secondly, if y= 0 then the preceding 
argument applies for all primes p 2. If p= 2 then the existence of prop"! 
division algebras over k is excluded by the assumption that k be not real in the 


sense of Artin-Schreier. 
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Consequently, 
(k)/NT(U,') =T(k) /p'T (k) 
= 7,(p') Z)(p') 
where Zj(p‘) denote cyclic groups of order p*. Therefore 9’yp(k) is iso- 
morphic with the direct sum of A additive groups of rational numbers mod 1 


whose denominators are powers of p. 
vemark. Combining Theorems 4 and 5 we see that the class groups of 
ali algebras which are split by unramified fields is isomorphic with the direct 
sum of A additive groups of all rational numbers mod 1. 
LemMa 4. Jf the relatively perfect field k contains all n-th roots of 
unity—(n, x) = 1—then 
G’(U) (k) XU 


Proof. The } 


roof of Lemma 2 yields that 
= T/nT XK k*/k*" and U*/U*" 


Consequently, the maximal abelian extension K'” of U of exponent n is given 
by K(™) == U(t,1/",-- The ramification theory 
yields that any finite algebraic extension K whose degree is relatively prime 
tox is contained in a suitable field K‘™. Consequently, the class group §’(U) 
is given by the set of subgroups 9’x™(U). Since the fields K'” are extensions 
| fields over k we see that each algebra in xc™(U) can be obtained as the 
of field I that each algel Be (U be obtained as tl 
direct product of a suitable crossed product with the splitting field A“ and 
of U. Hence §’(U) = 9’(k) X U. 
Lemma 5. Let k bea relatively perfect field whose field of residue classes 
possesses no algebraic extensions of degree n—(n, x) = 1—and whose value 
k no lget t f deg X 1 1 wl l 


group T'(k) ws either equal to 


then 
G’(k) =1. 
Proof. Suppose that T'(k) = {P, Py™6,,- then k has no 
ilgebraic extension A’, of degree n—(n, x) = 1--whatsoever, for the Galois 


group of any such extension has to be isomorphic with the factor group 
r(K )/U(k) =T(k)/T(hk). 


Consequently G’(k) = 1. 
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If = {P, Py™6,,°- Py? Ou, then the fields K, = k(t/") where 
v(t) = 6 are the only existing extensions of degree n. Hence any algebra of 
Y’(k) must have a suitable field K, as splitting field. Thus we have to con- 
sider the factor group k*/NK*,. Obviously each unit ¢ is a n-th power of a 
suitable unit for the equation z" —« mod p = 0 factors completely in k. Also 
all elements a in k whose values v(a) do not involve a multiple of @ are n-th 
powers: choose k such that v(b) = v(a)n™ then a = b" = b%" = (by)". 
Finally, there exists an element 7 in Ky whose norm is equal to ¢; namely 
choose T = t/" if n0 (2) or T = #'/"w with a suitable root of unity o if 
n=0 (2). Hence k*¥ = NK*,, i.e. O’(k) =1. 

Let k be a relatively perfect field whose value group ['(k) is equal to 
{P,6,7,---,A@ 0} and whose field of residue classes k is closed with 
regard to extensions of degree n, (n, x) = 1. We construct the following chain 
of infinite abelian extensions of k: 


Ki 
= 
where nm runs over all integers which are relatively prime to x. We have 
Ki_-, = Ki(<ti/">) and for the value groups 


= {T(K;i), 


All the fields K; are relatively perfect. 
THEOREM 6. The group §’(k) contains a series of subgroups 
8'(k) DG’ (k)x, (k) B'(k) x, 


such that 
(k) (kh) x, = (Ki) 


Proof. The group §’(k) contains the subgroup §’(&)«, which consists of 
all algebras which are split by K;; therefore obviously 9’(k)x,, > 9’(k)m 
according to the construction of the fields K;. Evidently we have (9’(k)x,.)s 
= §’(k)x,. Next we see that 


G’(k) X Ki = (Ki) 


for 
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for k is closed with respect to algebraic extensions whose degrees are relatively 


prime to x. Consequently, 
Ki) = 


The group §’(K;) contains the group $’(K;)x,, whose algebras are split by 
the fields A; (4;1/"). Consequently the algebras 


(tj, Ki(ti")) = (tj, k(t") ) XK Ki, 
where 7 =1,- - -,7—1, furnish a complete set of generators of 


(Ki) Kae” B’(K; ) Ky 2° 


Next we have 


= (hk) x, = (Ki) 
= (Py® mod 1)%) +- - +--+ (Py® mod 


The chain of subgroups has to start with 9’(k)x, according to Lemma 5. 


Lemma 6. If (do,r, K/h) and (by ,N/k) are two crossed products such 
that KA N=k. then K/k) (by N/k) ~ (¢s,2, KN/k) where 
| ¢s,r || = || ao,7 || & || b, - || as the Kronecker product of the two matrices 


[dor |, || Om || which represent the factor sets. 


Proof. The algebra (do,,, K/k) has also the field AN as normal splitting 
field. Hence K/k) ~ (a’s.7, KN/k) where a’s,7 = for S=S’({3}), 
l=T"({3}) and a o{3},7{3}= 4,7 since the Galois group of KN/k is 
according to our assumption equal to the direct product of the Galois groups 
{7} and {3} of K and N respectively? The matrix || a’s,r || of degree 
[KN :k]? = [K:k]?[N:k]? =n’m? is equal to the Kronecker product of the 
matrix || ao,, || and the unit matrix of degree [N:k]? as the relation 
"o{3}, = implies. Hence (do,7,K/k) ~ (|| || Em?, KN/k). 

Similarly we obtain 


(by N/k) ~ (Bx? || by» |. KN/E) 


when we take in account a fixed ordering of the elements of {0} & {3} with 
regard to the direct factors. Combining the two representations we get 


(00.7, K/k) X (Dy ms N/k) ~ KN/k) = (| 0,7 || |] KN/k). 


aD; Chap. V, § 4. 
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Let %& be an arbitrary simple algebra of the group 9’(&) whose degre 
is relatively prime to x. Then every maximally commutative subfield K of ¥ 
is abelian. Let K = Z,- - -Z, be an arbitrary but fixed representation of K 
as the join of relatively prime cyclic fields Z; with the respective Galois groups 
{o;}. The algebra 2 has the form 


(as,7, K/k) 


where S,7',: denote the elements of the Galois group {0,} X 
of K over k. We shall call components ag,r of the factor set side components 
if S = Ac, T are not elements of the same subgroup {o;}. 

We then can prove a general theorem which characterizes the classes of 
§’(k) which are similar to direct products of classes which can be represented 
by cyclic algebras. 


THEOREM 7%. A class of 9’(k) is similar to the direct product cyclic 
classes if and only if the gwen class possesses an abelian splitting field 
K =Z,,: + -,Z, such that the side components of a suitable associated factor 
set belonging to the class are equal to unity. 


Proof. Suppose that the algebra % of the given class in ’(k) possesses 


a splitting field K such that for a suitable representation of K as the join of 
cyclic fields Z; there does exist a factor set ag,r whose side components (with 
respect to the fixed decomposition of K) are equal to unity. Then 


and 


for any pair (1,7) of different indices, 2) If [K:k] 
=[Z,:k]---[Zp:k], =n? then all sums 


nt 


> ue,! 


constitute a normal simple algebra of degree i= 1,2,---,p. The 
algebras %) are contained in % and we can form the direct product 
within Namely, the elements of different algebra 
4%), 9&4) permute with each other as a consequence of our assumption on the 


side components, and [%&:k] = Il [%;:%]. Now we can normalize the factor 
4=1 


set belonging to each component 2; to the cyclic normal form 


(a;, Z/k) 


of 
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where a4,€k. Since all units of k are nj-th powers (1 —1,---,) we can 


write 


(IL Zk). 
j=l 


Moreover, it follows if we apply Lemma 5 that the original factor set ag,7 is 
associated to a factor set which lies in the ground field &k. However, agrek 
does not imply that A is similar to the direct product of cyclic algebras. 

Conversely, if an algebra %& is similar to the direct product of cyclic 
algebras (a;, Z‘*)/k) when the splitting fields 7‘) are relatively prime over k 
(i= then is similar to an algebra which has the join 
K=Z,: + -Z, as splitting field such that the side components of the corre- 
sponding factor set are equal to unity. Namely, each component (a;, Z“)/k) 
has the following matrix representing the complete factor set 


of degree nj = [Z;:k].18 Hence 


according to Lemma 6. The side components of A, ®-- -® Ay, obviously 
are equal to unity according to the structure of Kronecker products. 

Let D be an arbitrary normal division algebra over the relatively perfect 
field k, such that its degree n is relatively prime to the characteristic x. Then 
the valuation p of & can be extended to D by defining the value v(a) eT(D) 
of any element a= 0 in D to be equal to 


v ( nN red a) 


where N 4 denotes the reduced norm of D over k. Since ['(k) is assumed to 
have a finite irrational base 6,,° - -, 0, we find that the factor group 


*0. F. G. Schilling, “The structure of certain rational infinite algebras,” Duke 
Mathematical Journal, vol. 3 (1937). 
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r(D)/T(k) 


is a finite abelian group whose invariants are proper or improper divisors of the 
degree n. Obviously, [[(D)/T(k):1] S[D:k] for the representatives of 


the factor groups are values of elements which are linearly independent over f, 
THEOREM 8. A division normal algebra & of degree n over k is equal to 
a cyclic algebra if and only if the factor group T(D)/V(k) contains at least 


one element of exact order n. 
Proof. Let a be an element of D such that exactly nv(a) lies in T(t), 
d 
Hence v(a) = a-+ 3 yi0in* where at least one integer y; is relatively prime 
i=l 


ton, ae P. Consequently, the field (a) is a maximally commutative subfield 
of D. It must be a cyclic extension, for 


k(a) =k(b,/,- - 1, 


biek, ne =n, would imply that has the invariants 
(m1, N2,°**,%s) Whereas a is an element which has the exact order n. Therefore 


D = (c,k(a)) = (c, 
with a suitable quantity c 0. 
Conversely, if D = (c,k(b/")) then 
v(b) 
is an element of '(®) which has the exact order n with respect to T'(/). 


THEOREM 9. A crossed product (do,7,K/k) is never a division algebra 
if there exists a subset dp,.p, Of do,r which belongs to a cyclic subgroup {| 
of the Galois group {o,7,- - -} and which has the form bp,p, € pi, pj where 
V(bp,.p,) P. 


Proof. Wet Kp be the subfield of K which belongs to the subgroup {p; 
of {o,7,- - -}. Then 


(0,7, K/k) X Kp ~ (4p,,p,, K/Kp) = ( K/Kp) 
=1 
if [K: Kp] =m. 
The element Il Ap',p € Kp has a rational value B according to assumption. 


Choose now an element 6 ¢ Kp whose value is equal to B/m, then 


m 


II ap‘, 
i=1 


t! 
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isa unit ep of Kp and consequently 
( I} Ap',p, Kp/Kp) ~ (b", K/Kp) (ep, K/Kp) 
(€p, K/Kp) 


~ Kp 
since each unit €p is a m-th power, or 
(do,7, K/k) X Kp ~ Kp. 


Suppose now that (d0,;,K/k) would be a division algebra, then the degree of 
each of its splitting fields would be a multiple of [K:k]. We just showed 
that the field Kp of degree [K:k]m* << [K:k] is a splitting field, but this 
contradicts our assumption that (de,7,K/k) were a division algebra. 

We wish to conclude this section by some general remarks about the 
structure of normal simple algebras over a relatively perfect field k whose 
field of residue classes k is an arbitrary field of characteristic x. 

We have seen that there do exist normal simple algebras Yf over & which 
are not split by any unramified extension U of k provided that A= 2. Thus 
we term a division algebra D over /: to be totally ramified if its algebra of 
residue classes D coincides with the field k. <A division algebra D is called 
unramified if its algebra of residue classes D has the same degree over k as 
Dover k. It is a known fact that unramified algebras exist if and only if k is 
not quasi-algebraically closed.’® As in the theory of fields which are perfect 
with respect to a discrete valuation we can prove the following existence 


theorem.2° 


THEOREM 10. Jf D is a normal division algebra over k then there exists 
it least one unramified division algebra D over k whose algebra of residue 


classes ts equal to D. 


THEOREM 11. Lach algebra of 8u(k) is similar to the direct product of 


cyclic algebras and of an unramified division algebra. 

Proof. Let (ae,7,U/k) be an arbitrary algebra of $,(k), then 
V(dor) = a(o,7r) + > yi(o,7r)6; where a(o,7) P, yi(o,7) T since 


= 


—— 


“See R. Brauer, “ iber die Konstruktion der Schiefkérper, die von endlichen Rang 
in Bezug auf ein gegebenes Zentrum sind,” § 7, Theorem 12, Crelle, vol. 168 (1932). 

* See T, Nakayama, “ Divisionsalgebren iiber diskret bewerkten perfekten K6rpern,” 
Crelle, vol. 177 ( 1937). 
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and fix elements ¢; such that v(t;) = 6;. Then 
is a factor set consisting of units ec,,e U for be, ek and 


Tp) + yi(t, p) = yi (or, p) +yi(o, T) (i= 1,2,°° 
Hence 


(€0,7, U/k) U/k) ( II U/k) 


(£,%2(%7), U/k) U/k) (€o,7, U/k) 
Z:/k) (4, Z)/k) (€0,7; U/k) 


where Z; denote the cyclic subfields of U which are induced by the characters 
related to the sets of addends yi(o,7). The algebras (ti,2;/k) whose gen- 
erating automorphisms are normalized are division algebras whose algebras of 
residue classes are equal to Z;. The algebra (¢€0,,,U/k) is obviously similar 
to an unramified division algebra. 

If we suppose that all unramified are products of cyclic algebras—which 
amounts to assuming that all algebras over k are direct products of cyclic 
algebras—then each algebra of $,(k) is representable as the direct product 
of cyclic algebras. In general, however, (4) need not exhaust the group 
of all classes of algebras which can be represented as direct products of cyclic 
algebras. Namely, if A= 4 then there exists a division algebra of degree 4 
which is totally ramified : 


(th, k(V te) /k) (ts, k( WV 


All classes which can be represented by unramified division algebras ev'- 
dently form a group. The classes which can be represented by completely 
ramified division algebras do not form a group. Consider the following ex- 
ample. Assume that & contains the n-th roots of unity and that there does 
exist a unit « in k which is not the norm of an element of the cyclic extensio! 
k(t./") (A=2). The two algebras 


(to, k(t/")/k) and Wo = (to, k( (et,)/") /k) 
obviously are division algebras. They are similar to the algebras 
k(t") /k) and (tye, 
respectively. Then 
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the resulting algebra is a division algebra whose residue algebra is equal to 
the field of residue classes belonging to the unramified cyclic extension 
k(e/) of k. 

It is easy to see that in case of A= 0 there do exist only unramified 
algebras in the class group $’(k). Then each algebra M in 9’(k) has an 
unramified normal splitting field U, 


(do,7; U/k) 


and 
(€0,7, U/k) 
where 
fo, rbo,7 
when 


It is also possible to develop the arithmetic theory of simple algebras 
Y= D,. However, in the proofs one has to avoid any argument which may 
necessitate the use of bases of orders and ideals. The existence of at least one 
maximal order 9? which contains a given order of highest rank in 2% can be 
proved by applying well ordering. Since ['(k) is everywhere dense in the 
additive group of all real numbers it can be shown that an algebra 2 = 9, 
(r>1) contains continuously many maximal orders. We do not wish to 
develop the arithmetic theory here for it has only indirect bearing upon the 
problem of local class field theory. 


5. Generalization of classical local class field theory. We showed in 
section 3 by two examples that there exist under certain circumstances 
proper division algebras in §’(k) if the field of residue classes k is alge- 
braically closed, although A= 0,1. We can expect for this reason a satis- 
factory and complete characterization of the abelian fields K over k whose 
degrees are relatively prime to the characteristic x. Theorems 5, 6, and 7% 
of the last section show that the number A of rationally independent irrational 
generators of the value group ['(k)—they may be ordered according to in- 
creasing absolute values—can assume the following determinations in order 
that the group %’(&) be isomorphic with the additive group Py® mod 1: 


Case i). For each n there exists a uniquely determined extension U,, of 


degree n over k then A= 1, and 
Case ii). The field of residue classes k is algebraically closed then A = 2. 


We shall put more stress on the first case since one readily can extend 
the methods used there to the second case. First of all, Lemma 5 shows that 
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the group &’(U) which belongs to the unramified closure of the given grouni 
fields is equal to one. Since 9’(k) K UC §’(U) we see that all classes of 
algebras in §’(k) possess unramified cyclic splitting fields. Therefor 
§’(k) = and hence 


= Py® mod 1 
according to Theorem 5. Thus we proved 


THEOREM 12. The class group of algebras §’(k) over a relatively perfect 
field whose value group T(k) = {P,6,0} and which possesses for each 
integer n —(n,x) =1 —a unique unramified extension of degree n, is iso- 
morphic to the additive group Pyx® mod 1. 


In the following statements it shall be understood that the relative degree 
of any field K and the degree of any division algebra considered, shall be 
relatively prime to the characteristic x. 


THEOREM 13. The Galois group of any abelian extension K over k is 
isomorphic with the norm class group k*/N K*. 

Proof. We first show that each field K of degree n is splitting field of 
each normal division algebra D of degree n. Let D be an arbitrary division 


algebra of degree n then according to Theorem 12 
D = (t’, Un/k) 


where (v,”) =1 and v(t) = 86, for a fixed choice of the generating auto- 
morphism of the Galois group of U» with respect to hk. 

The general ramification theory of A. Ostrowski yields in the particular 
case we have to consider, that the inertial field K(/) of the given field K isa 
field U;, where f/n. Moreover, [K: K(1)] = 1n/f =e and hence as a 


sequence of our assumption on T'(/) 
{—T°E 


where 7’ denotes an element of K such thatv(NT) = 6, E a suitable unit of K. 


Consider now the algebra *! 


DX K ~ U,»K/K) 
~ (T°, U,K/K)(E, UnK/K) 
~ (T, U,K/K)°(E, U,K/K) 
~ (E, U,K/K) 


~K 


21 Compare with C. Chevaliey, “ La théorie du symbole de restes normiques,” Crelle, 
169 (1933). 
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where (7°,U,K/K) ~ K as a consequence of [U,kK:K]=e and where 
(E, UnK/K) ~ K since the fields of residue classes k and a fortiori K are 
quasi-algebraically closed. Now let Z, be an arbitrary cyclic extension of 
degree n then 

G’(k)z, = G’(k) vu, = Z(n) 
for 

D x Zn Zn 

where ® is any generator of the cyclic class group §’(k)y, C Py® mod 1; 
Z(n) denotes a cyclic group of order n. Consequently, 


k*/NZ*, = Z(n) 


holds for any cyclic field Z,. Moreover, the same result can be proved for the 
cyclic fields over arbitrary finite extensions Z of & since the residue fields L 
are still quasi-algebraically closed and possess for each n exactly one unramified 
extension of degree n. 

Next let AK be an arbitrary normal extension of degree n over kh. The 
ramification theory yields immediately that the Galois group of K over & is 
solvable. Using a composition chain of the Galois group such that the re- 
spective factor groups are cyclic we find that we can find a chain of subfields 
between k and K such that the fields K; 
are cyclic extensions of the fields AKj_,. Application of the previously obtained 


result concerning the norm factor groups of cyclic extensions yields 
( | K; Ki-,] ) 
when N; denotes the relative norm taken trom Kk; to Aj_-,;.. Consequently 
 RE*) 


since the norms are transitive multiplicative functions. Now let K be an 
abelian extension of degree n with the Galois group = Then 
there exists at least one factor set do,, of elements in A’ such’ that the n-th 
and no earlier power of it is equivalent to the unit factor set. The existence 


of do,, is the immediate consequence of the similarity relation 
Dx K~K 


Where D denotes an arbitrary generating algebra of $’(k)v,. We form the 
elements 


fo= II 


Tes 
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they determine an isomorphism between ¥ and a subgroup of k*/NK*2 


Since [k*: NK*] =n we have ‘ 

> = k*/NK*. 

¢ 

Thus we proved the isomorphism theorem for the abelian extensions of kf. ( 

a 

fiemark. The group of all algebras which have unramified splitting fields, , 

i.e. &’u(k) is isomorphic with the additive group of all rational fractions ‘ 

mod 1 provided that also for the degrees y™ there exist uniquely determined P 

cyclic unramified fields. ‘ 

In the classical theory the isomorphism 3 = k*/N K* is given by a definite ‘ 

realization by the norm residue symbol.** The possibility of normalizing the 

| aforementioned isomorphism depends upon the fact that an arithmetically t 
zy significant automorphism which generates the cyclic Galois group belonging t 
to the unramified fields can be found. Thus, if we make no special assumption j 

on the algebraic structure of the residue class field k we have to find a sub- ‘ 


stitute for the so-called Frobenius automorphism. 

Let U be the infinite cyclic unramified extension of k which is equal to 
the join of all unramified extensions U, of k. The Galois group of U with 
regard to k is then a totally disconnected compact group O = {o,- - -}.** Itis — tl 
easy to give an explicit representation of the group O. Let then 


be an arbitrary—but necessarily enumerable—tower of unramified fields ap- t 
proximating U and let O; = {0;,- - -} be the Galois groups of U‘‘) with a 
respect to k. Since U‘)/U“%-) and U‘)/k are normal the substitutions 0; of 
O; induce exactly the substitutions 0;_, of Oi_., or Oj_, is a homomorphic map is 
O; *¢; of O;. Then O can be isomorphically represented by the sequences , 
[0:, 02," *,0i1,0i,: of elements 0; O; such that = 0; * gi. 
In order to obtain a substitute for the Frobenius substitution let us: fix f 
an arbitrary approximation of U and an arbitrary generating automorphism 
o, of U,. Then we take an arbitrary but fixed element y of our uniquely 
determined representation of O which induces the substitution 0, in U;. Since W 
each unramified field U, is contained in U the automorphism y, determines 8 
22,Yasuo Akizuki, “Eine homomorphe Zuordnung der Elemente der galoisschen 
Gruppe zu den Elementen einer Untergruppe der Normenklassengruppe,” Mathematische , 
Annalen, vol.'112 (1936). 
°° Cf. paper quoted under No. 19. 
24 J. Herbrand, “Théorie arithmétique des corps de nombres de degré infini, II. F 


Extensions algébriques de degré infini,’ Mathematische Annalen, vol. 108 (1933). 
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uniquely a generating substitution y, of the Galois group belonging to U» 
over k. We shall use this element yY» in order to normalize the representation 
of the elements of the class group G’(k)y,. According to the theory of cyclic 
crossed products we know that any cyclic algebra (a,Un,on) is equal to 
(a’, Un, Yn) where on =yn* is a generating substitution of the Galois group 
and sr==1(modn). Hence each algebra of G’(k)y, is similar to a power 
of the normalized division algebra (t, Un, %mn) where ¢ denotes a fixed element 
of k whose value is equal to Oe T(k). It is readily seen that this normalization 
for a fixed degree n is consistent with the normalization of all other degrees m 
which are multiples of m; one only has to take in account the familiar rules 
concerning cyclic crossed products. The substitutions y, and normalizations 
(t, Un, Yn) have algebraically the same significance as the classical normaliza- 
tions with respect to the Frobenius substitution. Consequently, we are able 
to define a generalized norm residue symbol. Let (a,Zn,Sn) be an algebra 
which belongs to the class group of algebras split by the arbitrary but fixed 
cyclic field Z,; S, a generating automorphism of the Galois group. Suppose 
now that 
(a, Zn, Sn) ~ (t, Un, yn)*, 


then we define the norm residue symbol (a,7Zn) to be the substitution S,°. 
Using this definition we verbally can take over the theorems of the classical 
local class field theory. One also observes going over the known proof of the 
existence, ordering and translation theorems that the latter are preserved for 
the type of relatively perfect fields we consider under case one. Thus we 
can state 


THEOREM 14. Let k bea relatiwely perfect field whose value group T(k) 
is isomorphic with {P, OL} and whose residue class field k admits for each n 
ewactly one cyclic extension of degree n, (n,x) =1. Then the law of reci- 
procity, existence, ordering and translation theorems of the classical local class 
field theory hold for k as ground field. 


In case two where the field of residue classes k is algebraically closed and 
where A = 2 we can repeat all preceding considerations. However, it is neces- 
sary to consider either k(<t,1/">) or k(</.1/">) as the universal splitting field 
of the group %’(k). In either case we obtain the equivalent of the local class 
field theory. It only has to be pointed out that the generalization of the 
Frobenius automorphism has no more an invariantive arithmetical significance. 


temark. t is possible to establish the results of classical local class field 


theory even if the assumptions made on page 695 are slightly weakened. Namely, 
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we can generalize the value group [ to arbitrary subgroups of the additiye 
group of all real numbers with the restriction that 


1 
T/nt = ~ '/l = Z(n) for all n in case i), 
and 


1 
= T/T = Z(n) X Z(n) for all n in ease ii). 


However, it should be observed that the representatives of the factor groups 
can well be different for different values of n. Nevertheless, for powers of a 
single prime one can choose one and the same representatives, if the integer n 
is composite then the representatives can be built up additively from the repre- 
sentatives of the prime factors of n. In generalizing the proofs of the pre- 
ceding theorems this fact has to be taken in account, in particular with regard 
to the selection of elements of the perfect fields whose values are equal to 
representatives of certain factor groups. Going over the proofs of the preceding 
theorems one easily observes that the generalization is obvious. 


6. Examples of perfect fields with prescribed value group. We wish 
to give in this section several examples of perfect fields / whose value groups 
are isomorphic to a prescribed group {P,0,P,- - of real 
numbers and whose fields of residue classes k are given too. 

Let k be an arbitrary field of characteristic y. Consider then the itield 


of rational functions k(a»,2,,- - -,2,) and put 
(*) = 1 
= 6; (i=1,---,A) 

where 6; are given real numbers which are rationally independent. The set 
of A+ 1 relations (*) defines then a valuation p on k(2,2,,° - -,%)) whose 
raluation ring contains the ring of polynomials k[2»,2,,° and whose 
field of residue classes obviously coincides with the given field k. Next we 
adjoin to k(a»,2:,° the radicals where p runs over all primes 
which are different from the characteristic y and where j = 1,2,---. The 
resulting field k (ao, (<2'o'/”’>) admits then, according to the general 


valuation theory, a valuation whose value group is equal to 


and its field of residue classes coincides with k. 


Now we distinguish two cases 


(i) x=0 (ii) 
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Case 1). We adjoined all n-th roots of 2) and thus obtained an infinite 


algebraic extension K of k(a», +, on which there is defined 
avyaluation whose value group is equal to {P; - -, and whose 


field of residue classes is still equal to k. Taking the $-adic closure of K we 
obtain a perfect field / which has the desired properties. 


Case w). We adjoin to k(2, - the roots of the 
cyelic equations 


= dv where dy = (1/2 -,1/a) is a vector of v elements, 
(y= 1,2,-- -). 
The valuation p of k(a»,2,,- - -,2,) possesses again at least one extension % 


in the infinite algebraic extension 


K =k (a, 21,° (Kyv>). 


The $-adic closure k of K is then a field which possesses the required value 
group and residue field. 

It is also possible to prove the existence of fields & with given value group 
by an entirely different method. Let now k be an algebraically closed field of 
characteristic y. Consider the field 


where 


oo 

4=0 


and where {1r;} — oo is a sequence of rational numbers whose denominators 
are powers of primes p+ x, so that ultimately arbitrarily high powers of all 
the primes p occur in the denominators. Obviously, infinitely many such 


elections can be made for the sequence {ri}. Put then 


(ao) 1 
v(y) 


We thus determine a valuation of the field L = k(2o,y3;41,° * *,2,) whose 
field of residue classes is equal to k. The value group belonging to p contains 
the components 


But we can prove more: 


= {x°P; 0}. 
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In order to see this we only have to prove the existence of elements in L whose 
values are equal to 1/p/ for each py and j =1,2,---+. We apply for this 
purpose an argument which is used in the theory of Puiseux developments of 
algebraic function fields of two variables. Namely, consider the subfield 
k(x, y) of two variables. It is contained in the perfect field M of all formal 
power series where bj ek and are arbitrary sequences of 

i=0 
rational numbers. The perfectness of this field can readily be proved. The 
element y = Ya;x,"' which is transcendental over k(2z,) is contained in the 
field M. We have to show that suitable rational functions of 7» and y have the 
values 1/p/. Let then a;r9/”’ be the term in y = Sajx,"* whose denominator 
is exactly equal to p/, according to our assumption on the sequence {7;} such 
a term is uniquely determined. We next suppose, in order to apply induction 
with regard to i, that we already proved the existence of rational functions of 
Zo, y whose values are equal to 1/p’ where p and / belong to the exponents n, 
v<j. We write the series y = Ya;z,"' in the form 

1-2 oo 


= + + + 8”. 


Next we consider the element 
7] = S’ Q4-12)" 


and its conjugates 


where op denote the qi-:'1— + automorphisms of the field M given by 
—> denoting a fixed r-th root of unity. (ri-1 = form 
the product 

(y— Yp)- 

p= 
As in the classical theory of Puiseux developments it is seen that II(y—%) 
is an element of k(2,y). The first term of the product — has then 
a first term 2*/" where the denominator m is exactly divisible by p’. Ther 
still may occur powers of other primes in m, however, they belong to the 
rational numbers rp (u=0,:--,i1—2). We write then s/m as a sum of 


elementary fractions 


i-2 
+ 
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where pp are the denominators of 7». According to induction, there exist 
ements zp in y) such that - 
v(2n) = 
The element 
4-2 
IT IT (y— 9p) 
u=0 
has the value 
s’/p', or + 


where ce ~ 0 and S”’ consists of powers of 2) whose exponents are greater than 
s/p' and whose denominators satisfy the same conditions as those of S”. Let 
¢’ be a solution of the congruence 


s’s’ =1 (mod p’), i.e. s’s”=1-+4 gp’, g an integer. 
The element z*” has the form 
+ 9g + 8, 


consequently the element z*”a 9 has the value 1/p'’. Thus we see by repeating 
this process that any power of a prime p+ can occur in the denominators 
of the values belonging to suitable rational functions of x) and y. Therefore, 


(2, y)) = {Px} 
and hence 


Again as before we have to distinguish two cases according to the value of the 
characteristic y. If y= 0 then we find that already 


Consequently, the perfect closure k of k(a,y3;%1,° **,2,) has the desired 
properties. We remark that the perfect closure contains also all formal power 
series 3b,x,%* where bj ek and Ry;—> © denotes any sequence of rational 
numbers whose denominators are relatively prime to xy. If x0 then we 
form the infinite algebraic extension N of which contains 


all solutions of the equations 


= dy, (v = 1, 2,- 
The valuation of k(x, ) has then an extension % in N whose 
value group is equal to {P,6,1,- - -, 6%} and whose residue class field 


is equal to k. 


SCHILLING. 


The last construction can also be applied if the field of residue classes k 
is not algebraically closed. We start again with a series y = Yajxo"', then we 
extend k(z),y) to its unramified algebraic closure k(x», y) and apply the 
previous considerations to k(a,y). We find that T'(k(a,y)) = {xP}. 
Since k(a,y) is an unramified extension of k(2,y) with respect to the 
valuation as given by v(a)) = 1, v(y) = we have 


(ao, (k(x, y) ); 


there exist rational functions of 2, y whose values are equal to 1/p' where 
(p,x) =1. 

In order to construct perfect fields of characteristic 0 with prescribed 
value group where fields of residue classes have characteristic x, we start with 
a x-adic number field & and adjoin transcendental quantities x,,° - - , x to it. 
It is evident how the construction can be completed. Also it is fairly obvious 
how to construct perfect fields / whose value groups ['(k) have the type 


where the G; are Steinitz-numbers describing the possible denominators of the 
respective components.”> Incidentally, if GoG.- -G,—=IJ] p® and 
p 
(Gi, G;) =1 when 


the usual local class field theory holds over k if the field of residue classes 
admits for each integer n exactly one cyclic extension of degree n, as in the 
preceding sections, we have to restrict our considerations to fields and algebras 
whose degrees are relatively prime to the characteristic. 


THE JOHNS HOPKINS UNIVERSITY. 


2° EB. Steinitz, “ Algebraische Theorie der Kérper,” Crelle, vol. 137 (1910). 
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THEORY OF MULTIGROUPS.* 


3y MELVIN DRESHER and OYSTEIN ORE. 


Various problems in non-commutative algebra lead naturally to the intro- 
duction of algebraic systems in which the operations are not one-valued. Let 
us only mention co-set expansions in groups with respect to non-normal sub- 
groups or residue systems of one-sided ideals in rings. In the following we 
shall discuss the general theory of multigroups, i.e., algebraic systems satis- 
fying all the axioms of a group except that the multiplication is multivalued. 

The history of the theory of multigroups is very short. Multigroups (or 
hypergroups) were first defined by Marty (1934), who has studied their 
properties and applications in several communications. Another contribution 
to this theory was made last year by H. S. Wall.? In addition one should 
mention two short notes by Kuntzmann * and some considerations by Ore * on 
co-set expansions in groups and their properties as multigroups.** 

In the following we have adopted the most general definition of a multi- 
group. We assume only the existence of solutions of linear relations and not 
the existence of two-sided units and two-sided inverses as in most previous 
investigations. We also find that the theory appears more elegant in this 
general form. 

The first chapter contains a discussion of the definitions and representa- 
tions of multigroups, together with examples. One also finds a theory of 


* Received February 28, 1938. 

*F, Marty, (1) “Sur une généralisation de la notion de groupe,” Huitiéme congrés 
des mathématiciens scandinaves, Stockholm, 1934, pp. 45-49; (2) “Ré6le de la notion 
?hypergroupe dans |’étude des groupes non abéliens,” Comptes Rendus, vol. 201 (Paris, 
1935), pp. 636-638; (3) “Sur les groupes et hypergroupes attachés 4 une fraction 
rationelle,’ Annales de V’école normale, 3 sér., vol. 53 (1936), pp. 83-123. 

*H. S. Wall, “ Hypergroups,” American Journal of Mathematics, vol. 59 (1937), 
pp. 77-98, 

$J. Kuntzmann, (1) “ Opérations multiformes. Hypergroupes,” Comptes Rendus, 
vol. 204 (Paris, 1937), pp. 1787-1788; (2) “ Homomorphie entre systemes multiformes,” 
Comptes rendus, vol. 205 (Paris, 1937), pp. 208-210. 

‘Oystein Ore, “Structures and group theory, I,” Duke Mathematical Journal, vol. 3 
(1937), pp. 149-174. 

“Added in proofs: Further contributions have appeared since the completion of 
this paper: L. W. Griffiths, “On hypergroups, multigroups and product systems,” 
American Journal of Mathematics, vol. 60 (1938), pp. 345-354; M. Krasner, “Sur la 
Primitivité des corps §R-adiques,” Mathematica, vol. 13 (1937), pp. 72-191. 
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scalars, i. e., elements for which the multiplication is unique. The concept of 
a scalar was first introduced by Wall. Here we extend his results in various 


ways. 

In the second chapter we consider the properties of sub-multigroups, 
Usually they do not possess properties corresponding to those of subgroups in 
groups. The new concepts of closure and reversibility are introduced, and it 
is shown that for reversible sub-multigroups there exists co-set expansions and 
quotient multigroups. These investigations are connected with those of Marty 
and Kuntzmann on the homomorphisms of multigroups. 

The last chapter deals with normal sub-multigroups and the decompos- 
tion theorems for multigroups. One can define two important types of nor- 
mality in a multigroup. The weaker form for normality is sufficient to obtain 
analogues of the first and second theorem of isomorphism and the theorem of 
Jordan-Hélder. The stronger form of normality can be shown to be equivalent 
to the condition that the quotient multigroup shall be an ordinary group, 
Strongly normal sub-multigroups can only exist in multigroups which are 
homomorphic to ordinary groups. These investigations finally lead to a very 
interesting type of multigroups which we call ultragroups. These ultragroups 
are characterized by the property that they have composition series in which 
every quotient multigroup is an ordinary group. 


CHAPTER I. General multigroups. 


1. Definitions. A multigroup Mt is an algebraic system with one oper 
tion called multiplication. This multiplication usually satisfies the ordinary 
group axioms except that the product is not unique. We enumerate the axioms 
as follows: 


I. The product. If a and b are two elements of M then the product a! 
(simpler ab) is a sub-set of M 


(1) a:b = * *). 


Let us observe explicitly that we make no assumptions on the number of ¢lé 
ments in the product; it may be arbitrary and vary from product to produc 
We also extend the definition of a product to arbitrary subsets. If 


A = (a, @2,° 
B = (b,, bo,- 
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is the set consisting of all elements of Yt contained in some product a;b;. We 
shall write A ~ a, when a is an element of a set A. 
II. The associative law. For any three elements of Yt we have 
(ab)c =a(bc) = abe. 
These products have a meaning according to the definition of products of 
sub-sets. 


III. The quotient axiom. To any two elements a and b there shall exist 
other elements x and y such that 
(2) ax b, ya  b. 

Any system whose elements satisfy these axioms we shall call a multi- 
group. If only the first relation (2) has a solution we shall call Yt a right 
multigroup and if only the second has a solution we have a left multigroup. 

An element e such that 


ea a 


for all a in t shall be called a left unit, and a right wnit is defined analogously. 


A unit is an element e such that 


ea a, ae a 


forall a. If 


for all a, then e shall be called a left scalar wut. The right scalar units are 


defined in the same manner. If 
ae=ea=—a 
for all a then e is a scalar unit or absolute unit. 


THEorEM 1. Let the multigroup M contain a left (right) scalar umt e. 
If there exists any right (left) unit in M then it is unique and equal to e 
and e is the only left (right) scalar unit of M. If M contains an absolute 


uml then there are no other units. 


Proof. Let e, be a right unit. Then 


and hence e, =e. Any other left scalar unit would also have to be equal to e. 


We shall say that a“ is a left inverse of a when 


eT a- é-a=a 
oms 
ey =e, 
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where e is some unit element. The left inverse depends on the unit element ¢ 
and even for a fixed e an element will usually have several inverses. We shall 
usually assume that by left inverses the corresponding e is a left unit. An 
inverse must always exist according to the quotient axiom. One defines right 
imverses in a similar manner and we shall associate a right inverse with a right 
unit element. A two-sided inverse a“ has the properties 


Oe 


where ¢ is some (two-sided) unit element. Such inverses are not postulated 
in our multigroups. 

One finds easily that if every product in a multigroup contains but one 
element the multigroup is a group. 

A multigroup can always be imbedded in a groupoid, i.e. a system with 
a unique operation. Let us define a complex in Mt to be a subset obtained by 
forming a product of a finite number of elements. The product of two such 
complexes is again a complex and the multiplication satisfies the associative 
law. One can also imbed a multigroup in a ring by writing (1) in the form 


By introducing rational integral coefficients to indicate the multiplicity of the 
occurring terms one can define the sum (and difference) of two complexes. 

We shall also say that two multigroups Mt and MY are isomorphic if there 
exists a one-to-one correspondence between their elements such that if aa’ 
then ab > ¢ implies a’b’ > ¢c’. 

The definition of a multigroup which we have given here and which we 
shall adopt in the following, corresponds to the definition of hypergroups by 
Marty. Almost all the investigations on multigroups by Marty and by Wall 
and Kuntzmann presuppose a stronger definition of a multigroup. Instead 
of the quotient axiom one assumes: 


IV. There exists (two-sided) unit elements. 


V. Every element has two-sided inverses. 


Nore: It might be mentioned that one can have multigroups in which every element 
is a unit. Such multigroups might be called unit multigroups. 


Any multigroup satisfying these conditions may be called a regular multt- 
group. It is obvious that the conditions IV and V imply the existence of 
solutions of the relations (2). From 


a:a Oe 
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where e is a unit follows namely 


-a 26, a:a*-b Ob 


and hence b- a contains an element y and a'- 6 an element x such that (2) 


holds. 


2. Representations of multigroups. ‘The multiplication in a finite 
multigroup may be represented by a Cayley square much in the same way as 
for a finite group. The only difference is that the various places in the table 
will contain several instead of a single element. We shall only illustrate this 


by an example of a multigroup of order 3. 


One finds that the associative law is satisfied. It is worth noting that za = xb 
for all a. 

If Mt is a multi 
means of generalized permutations in which each index corresponds to a set 
of numbers. Let a,,- - -,a@, be the elements of Yt. To an element b of M 


roup of order n one can represent Jt isomorphically by 


5 


we let correspond the symbols 


where B; contains the indices of those elements of Yt which are contained in 


4b. Such a substitution P, is a unit if and only if B; contains i for every i. 
If in the same manner 


* * AnC * * 


then we define the product substitution 


By this definition one obtains an isomorphic representation of the multigroup. 
One can also define a matrix representation of Yt in a manner which 


corresponds to the ordinary regular representation of a group. One lets a 
correspond to a matrix 


a-> Aa ) 


e a b 
e|e a,b a,b 
e,b eb 
| b| b e,a ea 
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where 
= 1 when aaj a; 
=() otherwise. 
One finds that if 
a:b = * *) 


then one has for the corresponding matrices 


As <i Ap Ae, Ac. + 


We shall not discuss further the properties of this representation.’ 


3. Scalars. We shall say that an element @ is a left scalar when az isa 
single element for all z A right scalar is defined similarly. When az and za 
are single elements for all a we shall say that « is a scalar. Obviously the 
product of any two scalars of same type is again a scalar of the same type. 

For the moment we shall consider only left scalars. We shall say that 
a product ab is a left scalar when abz is a single element for all z. 


THEOREM 2. When a product ab is a left scalar then a is a left scalar 


and a-b=~2wis a left scalar element. 


Proof. Since every element in Yi is contained in some product bz we 
have that ay is single element for all y. Hence a is a left scalar and ab isa 
single element. 

We shall say that the cancellation law holds for a left scalar « if any 


relation 


implies z= y. In a finite multigroup the cancellation law is always satisfied 
because any element is representable in the form aa so that the two sets {2} 
and {ax} contain the same number of elements. 

We shall now prove: 


THEOREM 3. Let Mt be a multigroup in which the cancellation law holds 
for left scalars. The existence of a left scalar then implies the eaistence of 4 


left scalar unit. 


Proof. Let « be a left scalar and let us determine an e, such that 


(3) = a. /X \ 


Then one finds for an arbitrary 2 


5 Compare Wall, loc. cit. (part I). 
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If now y is some element in égx then ay = ax or yz. This gives 


(4) 
for all «x. 
Under the assumptions of Theorem 3 one can also show: 


THEOREM 4. To each left scalar a there exists a unique left scalar in- 
verse a such that 
(5) =e. 


Proof. The cancellation law gives the existence of a unique «? such that 


From this relation follows 


and hence we have 


or y = €q for every y in w#t-a. Theorem 2 implies that a is a left scalar. 
When the cancellation law holds for left scalars one can strengthen 


Theorem 2 to: 
THEOREM 5. When ab is a left scalar then both a and b are left scalars. 


Proof. If bx contains c, and c, then ac, = d¢z or ¢; =z. Hence bz is a 


single element. 


THEoREM 6. Let Mt be a multigroup with a right umt r, nm which the 
cancellation law holds for left scalars. If Wt contains a left scalar then the 


set of all left scalars is a group with r as unit element. 


Proof. It follows from Theorem 1 that 7 is the only right unit and the 
only left scalar unit of Yt. The group property of the scalars follows from 
the two preceding theorems. 

Let us now consider multigroups with (two-sided) scalars.® 

Turorem 6. Jf a multigroup contains a scalar element then it contains 
an absolute unit element e and the set of all scalars is a group with e as 
unit element. 


These are the only scalars considered by Wall. 


a: at = éq, 
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Proof. Let « be the given scalar. We determine eg such that 


Then one has for any z 


Since every element of Yt is representable in the form xa this means that », 
is a left scalar unit. In the same manner one establishes the existence of a 
right scalar unit and hence an absolute unit according to Theorem 1. 

To prove that the scalars form a group let us determine 2 such that 


Then 
and as before this implies 


for all y. Hence we have 


The inverse is a scalar according to Theorem 2. It is unique because any 
relation az = ay implies s = y as one sees by multiplication with a. 
The group of scalars has been called the nucleus of Mt by Wall. 


THEOREM 7. Let Mt be a finite multigroup. If Mt contains both a right 
and a left scalar then all scalars are two-sided. 


Proof. Since Mt is finite the cancellation law holds and Mt contains 
right and left scalar units according to Theorem 3. This implies the existence 
of an absolute unit element by Theorem 1. Furthermore we have for any 
left scalar 


and Theorem 2 shows that & is a scalar. 
It is also easily seen: 


THEOREM 8. In any regular multigroup with an absolute wnit element 
every left or right scalar is a scalar. 


4. Examples. The decompositions of ordinary groups furnish us with 
some of the most important examples of multigroups. Let us consider the 
quotient systems in groups as our first application.’ 

Let & be a group and § any subgroup. The co-sets a (or $a) form 4 


7 Compare O. Ore, loc. cit., chap. I. 
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set which we shall call the quotient system ©/H of © with respect to . This 
quotient system is a multigroup when one defines the product to be 


where the ci, are those co-sets which contain elements from the left-hand 
product. The multigroup is an ordinary group if and only if § is normal in 
@. We shall assume that this is not the case. This is equivalent to saying 
that the normaliser group Jt of § in & is a proper subgroup of G. 

Under this assumption we find: The only umt element in G@/H ts § and 


as: § =a, aH aS. 
If b- § is to be ar. h. inverse of a then one must have 
a» b §, 
hence there must exist elements hy and h, in § such that 
Aahob = hy, b=h,- a: ho. 2 


It then follows easily: Any inverse of a has the form ha! - § where h belongs 
to§. These inverses are all both r.h. and l. h. mverses, hence ©/§ 1s regular 


multigroup. 

To determine the scalars in &/§ let us consider the condition for an 
equation 
(9) ah = ch. 


to hold. One sees that c must have the form 
c=ab-h 

and when this value is substituted in (9) one finds 
= §. 


Hence a relation (9) holds if and only if 6 belongs to the normaliser of § 
in®. This shows: The only right-hand scalars of ©/% are the co-sets of the 
normahser of § in G. There are no left-hand scalars. 

Another important type of multigroups is defined by the co-set expansion 
of a group & with respect to two subgroups M and N 


MaM+---. 
These double co-sets form a multigroup when one defines 
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where as before the right-hand side contains those co-sets which include ele. 
ments from the 1. h. product. One might denote this multigroup by Dt\G/*R. 
One can determine its units and inverses and one finds that it is a regular 


multigroup. The results are somewhat complicated and they shall not be 


reproduced here. It may be of interest to note that scalars only exist when 


the two groups are permutable. 


In the simplest case where Yi = 9 let us denote the multigroup NR\ G/M 
by G/N. This multigroup has the absolute unit 9. The inverse of Na is 


unique and equal to Qa'M. 


the normaliser of 2 in &. 


Again the scalars are the co-sets belonging to 


CHAPTER 2. Co-set expansions. 


1. Closed sub-multigroups. Let i be a multigroup. We shall say that 
a sub-set 2 is multiplicatively closed when it has the property that if a, and a 
belong to % then all elements contained in the product a,d2 also belong to Y. 
We shall say that % is a sub-mulligroup of Mt, if it satisfies the axioms of a 


multigroup, i.e. if the relations 


always have solutions in Y. 


4,2 As, 


Ya, 


When 2% and % are two sub-multigroups then the cross-cut (%U,B) of 


their common elements is multiplicatively closed. 


Usually (%,%) is not a 


sub-multigroup, because if d, and d, are two of its elements the relations 


d,2 do, 


need not have solutions in 


yd, dz 


This leads us to the consideration of more special types of sub-multigroups. 
We shall say that a sub-multigroup % is left closed with respect to Mt if for 


any two elements a, and a2 in & all the solutions y of the relation 


(1) 


Yd, As 


lie in &. Similarly we say that is right closed when all the solutions of 


(2) 


4,2 As 


lie in %. Finally 9 is closed when all the solutions of (1) and (2) lie in % 


One sees immediately : 
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THEOREM 1. The cross-cut (%,B) of two (left) closed sub-multigroups 
is void or a (left) closed sub-multigroup. 


The definition shows that a (left) closed sub-multigroup must contain all 
(left) units of Yt. Hence if Yt contains left units the cross-cut of two left 
closed sub-multigroups is never void. In the following we shall usually assume 
the existence of such a unit element. Let us also observe that any (left) closed 
sub-multigroup contains all its (left) inverses. 

The union [%,B] of two sub-multigroups (or multiplicatively closed 
sub-sets) consists of all those elements which are contained in some product 
made up of factors from % and 8. The union. is multiplicatively closed, but 
itis usually not a sub-multigroup even if 2{ and B are closed. These remarks 
show that if the void set is included in the multiplicatively closed sets, one has: 


THEOREM 2. The set of all multiplicatively closed sub-systems form a 
structure. 


A similar theorem does usually not hold for the sub-multigroups. 
One finds that in the multigroups defined by ordinary co-set expansions 
6/§ every sub-multigroup is closed. The same holds for the double co-set 


expansions 


~ 2 Reversibility. Let Xt be a multigroup. We shall say that a sub- 


nultigroup Y of Mt is left reversible in M if any relation A 
\ 


where a, belongs to 9 implies the existence of an a, in % such that 
m, domo. 


When mz is taken as an element in % one finds that m, is an element of 
Y, hence: 


~ THEOREM 3. Left reversibility implies right closure. 
Similarly we say that %& is right reversible in Mt, when any relation 
m,a, Me 
implies the existence of an a in % such that 
mM, Molo. 


Finally 9 is reversible in Mt when it is both left and right reversible. Ac- 
cording to Theorem 3 a reversible sub-multigroup is closed. 
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We can now prove: 


THEOREM 4. Let U and B be closed and & (left) reversible in M. Then 
(2%, B) is closed and (left) reversible in B. 


Proof. According to Theorem 1, (2,8) is closed. Furthermore sinc 
Y is left reversible any relation 
d,b,; by 
where d, belongs to (2,8), implies that 
b; Caz: be 
and since % is closed we have a. = do. 


We are now able to prove: 


THEOREM 5. The union of two reversible mulligroups is a reversible 
multigroup. 


Proof. If c, and cz are arbitrary elements in [2,8] then we shall first 
have to prove that any relations 


(3) £0, — Co, CY Co 


imply that x2 and y be in [%, 8]. It is sufficient to consider the first of these 
relations. Each element of the union is contained in some product of factors 
from Y& and B. Let us suppose that 


(4) Onby a,b, Cy 


is the product of shortest length containing c,. When c, in (3) is contained 
in 2 or B our assertion is true by the reversibility of & and B. Hence we 
may prove it in general by induction, assuming there exists solutions for all ¢ 
contained in products of shorter length. From (3) and (4) one obtains 


and hence there exists an element d such that 
This in turn implies the existence of an z, such that 
%,°b, Co, ad. 


The first of these relations show that 2, belongs to [%,] and since d is 
contained in a product of shorter length than c, it follows from the second 
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that « also belongs to [%, 8]. The reversibility of [2,8] follows in a similar 


manner. 
Now let us define further: Let Yt be a multigroup with (left, right) units. 
We shall say that Mt is (left, right) reversible in itself when any relation 


Ms, Mz 
implies the existence of a left inverse m,* and a right inverse m,~! such that 
M2 — m7): ms, m, m3: me". 
From this definition follows: 


THEOREM 6. Let Wt be (left) reversible in itself. Then every closed 
sub-multigroup is left reversible in M. 


When this theorem is combined with Theorems 4 and 5 one obtains: 


THEOREM 7. Let Mt be a multigroup which is reversible in itself. Then 
the set of all closed sub-multigroups of Mt form a structure. 


Let us observe that in ordinary groups the co-set expansions / and 


6/§ define multigroups which are reversible in themselves. 


3. Co-set expansions. Let % denote some sub-multigroup or even only 
amultiplicatively closed sub-set of Yt. By %m we shall denote the set of all 
elements contained in some product a: m where a belongs to %. We shall 
call Im a left co-set of Mt with respect to W. 

From now on we shall suppose that 2 is left reversible in 9%. Since any 


relation 

4m, Me 
implies 

m, Me 
or 


Wm, 
We can state: 


THEoREM 8. Any element in a co-set Xm generates the same co-set and 
1 co-set contains its generating element. 


This gives us the main theorem: 


THrorem 9. Let X be a left reversible multiplicatively closed sub-system 


ofa multigroup M. Then M has a unique co-set expansion 
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(5) M Am, + 


where the co-sets Um are disjoint sets. 


Proof. HKvery element in Yt belongs to some co-set /and two co-sets with 


a common element are identical according to Theorem §. 


Two co-sets will usually not contain the same number of elements.) [¢ 
us also observe that the left reversibility of %& implies that 9% is a right multi. 


group which is right closed. 


The existence of double co-set expansions may be derived under similar 


conditions. We prove: 


THEOREM 10. Let % be a left reversible and B a right reversible mulii- 


plicatively closed sub-set of M. Then Mt has a double co-set expansion 
(6) M = Am, B + - 
where the co-sets AmB are disjoint sets. 


Proof. As before it suffices to prove that any element in a double co-set 
generates the same co-set. Now if 


amb m’ 
then there exists an m such that 


m Ca:m, mC 
and such that 
mb m’, m C m’d,. 
This gives 
a,m’b, Dm 
and our assertion is proved. 
As a special case we have: 


THeEorEM 11. Let & be a sub-multigroup reversible in M. Then there 
exists a unique double co-set expansion 


(7) M Am, 


4. Quotient multigroups.* Let us assume that % is a left reversible 
sub-multigroup of Mt. Then is seen to be one of the co-sets (5). Thee 
co-sets 2{m may be considered to be the elements of a new multigroup which 
we shall call the quotient multigroup of Mt with respect to % and denote by 
M/A. We define the product of two co-sets to be 


Compare Marty (3). 
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Wm, Ams = -) 


where the co-sets on the right are those which contain elements from the left- 
hand complexes. ‘To prove that 9/2 is a multigroup one must show that the 
relations 


Wm, Axe Ams, Wy - Am, Amz 


always have solutions. One sees however that it is sufficient to choose x and y 
such that 
Mx Mo, ym, Mo. 


THEOREM 11. Let Y be a left reversible sub-multigroup of Mt. The left 
co-set expansion of Wt with respect to X defines a quotient multigroup M/A 
with the left scalar unit 2%. 


One might add that when 9 contains a right unit then it must be con- 
tained in %& since % is right closed, and hence %& is a right unit. It is the only 
right unit according to Theorem 1, chap. 1. When % is closed, then %& is the 
only right or left unit. 

Now let us consider any multigroup 8 between Mt and Y, i.e. 


M BW. 


One can. expand 8 in co-sets with respect to % and these co-sets obviously 
form a sub-multigroup 6/2 of Mt/YU. One finds without difficulty that if B 
is closed or reversible in Yt in some sense then B/%2 has the same property 
in 

Now let us consider the converse correspondence. Let 8* be a sub- 
multigroup of Yt/2 containing YM. We can then show that 8* when con- 
sidered as a set of elements in Yt will be a multigroup 8 containing YM. To 


verify this we shall have to show that the relations 
(8) 2b, bs, by bz 


have solutions in 8 when b, and b. are elements of this set. 
To find an « satisfying the first relation (8) let us observe that since 8* 


18a multigroup there exists an a, in 8 such that 


Wz, - Ab, Abo. 
This implies 


and hence a,z,a. contains an element x such that the first relation (8) holds. 


| 
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To find a solution y of the second relation (8) let us determine z, in % 
such that 
Wb, Az, W. 


From this relation follows that one can determine a 2, in 8 such that 
a 


for an arbitrary a in %. Since %b. contains b. it follows by right multi- 
plication with b, that a solution y of (8) in B exists. 

Let us observe that one can also consider the co-sets of a double co-set 
expansion (6) or (7) as the elements of a new multigroup Y\M/B or 
M/A. Similar results can be derived for such multigroups. 


5. Homomorphisms. We shall say that a multigroup Yt is homomorphic 
to another multigroup Yt* when there exists a correspondence m — m* between 
the elements of the two systems such that when ° 


a-be 
then 
a* - b* c*, 


Furthermore we suppose that every element of It* is the image of some ele- 
ment of M. 
Obviously the co-set correspondence 


m — Wm = m* 


which we have studied, defines a homomorphism of M upon Mt/2%M. Also the 
double co-set expansions determine multigroups homomorphic to Mt. 


m—> AmB, n—> An. 
We shall study a few of the properties of such homomorphisms. 


THEOREM 12. All those elements of M which correspond to a left scalar 
unit of N* form a right multigroup which is right closed. /All those elements 
of M which correspond to an absolute unit element of M* form a closed sub- 
multigroup. 


Proof. First if e* is an idempotent in M* i.e. an element such that 


e*? 


*Compare Marty (3) and Kuntzmann (2). 
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then the elements in Yt corresponding to e* must form a set 2 which is multi- 
plicatively closed. Now let e* be a left scalar unit, and a, and az two elements 
of 9. From a relation a,2 a, follows immediately 2* —e* and 2 also 


belongs to 
In order to derive further properties of the homomorphism it is necessary 


to make assumptions on the inverse correspondence from Yt* to Mt. Let us 
say that there exists a strong (left) homomorphism between Yt and Yt* when 
the following condition is satisfied. 


Let 
a*b* c*. 


Then to any 6) and any Cy corresponding to b* and c* respectively there exists 


an a corresponding to a* such that 
a: Do Co. 


One sees easily that the correspondence between Yt and a left co-set ex- 
pansion Mt/M is a strong left homomorphism. This need not be true for the 
two-sided co-set expansion M//Y%. 

We can now prove: 


THEOREM 13. Let Mt be strongly left homomorphic to M* and let UA be 
the right closed, right sub-multigroup which consists of the elements corre- 
sponding to a left scalar unit e* of M*. Then U is left reversible in Mt and 
M* is isomorphic to the quotient multigroup M/A defined by the left co-set 
expansion of Yt with respect to A. 


Proof. Let us suppose that two elements m, and mz have the same image. 


From 
e*-m*, = m*, = m*, = e*- m*, 


follows on account of the strong homomorphism 
° Mo, m, de* Me 


where a, and a> belong to 2. Hence all m with the same image belong to the 
same left co-set 2m and two elements of the same co-set obviously have the 
same image, 

If one wishes to characterize also the double co-set expansions one must 
make a slightly different condition on the homomorphism: If 


a* - >*-c* > d* 
14 
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then it must be possible to determine to any by and dy such an a and such a; 
that 
a:bo-c do. 


When this condition is satisfied and 2 is the closed sub-multigroup of 9 which 
corresponds to an absolute unit element of Yt*, then two elements of MN with 
the same image belong to the same double co-set with respect to Y. 


6. Some special multigroups. Let us conclude this chapter by a short 
discussion of the properties of those multigroups which are obtained from 
co-set expansions &/§ in groups. The multigroup defined by the left co-set 
expansion of a group with respect to a subgroup has a single unit element and 
is reversible. In addition it satisfies the following condition: 


Cancellation law. Let Yt be a multigroup with a single unit element ¢. 
We say that 9 satisfies the (left) cancellation law when any relation 


ab Ob 
implies a =e. 
We can prove: 


THEOREM 8. A multigroup satisfying the (left) cancellation law ws 
regular 


Proof. We shall have to prove that every left inverse is a right inverse 
and conversely. From 
Je 
follows 
m:-m*+m 2m 
or 


From this last relation follows conversely 


or 
mt-me. 
We can also prove: 
THEOREM 9. A multigroup satisfying the left cancellation law is left 
reversible. 


Proof. Let us suppose that 
(9) ab Oe. 
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We determine z such that rc ~ b and find 
ae b. 
Hence one concludes =a and (9) implies 


The double co-set expansions of a group G/§ have still simpler proper- 
tie. They belong to the following type of multigroups: 


Completely regular multigroups. A multigroup is said to be completely 
regular when it contains a single unit element e and every element has a unique 


inverse such that 
e, m*-m  e. 


For such multigroups one can prove: 


THEOREM 10. Jn a completely regular, reversible multigroup the right 
and left co-set expansions contain the same number of co-sets. 


Proof. Let (5) denote the left co-set expansion of Yt with respect to a 
sub-multigroup 2. We want to show that 


isa right co-set expansion. We show first that every element z belongs to some 
co-set (10). Since a belongs to some left co-set, we have 


am; x7 
which successively implies 
~ @, mz a, zC 


Secondly no two co-sets (10) are identical since 


m;" 
is seen to imply 
m; Cat: 
against assumption. 
Let us mention finally that under some very restrictive conditions one can’ 
also prove a theorem analogous to the theorem of Lagrange, that the order 
of a subgroup divides the order of the group. 
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CHAPTER 3. Decomposition theorems. 


1. Normal sub-multigroups and quotient systems. We shall now 
introduce the concept of a normal sub-multigroup or more general, a normal 
set in a multigroup Mt. A set W is normal in M, if for any m in Mt we have 


i.e. every element contained in a product m-a, is also contained in some 
product a2: m. 

For a normal sub-multigroup left or right closure implies closure. Sini- 
larly left or right reversibility implies reversibility. Since we usually wish 
to be able to perform a co-set decomposition of t with respect to a normal 
sub-multigroup 2%, we shall in most cases suppose also that 2 is reversible in MN. 

One finds easily: 


THEOREM 1. Let YU be a normal reversible sub-multigroup of MW. The 
quotient multigroup M/A is strongly homomorphic to M and has the absolute 
unit M. Conversely by any strong homomorphism M — M* those elements of 
Mt which correspond to the absolute unit element of M* form a normal re- 
versible sub-multigroup UX of M such that M/A is isomorphic to M*. 


Proof. According to the results of § 5, chap. 2 it is only necessary to 
prove that if e* is an absolute unit element of t* then those elements 2 of M 
which correspond to e* form a normal sub-multigroup. Since for any element 
of 


e*-m* = m* = m* e* 


it follows that all elements with the same image must belong to the co-set 
%m and the co-set mY. 

When 2% is normal and reversible in Mt then the right and left co-set 
expansions are identical and the quotient system M/% is uniquely determined. 
We prove next: 


THEOREM 2. Let & be a normal reversible sub-multigroup of Mt. Then 
there exists a one-to-one correspondence between the normal reversible sub- 
multigroups of M/A and the normal reversible sub-multigroups of Wt con- 
taining %. 


Proof. It is seen immediately from the definition of IN/%M that every 
normal reversible sub-multigroup 8 between IM and M corresponds to a unique 
normal reversible sub-multigroup 8* of M/%X. To prove the converse let ¥* 
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be a reversible normal sub-multigroup of Mt/Y. Since B* is closed, it contains 
the anit element 2, hence it corresponds to some multigroup between % and 
m. From 

B- Am = Am-B 
we also find 


B-m=—m-B 
for any m, hence % is normal in Yt. To prove finally that any relations 


“mM, Ma, m,° Me 


imply 
m, b,: me, m, me: be 


it is only necessary to consider the corresponding relations which hold for the 
co-sets containing these elements. 


2. The theorem of isomorphism. We shall now deduce various struc- 


tural relations for normal sub-multigroups.’° 


THEOREM 3. Let Mt be a multigroup with units of some kind, and let 
and B be normal reversible sub-multigroups. Then the umon B] 1s also 
anormal reversible sub-multigroup and all its elements are contained in some 
product a: b. 


Proof. It follows from the definition of normality that it is only neces- 
sary to assume that 2% is normal in order that every element of the union be 
of the form a or b or contained in a product a:b. When 2 contains a left or 
Ba right unit of Dt, then every element of the union is contained in a product 
a°b, This is always the case when Mt contains some unit element and %& and 
Bare reversible. The normality of the union follows from 


and the reversibility has been proved in Theorem 5, chap. 2. 


THEOREM 4. Let St contain some unit element and let 2X and B be nor- 
mal reversible sub-multigroups. Then the cross-cut (X,B) is normal and 
reversible in MX and B. 


Proof. Since Yt contains unit elements the cross-cut D = (YX, B) is not 
void. Furthermore D is reversible in % and in B according to Theorem 4. 


See also Marty (3). 


| 
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chap. 2. To prove the normality of D in ® let us observe that since D js 


contained in Y we have 
bD C Wb 


and since % is closed one finds 
bD C Db 
and the equality is obtained by the converse argument. 


THEOREM 5. The Dedekind relation. Let Mt contain some wnit element 
and let XL, 8, € be normal reversible sub-multigroups such that € DM. Then 


(1) (G, B]) = (C, B)]. 


Proof. The right-hand side of (1) is obviously always contained in the 
left-hand side. To prove that the left-hand side is contained in the right-hand 
side we need actually only that % is normal and reversible. Any element ¢ 
contained in the left-hand side then satisfies a relation 


cCa-b 
and since % is reversible it follows that b = d is contained in ©. Hence we have 
cCa-d 
where d is contained in ($8, ©). 
Finally we prove the theorem of isomorphism: 


THEOREM 6. Let % be normal and reversible and B® closed in the wnin 
[M,B]. We suppose further that the cross-cut (X,B) is not void. Then 
(2, B) is normal and reversible in B and there exists an isomorphism between 


the quotient systems 


(2) = B/(M, B). 


Proof. It follows from Theorem 4, chap. 2 that (%,8) —®D is reversible 
in 8. The normality of D in B follows as in Theorem 4. Now let 


(3) 
be the co-set expansion of 8 with respect to D. We can then show that 
(4) = A+ 


is the co-set expansion of the union with respect to 9. First every element o 
[2,8] must belong to one of the co-sets (4) since every b belongs to some 


co-set (3). Secondly any relation 
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= 
would imply that 
b; b; “a 


where a belongs both to Y& and %, hence to D since B is closed. This is im- 
possible however since b; and 6; belong to different co-sets (3). Finally one 
sees that the correspondence establishes the isomorphism (2). 


3. The theorem of Jordan-Hélder. The preceding results are suffi- 
cient to prove the analogue of the theorem of Jordan-Holder for multigroups. 
A chain of sub-multigroups 


(5) 


shall be called a composition series when each %{; is normal and reversible in 
the preceding. We shall call (5) a maximal composition series, when no 
further terms can be intercalated such that the series remains a composition 
series, 


THEOREM 7. Any two maximal composition series between AX and B have 
the same length and the quotient multigroups defined by consecutive terms in 


one series are isomorphic to those defined by the other in some order. 


Proof. The proof follows along the lines of the ordinary proof of the 
theorem of Jordan-Hélder using induction with regard to the length of the 
chain. If (5) and 

--D Bn —B 


are the two chains, then one compares them to the two chains 


48,  (9,,9,) 0: --0f8 


for which the theorem is true according to Theorem 6 and the induction 
assumption. 

One can also prove the theorem of Jordan-Hélder in the stronger form 
of a refinement theorem corresponding to the theorem of Schreier-Zassenhaus 
for groups. This requires the proof of a lemma analogous to the lemma of 
Zassenhaus. We shall omit these considerations here since they do not add 
materially to the theory of multigroups. ‘ 


4. Strong normality. In the preceding we have used a definition of 
hormality which is as weak as possible, but still sufficient to prove the theorem 
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of Jordan-Hélder. There are however other stronger types of normality with 
interesting properties. 

One slight strengthening of our definition of normality is the following: 

The sub-multigroup % shall be said to be normal in §% when any product 
a,:m can be written in the form m- a2 and conversely. 

One can prove a few more properties of normal sub-multigroups on the 
basis of this definition. A more important type of normality may be defined 
as follows: 


Strong normality. A sub-multigroup Y& of M is strongly normal when it 
contains left and right unit elements of Yt and satisfies the following con- 
dition: To each m, there exists some left inverse m,~ such that 


(6) m,Am,7 C W 
and to each mz some right inverse m.* such that 
Through multiplication of (6) and (7) by m, and mz one finds 
(8) = Um 


for all m, so that strong normality implies normality in the sense we have used 
in the preceding. We can now prove: 


THEOREM 8. Strong normality implies reversibility. 


Proof. We shall show first that a strongly normal sub-multigroup % is 
closed. This requires that any z and y such that 


(9) A, Ae, a 
belong to 2%. On account of the normality (8) it is sufficient to show that the 


second relation (9) implies that y belongs to &. According to (6) there exists 
a left inverse y™! of y such that 


(10) CY, 
From the second relation in (9) follows 
Day. 


When this relation is multiplied by a left inverse of a2 it follows that y 
belongs to 2%. From (10) one concludes in the same manner that y belong 


to 
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To prove the reversibility of 2{ we shall have to show that a relation 

(11) mM, Me 
implies the existence of an az in 2% such that 

m, Mo. 
In any case we can find an element z such that 

mM, 
and this implies according to (11) that 

42° Mz Mo. 


When this relation is multiplied by a suitable left inverse of ‘m. we find as 
in (10) 


and from the closure of 2 one easily concludes that z belongs to Y%. 


We can now prove further: 


THEOREM 9. All right and left inverses of an element m belong to the 
same co-set with respect to a strongly normal sub-multigroup, %. 


Proof. Let m be any left inverse of m and m7 the left inverse for which 


m:m C 
Then 
m:m:-m*?C 
or 
m*C mY. 


This shows that all left inverses of m belong to the same co-set m=1-%. But 
the right inverses of m must also belong to this co-set since 


m:-m* a, 
hence a suitable inverse a, of a gives 
e 
80 that m-ta, contains a right inverse of m. 


Theorem 9 implies: 
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THEOREM 10. The conditions of strong normality are equivalent to the 
relation 


(12) = W 
to hold for all m and all wwerses m=". 
It also shows that 
m, +m, C Mo C YW 
for all inverses and Furthermore if 
Mo, ym, m2 


then one finds that any other solutions of these relations belong to the co-sets 
and respectively. 


5. Quotient groups. The preceding investigations on strong normality 
enables us to prove certain characteristic properties of strongly normal sub- 
multigroups. The following theorem is of great interest: 


THEOREM 11. When %& ts strongly normal in M then the quotient multi- 
group M/A is an ordinary group. 
Proof. According to Theorem 1 the quotient multigroup Yt/% has the 


absolute unit element 9. Theorem 9 shows furthermore that 


= 


This relation shows according to Theorem 2, chap. 1 that mY is a left scalar 
in M/A. In the same manner follows that mY is a right scalar hence every 
element of Y%/%M is a scalar and the quotient multigroup is a group. 

The following theorem supplements Theorem 11: 


THEOREM 12. The necessary and sufficient condition that a multigroup 
M be homomorphic to a group G is that M contain a strongly normal sub- 
multigroup X such that the group M/A is isomorphic to G. 


Proof. Let us observe first that the theorem only assumes homomorphism 
in the weakest sense, but that the proof shows that 2% must be strongly homo- 
morphic to G. Let e* be the unit element of G. According to Theorem 12, 
chap. 2 all those elements of 9 which correspond to e* form a closed sub- 
multigroup 2 of Mt. Next let m, and mz be two elements with the same image 
m* in G. We determine zx and y such that 
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and find 


or 


hence x and y belong to &. This shows that % is reversible and normal and 
all those elements which have the same image belong to the same co-set m - 2. 
One also finds that all inverses of m have the same image and m- m=! C %. 
This shows that %f is strongly normal. Finally the correspondence between Yt 
and M/Y is a strong homomorphism. 

From the fact that 9/% is a group one easily concludes: Every multi- 
group 8 containing the strongly normal sub-multigroup Y& of Dt is reversible. 
When 8 is normal in 9? it is also strongly normal. Each 8 corresponds to a 
sub-group of Yt/2 and to a normal subgroup if B is normal in Yt. Conversely 
every sub-group of 9t/2M corresponds to a sub-multigroup B of 9? containing 
Y, and a normal subgroup of Mt/% corresponds to a strongly normal sub- 


multigroup B. 


THEOREM 13. The strongly normal sub-multigroups of WM form a Dede- 


kind structure. 


Proof. If 2% and % are the strongly normal sub-multigroups then it is 
obvious that the union [%, 8] = %-B is strongly normal. For the cross-cut 
= (%,B) one finds that mDm- belongs both to YW and to B, hence to D. 
From Theorem 5 follows that the Dedekind axiom is satisfied. 

Let us say that a chain of multigroups in Mt is a strong composition series 
when no further strongly normal terms can be intercalated. From the second 


law of isomorphism follows: 


THEOREM 14. Any two maximal strong composition series between two 
sub-multigroups X 2 B have the same length and the simple quotient groups 
defined by consecutive terms in one chain are isomorphic to those of the other 
in some order. 

One can also extend this theorem by proving an analogue to the refine- 
ment theorem of Schreier-Zassenhaus for an arbitrary strong composition series, 

We shall need the following theorem for certain applications : 

TuHeorEM 15. Let % be a strongly normal sub-multigroup and an arbi- 


‘rary sub-multigroup containing a unit element of WM. Then the cross-cut 
t= (YB) exists and is a strongly normal sub-multigroup of B such that 


= B/D. 


z*-m* = m*, m* - y* == m* 
| 
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Proof. The cross-cut D is not void, because any 6 in B must possess an 
inverse 6-1 also contained in %, and b- 6b" belongs both to Y& and to B. To 
show that D is a sub-multigroup we shall have to show that the relations 


d,- dz, dz 


have solutions in , when d, and d, belong to D. There exist, however, 
solutions in 8 and these solutions must also lie in 2 since % is closed. Further- 
more the complexes 


bDb*, b*Db 
belong both to 2 and to B, hence D is strongly normal in B. Finally if 
(13) 
is a co-set expansion of 8 with respect to D, then 
(14) + +--- 


is a co-set expansion of [%,8] with respect to YM. It follows namely that 
since every element of [2,8] is contained in some product a- b every element 
of [%,B] belongs to some co-set (14). If two co-sets in (14) were equal one 
would have a relation bia - b; and hence the relation 


byx b; 


would only have solutions z in & according to a preceding remark. There is 
however always a solution in 8, hence bid  b; where d belongs to D. This 
shows that b; and 6; belong to the same co-set in (13) against assumption. 
The correspondence between the co-sets (13) and (14) is obviously a 
isomorphism. 


6. Ultragroups. One finds that the cross-cut of an arbitrary set of 
strongly normal sub-multigroups is again strongly normal. The cross-cut of 
all strongly normal sub-multigroups of Yt we shall call the core of Mt and 
denote by G. 


TueEorEM 16. The core € is a unique minimal sub-multigroup of Mt such 
that M/C is a group. 


The core has the property that it contains all products m~- m-! and m*:m 
where m=" is any inverse of m. 

The core € may itself contain a core ©, the second core of Mt. This may 
contain a core @;, ete. The quotient multigroups ©;_,/€; are all ordinary 
groups. It may happen that this sequence of cores exhausts the multigroup 2 
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where ¢ is a unit element. We shall say that the multigroup Mt is an ultra- 
group when there exists some strong composition series 


(16) MOA, 5: 


exhausting Yt. Since all Mf; are closed, an ultragroup can contain only a single 
unit element. 


THEOREM 17. The necessary and sufficient condition that Mt be an ultra- 
group is that it be exhausted by its chain of cores. 


Proof. The condition is obviously sufficient. To prove the necessity we 
shall have to assume that the descending chain condition holds for the strongly 
normal chains in Y%. Let us suppose that a strongly normal composition series 
(16) exists in Yt. If ©, were the last core of Pt then according to Theorem 15 


would be a further strong composition chain for ©, against assumption. 
The following example shows the existence of ultragroups which are not 


ordinary groups: 


e a b 
¢ a b,c b,e 
a a ¢ Be 


b b,c b,c ea ea 


Here e, a form a subgroup which is strongly normal in the whole multigroup 
and the quotient group is of order 2. 

As in the case of groups the quotient groups 2;_,/%; do not determine 2 
uniquely. This leads to a more general formulation of the Schreier extension 
problem, namely to determine the ultragroups which correspond to a given set 
of quotient groups. 

To conclude we shall prove: 

THEOREM 18. Every sub-multigroup containing the unit element of an 
utragroup is itself an ultragroup. 


Proof. If the ultragroup Mt has the strong decomposition series (16) 
then one finds according to Theorem 15, that 


(8, %,) D (B,%) 


8 a strong composition series for B. 
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THE GENERAL RATIONAL SOLUTION OF THE EQUATION 


ax” — by” = 


By E. FoGELs. 


The diophantine equation 
(1) ax? — by? = 2° 


was treated by Euler, Lagrange, Legendre and other authors.’ Kuler assumed 
that + yVb = (uVat+ vvVb)3, and found the two-parameter solution 


(2) + 38buv? y= 3au*v + z= au? — br’. 


He noted that (2) is not the general solution. For instance, the solution 
z—=4,y=—1, z=3 of the equation 22? — 5y? = @ is not given by (2) with 
rational parameters u and v. Consequently there are irrational numbers 4, 0 
that give rational 2, y, z. 

We suppose that (2, Yo, %) is a rational solution of (1). Solving m 
algebraic numbers u, v the system 


(3) Yo = 3au*v + = au? — bv?, 
we have 
a(au? + 3buv?)? (au® — bv®)* + b(Bautv 
= 2° + 
or 
(4) au® + 3buv? = + X. 


From (3) and (4) we get the equations 
(5) 4au? — — = 0, A4bv® + — yo = 0. 


Here u and v are algebraic numbers of degree S 3, in case 2, Yo and % alt 
rational. If one of these equations is reducible, then the other is too, because 
we have z au? —bv?. Thus we shall consider only the case where both 
equations (5) are irreducible, or w and v are algebraic numbers of degree 3: 


* Received by the Editors, September 5, 1937. 

1L. E. Dickson, History of the Theory of Numbers, II, New York, 1934, pp. §3l- 
539. See also L. E. Dickson, Introduction to the Theory of Numbers, German trans 
lation, 1931, p. 93. 
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GENERAL RATIONAL SOLUTION OF THE EQUATION az? — by? =2'. %35 


A simple consideration shows that the algebraic domains R(u) and R(v) are 
identical.? Therefore we have the relations 


(6) ue = pu + q 
(7) v=a-+ yw’, 


where p, 8, y are rational coefficients. 
The product of two numbers of the domain F(w) is 


(8) (a+ Bu + yu*)(A + Bu + Tv’) 
«A +(BT + yB)q +{aB + BA + yB)p + 
+ BB+ yA + 


hence we have the following: If the algebraic number v is defined by (7) 
and if 

v?=A-+ Bu+ Iv’, 
then 


(9) + 2qBy, B=2aB+ + 2ay + py. 


With these results we obtain from (8) the number v*. Substituting the 
values of v, v?, v* in (2) and using (6) we express the rational numbers 2, y, z 
in the form ad) + a,u + a.u?, where each of the coefficients a, and a, must 
vanish. Thus from the equation z =— bA — bBu + (a— br)u? we get 


(10) B=0, T=—a/d. 
Further, from the equation « = 4aq + (4ap + 3bA)u we get 


(11) x = 4aq, A = — (4ap/3b). 
Finally, the equation 


y = %a(3q8 — pa) + %a(2pB + 3qy)u + %a(3a + 2py)w? 
gives 
(12) y= %a(3q8—pa), 3a+2py—=0, + 3qy—0. 


Thus we get five relations between the coefficients p, g, 2, 8, y. Three of . 
these relations are independent, e. g. 


(13) a——%py, qy=—%spB, — bpy?—3a=0. 
* From equations (5) we get 4au? = 32, + /u, 4v? = — 3z,-+ y,/v. Therefore we 


have 42, = 4au? — 4bv? = 6z, + Yo/v or L/u= y,/v—2z. Hence the domains 
R(1/u) =R(u) and R(1/v) = R(v) are identical. 
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Supposing y ~ 0 * we find p = 3(bB? —a)/by’, q = — 28 (6B? — a) 
Then from the equations (10)-(13) we see that 
= — 8aB8(bB? —a)/by®, y = — 8a? (bB? —a)/b?y*®, z= 4a(bB? —a) /by’, 
Writing 
(14) bp=s, —(2/by) =t, 


we get the solution 
(15) x—as(s?—ab)?, y = a’? (s? —ab)#, z= a(s? —ab)?’, 


where s and ¢ are independent rational parameters. 
If for any s the equation (6) or the equation 


(16) = 3(s? — ab) é — 2s(s? — ab) (€ = byu) 


is reducible, then: (15) gives the same rational solution as (2). But in all 
cases when ab ~ 0, there is an infinity of rational numbers for which (16) is 
irreducible. In the corresponding solutions the parameters u, v in (2) are 
algebraic numbers of degree 3. 
It follows that (15) is the general rational solution of the equation (1). 
From the equations (15) we have s=az/y. Consequently the equation 
(16) is reducible for all numbers of the form 


au® 3buv? 


(17) 


where uw and v are rational, and conversely: if the equation is reducible, then 
s can be represented in the form (17). | 

In Euler’s example the equation 27? — 5y? = has the solution += 4, 
y =1,z—3:s =8 and the equation (16) is irreducible. We get the solution 
from (15) by taking t = ¥%. 


Note. In the preliminary investigation it was not required that a and | 
should be integers and “ rationality ” was not restricted. Therefore the results 
found are useful in any domain of rationality R, if we suppose that the coeffi 
cients a, b, the parameters u, v (resp. s, ¢) and the solutions z, y, z are numbers 
of the domain R. 


LATVIAN UNIVERSITY, 
Riga, LATVIA. 


*The case y= 0 corresponds to the equation a(#?—y?) =2z* that we shall not 
consider. 
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THE DISTRIBUTION OF INTEGERS REPRESENTED BY 
QUADRATIC FORMS.* 


By R. D. JAmzs. 


1, In a paper published some time ago, Landau’ proved the following 
result. 
Let B(x) denote the number of positive integers mz which may be 
represented in the form m = u? + v?, where wu and v are integers. Then 
lim a Vlog « B(x) = b, 
LIX 
where b is a positive constant. 
The object of the present paper is to show that a similar result holds for 
the integers represented by a binary quadratic form of discriminant dS — 3. 
We consider only primitive integral forms au? + buv + cv? of discriminant 
d = b? — 4ac, in which a, b, and c are integers having no common factor > 1. 
An integer m is said to be represented by such a form if there exist integers 
rand s such that 
m = ar? + brs + cs’. 


THEOREM. Let B(x) denote the number of positive integers max 
which are prime to d and which are represented by some primitive integral 
form of discriminant d= — 3. Then? 


B(x) — ba/V log « = O(a/log x), 
where b 1s a positive constant. The explicit value of b is given in Section 5. 


This theorem does not include the Landau result because of the assump- 
tion that m is prime to d. For any particular numerical value of d this 
restriction could be removed, but it does not seem possible to do so if a general 
statement is desired. 


2. In this section we examine the form of the prime factors of the 
integers m which are represented by au? + buv + cv?. We make use of the 
Kronecker symbol (d|p) when p is a prime. It is defined as follows. If p 
is an odd prime, 

* Presented to the American Mathematical Society, April 9, 1938. Received by the 
Editors, March 17, 1938. 

+E. Landau, “iiber die Einteilung der positiven ganzen Zahlen in vier Klassen,” 
Archiv der Mathematik und Physik (3), vol. 13 (1908), pp. 305-312. 

*We write f(z) = O(g(x)) if for « > a we have | f(#)| < Kg(«), where K is a 
positive constant. 


15 131 


= 
iT 


R. D. JAMES. 


‘a 1, if d is a quadratic residue of p, 
(d|p) = ), if pid, 
| — ‘ if d is a non-residue of p. 


If p= 2 and d=0 or 1 (mod 4), 


1, if d= 1 (mod 8), 


(d|2) ), if ri 
{| — if d= 5 (mod 8), 
In our case d = 6* — 4ac and hence the condition d=0 or 1 (mod 4) js 
satisfied. 
Lemma 1. Let p be any prime for which (d|p) =—1. If m= pt, 


where p{M, then m is not represented by any primitive form of discriminant d, 


Proof. We use the notation (a,b,c) for the form au? + buv + cv?. We 
may assume that pfa. For, if pla but ptc, the transformation u=—Y, 
= U transforms (a,b,c) into the equivalent form (c,—b,a), and equiva- 
lent forms represent the same integers. If p|a and p|c, then pfd, since the 
form is primitive. Then the transformation u=U, v=U-4+ V trans 


forms (a,b,c) into the equivalent form (a+b-+c, b+ 2c, c) in which 
pt (a+b-+ ¢). 

Suppose now that m = p*'*'M is represented by (a,b,c) with pfa. We 
shall show that this supposition leads to a contradiction. We have 


(2. 11) Mm = = ar? + brs ¢s?, 
(2ar + bs)? — ds?, 

so that 

(2. 12) (2ar + bs)? = ds*(mod 4p?"*"). 


We now distinguish two cases. 

Case I. Let p be an odd prime. Since (d|p) =-—1 it follows from 
(2.12) that pls, 
(2.11) that p?|m. Thus we have 


p|(2ar + bs). Since pfa this means that p|r, and from 


pM =—ar,’ + br, + 
where r—r,p, $= 5p. Repetition of this argument leads to the equation 


(2. 13) pM = ar? + brist + cst. 
As before we have 
(2. 14) (2ar, + bs; )* = (mod 4p), 


and from (2.14) and (2.13) we find that p|r:, p|s:, p?|pM. This is a oh 
tradiction since pf M. 
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Case II. Let p=2. Then the congruence (2.12) becomes 


(2ar + bs)? = ds? (mod 2?7/**), 


When (d|2) we have d=5 (mod 8). Hence 
(2.15) (2ar + bs)? = 5s* (mod 8). 


Since d is odd, 6 must be odd and it is easily seen that 7 and s in (2.15) must 
both be even. We therefore have 


22t-1M = ar,? + br,s, + cs,?. 
Proceeding as in Case I, we finally obtain 


2M = + brist + 
(2are + bs;)* = 5s:? (mod 8). 


As before r; and s; are both even so that 4|2M. This contradicts 27M. 

Lemma 2. Let m be any integer prime to d. Write m= MN?, where 
M has no square factor > 1. If no prime p for which (d|p) =—1 divides 
M, then m is represented by some primitive form of discriminant d. 


Proof. It is well known * that the number of representations of m by a 
representative system of primitive forms of discriminant d is given by 


(2.21) v(m) (dlp)}, 


p|MN?2g-2 


where w is the number of automorphs of the form. Each product is positive 
or zero and hence the right side of (2. 21) is greater than or equal to the term 


inwhich g = N. Thus 


(2. 22) y(m) 2 2JJ {1+ (d|p)}. 
No prime p for which (d|p) =—1 divides M. Therefore each term of the 


product (2.22) is equal to 2. This shows that y(m) > 0. 


3. In this section we introduce the Dirichlet series associated with the 


function B(a). Let b(n) be defined as follows. 


f 1, if n is prime to d and represented 
b(n) =4 by some form of discriminant d, 
L 0, otherwise. 
Then we have 


B(x) = b(n). 


*L. E. Dickson, Introduction to the Theory of Numbers, Chicago (1929), Section 50. 
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If s=o- t is a complex variable, the Dirichlet series 


(3. 1) f(s) =Sb(n)ne 
is absolutely convergent for o > 1. 

Throughout this section and in Section 5, p will always denote a prime 
for which (d|p) +1, and q will always denote a prime for which 
(d|q) =—1. 


Lemma 3. Fora >1 we have 
p q 


Proof. The infinite product is absolutely convergent since the absolute 
value of the infinite series Sp~* is less than Sn~’, which is a convergent series, 
Using Lemmas 1 and 2 we have 


= >’ b(n) n-* 


where the prime indicates that the summation is over all integers n whose 
prime factors are = N. Also, 


n=1 
Then 
= | i= n-? 
n>wN n= > 
=(N+1)¢+ udu = (N + (eo —1)7(N +1)" 
N+1 
Hence 
lim { (l—yp*)* 1— b(n)er — 0. 
Vow p= n=1 
Moreover, 
lim [[ (1 — 
and 


N 
lim b(n)n-* 


n=1 


exist and therefore are equal. 


The next step is to express f?(s) as the product of two Dirichlet J- 


functions. Let A=—— d and let 
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§ 1, if (m, 4) =1, 


xo(m) ) 0, otherwise ; 


k k 
=I] (d| pi), when 
i=l 


Then and yx,(”) are characters* modulo A. For > 1 let 


L(s, xj) —= Dxi(n)n*, (j = 0, 
LemMA 4. Fora >1 we have 


f?(s) = 9(s)L(s, xo) L(s, x1), 
where 


Proof. By the argument used in the proof of Lemma 3 it can be shown 
that 
L(s, xs) = (1 —xi(p)p*) TE — (9) *. 
Hence F 
L(8, xo) L(s, x1) = II 


The desired result now follows from Lemma 3. 


Lemma 5. The function f(s) defined by (3.1) foro >1 and elsewhere 
by analytic continuation has the following properties. There exists a constant 
¢>1 such that 


(I) | f(s)| < (log | #|)*%, for o21— (log | t|)-*, |¢| 23. 


(Il) In the domain 2 1— (log | t|)~*, |¢| = 3; o21— (log3)~, 
'!=3; with a cut from s=1— (log3)~¢ to s=1 the function f(s) ts 


regular. 


(III) For |s—1| SS (log 3)~¢ the function (s —1)s*f?(s) may be ea- 


panded in the absolutely convergent series 
co 
(s —1)s?f?(s) =a+ Saj(s—1)!, 
where a > 0 is given by 


(3. 2) a= {JI 4'6(4) x1). 
q 


Proof. The properties of the Z-functions which we use here are to be 
found in Landau’s Handbuch der Lehre von der Verteilung der Primzahlen. 


‘See, for example, E. Landau, Vorlesungen iiber Zahlentheorie, I, Leipzig (1927), 
Pp. 83-87, 
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(I). For o=1— (log |t|)-, | | 23 we have 
| L(s, xj)| < A; log | ¢ |, 
| 9(8)| < Ae. 
Hence 
| f?(s)| < (log | ¢ |)? 
< (log | ¢ 


provided n is chosen so that (log 3)?"-? = A,?Ap. 


(Il). The function L(s, x.) is regular in the given domain except for 
a simple pole with residue A*p(A) at s=1. The functions g(s) and 
L(s,x:) are regular throughout the domain. Since s = 1 is excluded by the 
cut, it follows from Lemma 4 that f*(s) is a regular function. Finally, 
because of the cut, the function f(s) itself is regular in the given domain. 
(III). The functions s-*g(s) and L(s,y,) are regular at s=1. The 
function L(s,xo) has a simple pole with residue A*o(A) at s=1. Hence 
for |s—1| <8 we have 
s*9(s) = g(1) + 
j= 
L(s,x:) = L(1s x1) + 
j= 


(s —1)L(s, xo) = 


From these equations it follows that 


co 
s*(s—1)P(s) = g(1)L(1, x1) 
j= 
We now choose c so that 
(log 3)?¢-? = A,?Ap, 
(log S 8. 
This completes the proof. 


4. Before proceeding with the proof of the main theorem we state and 
prove two lemmas. 
Lemma 6. If %, we have 


{(1 +8)*—1}{log(1 + + O(1/log 2). 


Proof. Using Taylor’s theorem we have 


5° 
1<é<1+48; 
. 


Hence 
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3s — 28° < (1+8)*—1 < 8s + 287, 
< log(1 +23) < 8+ #, 
(s— 28) (1 +8) < {(1+8)*—1}{log(1 + < (s + 28) (1—8)>, 
s— 18 < {(1+8)*—1}{log(1 + 8)}47 <s4 %8. 


The statement of the lemma follows from the last inequality since § = 1/log x. 


LEMMA 7%. Let (log3)°. Then 


f, a*(1—s)4ds = Vra/Vlog O(x/log x). 
6 


Proof. We have 


76 


v1 
(4, 1) f x? (1— s)4ds x?(1—s)4ds + otf — s)4ds} 
0 0 


6 


1 
+ 


Now let 1 — s = v/log a, so that ds = — dv/log x and «* = ze’. Then 


1 log # 
(4,2) (1 —s)4ds = (2/V log x) f 
0 0 


Next, we have 


(4.3) ety = + Of J 
0 70 Og 


— 45° 
log x 
= Vzr-+ O(1/Vlogz). 
From (4.1), (4.2), and (4.3) we obtain 


1 — om 
a*(1—s)-#ds = Vra/Vloga+ O(a/log x) + O(2%). 
6 
This proves the lemma since «? = O(a/log x). 


5. We are now in a position to prove the main theorem. The conditions 
satisfied by our function are precisely those satisfied by the function f(s) used 
by Landau in the paper referred to in Section 1. We may therefore use his 


equation (8), page 311. We have 


*1 3e 
(5.1) S b(n)log(a/n) = ( I/ni) | s*asf(s)ds + O(a exp(— Vlog 


In this equation replace « by «+ 6x, where 6 = 1/log «. From this new 


equation subtract equation (5.1). This gives 
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log(1 +8) b(n) — (1/ni) {(1 
(m)log( + 82)/n) + exp(— 
Now 
b(n) log( (x + 8x) /n) = O(8z log(1 + 8) ) 
and hence 7 


met 
1 

(5.2) {(1+8)*—1}{log(1 + 8) + | 
sect 
The proof is completed in three steps. tell 

First Step. In the integral in (5.2) replace s*f(s) by stiVa (1—s)4, 
By Lemma 5, (III) the error will be in | 

1 

of {(1 + 8)*—1}{log(1 + 8) ma 
6 
By Lemma 6 this is ” 
hav 
1 1 
ot sx*ds} = rds} = O{[2*/log } = O(a/log z). 
6 4 pro 
the 


Since § = 1/log xz, (5.2) becomes 


(5.8) B(2) = (Va/n) (1 +8) 
+ O(2/log zx). 


Second Step. Inthe integral in (5.3) replace { (1+ 8)*—1} {log(1+8)}° 
by s. By Lemma 6 the error will be led 
1 spe 
O{(1/log 2) s+(1— s)-42%ds}. 
By Lemma 7 this is O(a/logz). Then (5.3) becomes Th 
ver 
(5. 4) B(x) = (Va/n) a*(1—s)#ds + O(2z/log x). lin 
7] 
Third Step. Replace the integral in (5.4) by its value from Lemma /. #8 
This gives 
B(x) = br/ Vlog + O(a/log (1. 


where 6 = V/a/x and a is given by (3. 2). 
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ON THE REPRESENTATIONS OF THE SYMMETRIC GROUP.* 


By G. DE B. Rosinson. 


Introduction. In the study of the irreducible representations of the sym- 
metric group two methods are available. The first is an application of the 
Frobenius-Schur theory of the characters which is valid for any group, the 
second is the ‘substitutional analysis’ of Young. Neither of these methods 
tells the whole story, and they should be used in conjunction. 

Here we propose to show that the two problems dealt with by Murnaghan ? 
in his paper “ On the Representations of the Symmetric Group,” lend them- 
selves to a treatment by Young’s methods. An answer to the first problem 
may be obtained from a formula given by Young; * we shall clarify this some- 
what embodying the result in the rule Y or Y’. Littlewood and Richardson * 
have given a theorem involving a rule LR which, if accompanied by a satis- 
factory proof, would provide an answer to Murnaghan’s second problem. We 
propose to supply a proof, basing it directly on Y. The chief advantage of 
these methods is in the simplicity of the final expression of the result. It is 
unnecessary to refer to any tables, and the irreducible components appear 
explicitly.—no cancellation is necessary. On the other hand if we are con- 
cerned with the characters*® the Frobenius-Schur theory is essential. In the 
last section of the paper we give illustrations of the application of these rules. 

I must express my thanks to Mr. D. E. Littlewood for suggestions which 
led to the revision of the original draft of §5 on lattice permutations. A 
specific acknowledgment is made ‘in the text. 


1. The product and power representations of the full linear group. 
The theory of the representations of the symmetric group S, on n symbols is 
very closely associated with that of the rational representations of the full 
linear group L, whose degree we shall take to be /. There is an infinity of 
such irreducible representations but those of order n are to found amongst the 


irreducible components of the Kronecker product 


(1.1) W,(L) =LXLXLX-:+ factors. 


"Received February 4, 1938; Revised April 18, 1938. 
* [20], chapter V. 

*[5], p. 469 and p. 478; ef. also [8]. 

$(21], Part VI, p. 199. 

*[3], p. 119. 

* [6]. 
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The degree of I,(1), known as the product representation, is 1". A very 
elegant reduction of II,(Z) has been given by Schur,® who shows that with 
every irreducible representation * (A) of S, of degree f, is associated an irre- 
ducible representation 7’ (L), or as we shall write {A} of L. This reduction 
is accomplished by constructing matrices of degree 1" permutable with IT,(L), 
which interchange the n sets of variables * according to the permutations of §,, 
These n! matrices yield a representation of S,, and from Schur’s Lemma it 
follows that {A} appears in II,(Z) with multiplicity fh. 

If we suppose that all the factors in (1.1) operate on the same set of 
variables the resulting representation is known as the n-th power representa- 
tion of and denoted P,,(L). Corresponding to a given partition a) 
or (a) of n where a, = a@ =~: - - = a, we may construct the representation 


Petty) K Pa (L) X*> K 


Let us denote by P, the sub-group of S, of order a! a2!- - -av!, which is 
the direct product of the sub-groups S,, on the first 2, symbols, Sg, on the next 
a, symbols, and soon. This sub-group gives rise to a permutation representa- 


n! n 
ay! a)’ 


which we may denote A(a), extending the notation to write 


(1. 2) Awa (L) = Pa,(L) X Pa(L) X** Pay(L). 


9 


tion ® of S, of degree 


In particular ,(L) = Evidently (L) = Pa(L) = {n}, so that 
we may write (1.2) in the form 


(1. 3) Ava) (L) = {4%} XK {42} {av}. 

Clearly also we may write 

(1. 4) Ava) (L) (L) x Avy (L), 

where the numbers Bd3 yn are the @’s possibly re 


d 
arranged, so that Bi = Bis: and yj = for all i,j, A+ 


and 


j= 


° [13], §§ 1 and 2. 

7No confusion will result if we use the same symbol (A) to denote the corre: 
sponding conjugate set of 8). 
® Cf. [19] and [1]. 
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3y identifying the characters? it follows that {A} appears in Aw@)(L) 
with the same multiplicity as does (X) in A(a@). 


2. A formula of Young applied to the reduction of A(a). A method 
for determining the irreducible components of A(a@), or of Aia)(L), has been 
given by Murnaghan.*! We shall make use of a formula * of Young’s which 


is applicable to the situation : 


n! 


n 
(2. 1) Tr. = >| TL en 
a rs te 
It is not necessary here to go into any detailed account of Young’s analy- 
sis, we shall merely give enough to explain the symbols involved. Corre- 


sponding to a conjugate set (a) of S;, we may construct a tableau 


41442 °° * Aya, 
. 421 ° Aras 
[ 2] 


ay ve 4 Avay 


v 
where, as before, a; = a;,, for all i and }a;—n. From the rows of [a] 
i=1 
we construct substitutional expressions di2* *dia,} representing the sum 
of all the operations of Sg,; multiplying these together we obtain 


The brackets { } and their product Pa as well as other expressions Ng, 
T, which we shall form are specially chosen members of the group-ring to 
which 8S, gives rise. The members of this group-ring may be thought of as 
operators but we shall not stress this interpretation. The relation with our 
former P is so close we need not distinguish between them. 

Similarly from the j-th column of [a] we construct {a,; where 
now every odd permutation has coefficient —1. Such an expression Young 


calls a ‘negative symmetric group,’ and from the columns we obtain 


fe 


Na = (011 Go, * * Avy} ° 

Thus with any given arrangement of the n letters in the tableau form [a] 
we may associate the product PaNa, and denoting summation over all possible 
n. arrangements by [T we may write 

* [13]; [5], pp. 444-448; and [8], p. 45. We use A(a) with the same meaning as 
does Murnaghan, while our {r\ has a different significance. 


115]. The results are tabulated up to n=9. 
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(45) 


We may define the tableau [a] as standard if the letters in each row and 
column appear in the order of some given sequence. It can be shown that 
just f, of the nm! are standard, where 
II 
= 
II +v—r)! 


and that 7’, may be expressed in terms of them only: 


where = / 


sary to obtain orthogonality, but we need not go into this. For us the im- 


p The introduction of the multiplicative factor M, is neces- 
portant fact is that corresponding to each conjugate set («) we have a tableau 
[a] and a resulting 7, which leads directly to the irreducible representation ” 
of Sp. 


*2 It may be worth while at this point to relate some recent work by Specht [14] 
and [16] with this analysis of Young. Following Schur [12], if we replace the sym- 
bols in dictionary order, by (t= 1,2,--+,”), we may uniquely associate with 
each tableau [a] the product of powers 


os 
a, Q1+1 


A permutation P of 8, will leave 5(”) unaltered or transform it into 5?(a) according 
as P is, or is not, contained in P,. Instead of treating the group ring directly Specht 
constructs functions 


dg) (@) = 30 (a) 


Q 
N, = > 5(@)Q, as above, 
Q 
and ¢(Q) =+1 as Q is even or odd, which under the permutations of S,, yield a 
modul M(S8,,;d.,,(#)). Confining our attention to standard tableaux this modul leads 
to the RN representation (a) of S,. Specht’s method of constructing the actual 
matrices is the same as Young’s and the results are identical (cf. [21] Part IV, p. 253; 
for a résumé of Young’s theory cf. Part III, pp. 258-269. In Part VI the theory is 
further developed to give the actual matrices of the representation (a) in orthogonal 
form according to a very simple rule contained in Theorems 4 and 5, pp. 217 and 218). 
In [18] Specht generalizes Young’s T, to apply to any permutation group Py 
It can be shown that 
T,-T=(f,/m!) > 
PC 
(cf. [21] Part IV, p. 256) where a is the characteristic of Pin (a). Specht writes 
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We may now write (2.1) in the following manner: ** 
Ars 
(2.2) A(a) = (a). 


In this form it gives the reduction of A(a) which we are seeking. 
Young ** defines the operation S;s as follows: 


“ §,-¢ where r < s represents the operation of moving one letter from 
the s-th row up to the r-th row, and the resulting term is regarded 

Y: as zero, whenever any row becomes less than a row below it, or when 
letters from the same row overlap,—as, for instance, happens when 
a, = a in the case of 843823.” 


As an illustration we have 


(2,8) A(3, 2, 1)—=[1-+ Ses -+ Sis + + (8, 2; 1) 
= (3, 2,1)+(3?)+ (4, 2)+(4, 17) +(4,2)+(5, 1) +(5,1)+(6). 


3. The Littlewood and Richardson rule for the reduction of {8} X {y}. 
The second problem treated by Murnaghan’ is the reduction of {8} X {y} 
into its irreducible components {a} of order n. His method is based on Schur’s 
expression of the characters as determinants or as quotients of alternants. 
This method has been used by Specht.’® 

Littlewood and Richardson have also studied this reduction. Their means 


f(a) = xprfr(e), 
PE Pa 
where f(a) is a rational integral homogeneous function of the «@,, Ie is the degree of 
the irreducible representation of P,, and h is the order of P,. Corresponding to the 
relations amongst the 7’s 


T,-T,=0, 
l= 

a 


we have 


X,(Xef(@)) = (a), =0,  M(P,; = X;f (a) ). 


The function f(a) is d.,,(«) in the case of the symmetric group, and is similarly 
obtainable from the tableaux in the case of the alternating and hyper-octahedral group 
(ef. [15] with [21] Part V),—otherwise how actually to construct it is unknown. 

* Cf. [9]. 

“[21] Part VI, p. 199. For a changed interpretation cf. Y’ at the end of § 4, 
which clarifies somewhat the application of Y, and is applied to the example (2.3) 
at the beginning of § 7. 

*® Actually he considers the corresponding problem for finite groups. 


17], p. 155. 
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of approach is through what they call Schur or S-functions, which are none 
other than the characters of the {#}. Their reduction of the product of two 
S-functions of degrees / and m into a sum of S-functions of degree n, corre- 
sponds exactly to the reduction of {8} & {y} into its irreducible components 
{a}. Their chief contribution to the theory is the following theorem: " 


To every tableau which may be constructed according to the following rule 


there corresponds an irreducible component {a} of {B} * {y}, and all such 
components are thereby obtained. 


LR,: “Take the tableau |B| intact and add to it the letters of the first 
row of [y]. These may be added to one row of [B], or the sym- 
bols may be divided without disturbing their order into any nun- 
ber of sets, the first set being added to one row of [B], the second 
set to a subsequent row, the third to a row subsequent to this, and 
so on. After the addition no row must contain more symbols than 
a preceding row, and no two added symbols may be in the same 
column. 

Next add the second row of |[y], according to the same rules 
followed by the remaining rows in succession until all the symbols 


of [y]| have been used. 


Lk,: These additions shall be such that each symbol of a given row of 

2 g 
[y] i the compound tableau must appear in a later row than the 
letter in the same column from the preceding row of [y].” 


In what follows we shall establish a connection with Young’s equation 
(2.2) which will enable us to extend the methods used by Littlewood and 


Richardson to give a proof of their theorem.'* 


4. A proof of the Littlewood and Richardson rule. As a first step it 
will be convenient to modify somewhat Young’s tableau [a] on which the Si; 
of (2.2) are supposed to operate. If we interchange a pair of rows leaving 
the letters in the same columns as before P, remains unaltered, and the only 
change induced in (2. 2) is in the interpretation of the operators S,-. ;—others 
amongst their products will yield the components of the right-hand side. In 
particular we may rearrange the rows of [a] so that those of [B] come first, 
followed by those of [y], thus: 


131, p. 119. 
18 There are some slips in the application of the theorem to the reduction 0 
{4, 3, 1} 4 {2?, 1}, pointed out by Murnaghan [7]. 
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Die Dig, 
Do bop. 


[Boy]: 
C11 Ci2 Cin 

C21 Cove 


ee 


Cur 


The corresponding representation of the full linear group Z remains the same, 
i.e. {a} = {B;y}, and (a) = (8;y). If we generalize the S,. so that r may 
be greater than s, we may describe the passage from [a] to [B;y] by means 
of a product S, of S’s. In particular So = S;,?S2, transforms 


aaa aaa 
[3,2,1]: 6 b into [38,1;2]:c¢ 
bb 


To pass from an operator as applied to [a] to that as applied to [B; y] 
it is only necessary to multiply by S$, and keep track of the letters involved, 
which we may do by an appropriate prefix. E.g. we may write So-t = 1823" cS30 
and the operator S.; as applied to [3, 2,1] leads to 


or simply S.;* as applied to [3,1;2]. If after the multiplication an operator 
S;, remains where 7 > s, as in the case of 1 operating on [3, 2,1], we may 
first combine it with the other members of S,, ignoring the prefixes, and 
remultiply. The resulting tableaux will in this case not be identical with 
those derived from [3, 2,1], certain letters in the same columns being inter- 
changed, but the correspondence between the two sets of tablaux is unique. 


Corresponding to (2.3) we have 


(4.1) A(3,1; 2) = [Sos + Sos? + So5?Si2 + Sis + SisSee 
+ + S13” + | (3, 5 2). 


In order to avoid confusion we shall write these operators S;. as applied 
to this modification [8;y] of [a] as A,s, the operators S;. as applied to [B] 
as By, and as applied to [y] as Cys. Combining (1.4) and (2.2) we may 
write 


*A more complicated example would be | operating on [4,3,2,1] leading to 


13 
= operating on [4,1; 3, 2]. 
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(4.2) y} = [2 {8}] {y}] 


+ (0) X 
From the above interpretation of S,. operating on [8;y] it is clear that we 
may identify A,, for s= 2 with B,,; e.g. in (4.1) Ayo = Byo. 
Young’s original restrictions Y on the S;. as applied to [«] still hold 
since they are not affected by the above correspondence. Thus we may think 
of the tableaux arising on the left of (4. 2) under the operations Ars as falling 
into sets representative of the irreducible components *° of 


{B} X Avy (L), 


and built on [B], derivable from [8] by the B,, operating according to Y. 
The rule of operation of the A;,,,; we write as: 


Y,: Take the tableaux [| intact and add to it the letters of the first 
row of [y] under A;,y,:. These may be added to one row of [8), 
or the symbols may be divided (without disturbing their order) 
into any number of sets, the first set being added to one row of [8], 
the second to a subsequent row, the third to a row subsequent to 
this, and so on. After the addition no row must contain more sym- 
bols than a preceding row, and no two added symbols may be in the 
same column. 

Next add the second row of [y], according to the same rules 
followed by the remaimng rows in succession, until all the symbols 
of [y] have been used. 


To obtain tableau built on [B] replace [B] by [B] in 


The parenthesis in Y, is unnecessary at this stage, in fact all the letters in 2 
given row of [y] may be taken to be the same (cf. the example at the be- 
ginning of § 7), but it will be needed shortly to add definiteness to the resulting 
tableaux. It is important to remark that LR, and Y, are identical. 


If we let B, =a, and y; = *.-yv-1 Y2 becomes unnecessary 
and Y, may be written Y’, which is equivalent to Y in view of the equation 
(4. 3) Acay(L) = {41} Acags... avy) (L). 


This change of viewpoint seems to clarify the application of Y and makes 1! 
a very simple matter to write down the tableaux representative of the ie 
ducible components of A(a). 


20 By suppressing the c’s we arrive at a tableau representative of {B} and we msy 
think of [8] as occupying the upper left hand corner of the compound tableau, leading 
to the idea that this is butlt on [6]. 
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5. Lattice permutations. Permutations of the m letters 


have been studied at some length, and a particular class called lattice per- 
mutations have been given prominence by MacMahon.*! The definition of a 
lattice permutation is that amongst the first + terms of it the number of 
¢;’s = the number of c.’s =- - -= the number of c,’s for all r. If we add a 
second suffix to the c;’s according to the order of their appearance, for each 4, 
we may define a set of numbers which may be called indices of the permutation. 
Considering first only the c,’s and the c.’s, if follow and precede ¢4,t41 
its index is defined as s—t and we write 


= S 


which may be positive, zero, or negative. As pointed out by Littlewood and 
Richardson ** the resulting permutation of c,%c2% is a lattice permutation if 
and only if no > 0. Similarly we may define indices 134s, ete. and 
any permutation of the letters (5.1) is lattice if and only if no %2,041,3 > 0 
(c=1,2,---,u—1). An important property of a lattice permutation is 
that by comparing it with the natural arrangement, or identical permutation, 
of the symbols we may uniquely associate it with a standard tableau, and con- 
versely. KE. g. with the permutation 

14 

1231 we associate the tableau 2 , 
3 


the lattice permutation indicating in which row the corresponding symbol is 
tobe placed. Thus the number of distinct lattice permutations ** of the letters 
(5.1) is just 

We now show how any non-lattice permutation may be associated with a 
lattice permutation. The steps in the process are as follows: 


(a) Considering only the c,’s and the c.’s in the permutation, take the 
first c. with the greatest positive 1:2. and change it into a ¢. Re- 
allocating the second suffixes repeat the process, continuing until the 
c,’s and the c.’s are all lattice. 

(b) Considering only the c,’s and the c,’s in the permutation so modified, 
take the first c, with greatest positive 123, and change it into a ¢». 


* [4], vol. I, p. 124. 
_ [3], p. 121. Dr. A. Young has drawn my attention to the fact that the index 
hres is almost identical with a number used by him ([21] Part VI, §15). In his 
notation Vr41,8,7 = —*yr41,9 + 2 and the condition that i,,,,,=0 is the same as 


S 2, or that his second tableau function II (¥ —1)>0. 


23 
Any two such we may speak of as belonging to the same class. 
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If this change upsets the 1-2 lattice property correct for it by 
changing a C2 into a c, according to (a) ; this may or may not be thy 
new Cz. Re-allocating the second suffixes repeat the process, cop. 
tinuing until the c,’s, ¢2’s and c,’s are all lattice. 

(c) Making use of the indices 134s, t452,° * *, Y-1,ne proceed as above, con- 
tinuing until all the c,’s, c.’s,- - -, cy’s are lattice. 


This 7* we shall refer to as the association I. 
Let us think of these changes in the light of Y’ as applied to [+], au 
associate them with the operators Ci; in the following manner. 


(a’) Changing a c, into a c, we associate with the operator C,». 

(b’) If changing a c; into a c, does not spoil the 1-2 lattice property 
we associate it with the operator C;. 

(b”) If changing a c; into a c2 does spoil the 1-2 lattice property ani 
we must change a c, into a ¢,, we associate it with the operator (),, 

(c’) Similarly changing a c, is associated with C34, Cos, or Cy4 as further 
changes are necessary; etc. Finally changing a cy is associated with 


Thus with each non-lattice permutation of the letters (5.1) we may also asso- 
ciate an operator 
(5. 2) == TICs , 


which is one of those *° applied to [y] under Y’. This we shall describe as the 
association IT. 

We are now ready to pass on to the conclusion of the proof of the Little 
wood and Richardson theorem, but before doing so it will be worth while to 
consider in greater detail these two associations I and II in the cas 
The tableau [y] is in this case 


1 
2 


and each of the operators (5.2), which we shall denote L2, leads to a standard 


**T am indebted for this association I to Mr. D. E. Littlewood. 

5 Clearly the lattice condition assures at each stage that the number of letters i2 
any row is not less than the number in a succeeding row of the corresponding tableat. 
Changing the “first c,,, with greatest positive i, ,,, ,” precludes the possibility of tw? 
letters from the same row appearing in the same column, as will be clear from the 
following example. The permutation c,c,c,¢,c,c, leads to ¢,¢,¢,¢c,C,c, under the association 
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tableau and a corresponding lattice permutation L,. Thus with each of the 
m! permutations of the letters we can associate under I a lattice permutation 
[,, and under II a lattice permutation Lz, and L, and Lz belong to the same 
class. Conversely, by reversing the steps (a), (b) and (c) we may pass back- 
ward to the permutation which 7* we may denote (S). This passage may be 
indicated thus: 
123---m—>L,-——> (8). 

If we interchange the roles of the two lattice permutations L, and Lz it is not 
difficult to see that 


123+ — L, — (S*). 
(L,)* 
Clearly if ZL, LZ, then S*==1. This remarkable duality enables us to con- 
struct a square table having Sf, rows and columns which is symmetrical about 
its leading diagonal, down which appear the Sf, solutions ** of S? 1. The 
remaining substitutions of Sm appear in blocks of f,?, and Sf? = m!. There 
follows this table constructed for m = 4. 


1234 1231 | 1213 1123 1122 | 1212 1112 | 1121 | 1211 1111 
Bua S28 2,84 S128 23804 SS 881814 
1234 | 1234 
1231 1243 1342 2341 
(34) (234) (1234) 
1213 1423 1324 2314 
(243) (23) (123) 
1123 4123 3124 2134 
(1432) (1382) (12) 
1122 2143 3142 
(12) (84) (13842) 
1212 ; 2413 3412 
(1243) (13) (24) 
1112 3214 4213 4312 
(13) (1438) (1423) 
1121 3241 4231 4132 
(134) (14) (142) 
121] 3421 2431 1432 
(13824) (124) (24) 
lll] 4321 
(14) (23) 


land to the operator C,,? under II, not to c,c,¢,c,c,c, and the operator 0,02; (cf. the end 
of the third paragraph on p. 122 of [3]). 

** Assuming that the identical permutation is transformed by S into the given 
permutation. 
* [2], p. 197, since all the irreducible representations of S,, are real. 
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6. Conclusion of the proof. We have now reached the final stage of 
our argument and may confine our attention to those tableaux built on [8] 
which are representative of the irreducible components of 


(6.1) {8B} X = (B} & + {m}. 


We follow Littlewood and Richardson ** and from any such tableau read the 
ci;’s from the right omitting the second suffix, beginning at the first row and 
taking the remaining rows in succession. Written in-this order we have a 
permutation of the letters (5.1). A little consideration will show that if a 
tableau built on [B] according to Y, (or LR,) is to satisfy LR, tt is necessary 
and sufficient that the permutation of the c’s obtained as above described 
should be a latlice permutation. 

We assume the Theorem to be true for all products {8} & {7}, where 
[¥] is derivable from [y] under the C;., and apply an induction to prove it 
for {8} & {y}. That is, we assume that all tableaux satisfying the appro- 
priate LR, yield the irreducible components of {8} X {7}, since as we have 
seen LR, is automatically satisfied; this is equivalent to saying that the 
corresponding permutation is a lattice permutation. But clearly this is neces- 
sarily so in the case of {8} & {m}, where all the letters of [m] belong to the 
same row. Each non-lattice permutation of ¢,% ¢27- - - cy¥# is associated with 
an operator 110s under the association II, and conversely with each such 
operator is associated a set of tableaux built on [8] according to LF, and LR,. 
Thus those which remain, namely the lattice permutations, represent tableaux 
built on [@] according to LR,, and yield the irreducible components of 


{B} X {y}. 


7. Examples of the application of the rules Y, Y’, LR. We may obtain 
the irreducible components appearing in 


(2.3) A(3,2,1)=[1+ S224 812+ Si2820-+ 812918 + 8127828 + (3,21) 
= (3, 2,1) + (3) + (4,2) + (4,17) + (4,2) + (5,1) + (6, 


by the more systematic rule Y’. Taking the tableau [3, 2,1] to be 


we write down the first row intact, and add the letters of the second row 
according to Y;. To the resulting tableaux, namely 


28 [3], p. 121. 
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aaab b, aaab, aaa, 


b b b 
we must add the letter c, obtaining from the first 


aaa b b C= S307S13[ 3, 2, at. ada b b = 8127So3[3, 2, 1]; 
Cc 


from the second, 


b be b 


and from the third, 


aaac=S8,,[3,2,1], aaa=([8, 2,1]. 
bb bbe bb 
c 
These tableaux yield the required components. 


As an illustration of ZR we shall write down the tableaux representative 
of the irreducible components of {4, 27,1} & {2*}. It will be easier to build 
on [4, 27,1], and since this tableau remains unaltered we shall represent its 


elements by «’s. We write 


[4, 27,1] : © », [27] : a1 de, 
e e b, 
ee Cy Ce 


and begin by adding the letters of the first row of [2*] to [4, 27,1] according 
to LR, (= Y,). Then to these tableaux we similarly add the letters of the 
second and third rows of [2*], subject at each stage to LR». 


ay eeee Me, ay Qe, e eee ay Qe 5 
Cy Co ee e eC; ee 
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Ce C1 Co be be Cy 
C2 C2 C2 
Cy © Ci Co Cy bp of 
Ce C2 C2 C1 Ce re] 
Cy be Ci be Cy b, 
be be C2 Ce bp be 
G Co Co Co Co 
dz ds ° Uy 
be by Cy b, bz ae de 
Co Co Ci Ce be be 
C2 C2 
Az C1 C2 C2 Ci C2 
be 
C2 
b; Cy az ° a2 [6] 
be Do Cy be Do C1 he [7] 
Co Co C2 C2 C1 Ce 


e( 
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Ue Cy b, 

be De Cy 

C2 Co Co. 


While the number of tableaux which it is necessary to construct in a given 
product may not be small, nevertheless after a little practice the application 
of LR becomes quite mechanical, and is entirely elementary. Hach tableau 
representing an irreducible component, we have the equation 


{4, 27,1} {2°} (6, 47,1) + (6,4, 3,2) + (6,4, 3, 17) + (6, 4, 22,1) 
+ (6, 37, 2,1) -+ (6, 3, 2°) + (6, 37, 1%) + (6, 3, 2?, 17) 
+ (6, 24,1) + (5, 4%, 2) + (5, 17) + (5, 4, 3?) 
+ 2(5, 4, 3, 2,1) + (5, 4, 2°) + (5, 4, 3, 1°) 
+ (5, 4, 27,1?) + (4, 3%,1) + (5, 37, 22) + (5, 3?, 2, 17) 
+ (5, 3, 29,1) + (5, 3%, 2, 17) + (5, 3, 27,1) + (5, 2°) 
+ (5, 37, 1*) + (5, 3, 27, 1%) + (5, 24, 17) + (4%, 3) 
+ (4%, 2,1) + (4°, 37,1) + (4°, 3, 27) + (4%, 3, 2, 17) 
+ 28,1) + (4, 3°, 1?) + (4, 37, 27,1) + (4, 3, 2*) 
+ (4, 37, 2, 1%) + (4, 3, 2°, 17) + (4, 2°,1). 
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THE ANALYSIS OF THE KRONECKER PRODUCT OF IRREDUCI- 
BLE REPRESENTATIONS OF THE SYMMETRIC GROUP.* 


By F. D. MurnacHan. 


Introduction. The well known theorems which are known as the Clebsch- 
Gordan series, and which are fundamental in invariant theory and in the 
application of group theory to quantum mechanics, are two in number. The 
first furnishes the analysis of the Kronecker product of any two irreducible 
representations of the two-dimensional unimodular linear group into its irre- 
ducible components; and the second furnishes the analysis of the Kronecker 
product of any two irreducible representations of the three-dimensional rota- 
tion group. ‘The irreducible representations (rational-integral) of the n- 
dimensional linear group are each described by 7 = n, positive integers (whose 
sum is the degree of the representation in question); hence when n= 2 
j has only two possible values 1 and 2 (the identity representation, of degree 
zero, is exceptional, being characterised by the number zero). A further 
simplification is introduced by the demand that the two-dimensional linear 
group be unimodular’: in this case each irreducible representation (continuous) 
is rational-integral and is characterised by a single label (a positive integer or 
zro). Thus the first of the two classical Clebsch-Gordan series furnishes the 
analysis of the Kronecker product (m) X (n) of two irreducible representa- 
tions (m) and (n) of the two-dimensional unimodular linear group, each term 
in the analysis being described by a single non-negative integer. The irreduci- 
ble representations of the n-dimensional rotation group are each described by 
j Sk positive integers where k = n/2 if n is even and k = (n —1)/2 when 
n is odd (the identity representation, which is characterised by the number 


zero, being again exceptional). Hence when n = 3 each irreducible repre- 
sentation is again characterised by a single label and the second of the two 
classical Clebsch-Gordan series furnishes the analysis of the Kronecker product 
(m) X (n) of two irreducible representations (m) and (n) of the three- 
dimensional rotation group, each term in the analysis being described by a 
single non-negative integer. In a recent paper (1) Brauer describes a method 
for finding the analysis of the Kronecker product of two irreducible repre- 
sentations of a semi-simple continuous group and makes the following remark : 
“Dans le cas d’un groupe d’ordre fini, on ne connait pas de loi explicite de 
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cette nature.” We give in this paper the analysis of the Kronecker product 
of various pairs of irreducible representations of the symmetric group on n 
letters. Each irreducible representation of this group is described by j <n 
positive integers, whose sum is n, so that a restriction analogous to that imposed 
in the classical Clebsch-Gordan series would be to demand that n = 2 which 
would reduce the question to a triviality. Fortunately no such restriction is 
necessary: the coefficients in the analysis are independent of n. This is the 
central result of the present paper and we think it well to add a few words 
of explanation here to make what is meant quite clear. The simplest non- 
trivial instance of the theory furnishes the analysis of (n —1,1) K (n—1,1) 
i.e. the Kronecker square of the irreducible representation (n—1,1) of the 
symmetric group on n letters (the representation (n), described by the single 
positive integer n, being the identity representation, acts as a unit in the 
formation of Kronecker products). The result, valid for arbitrary n, is 


(n— 1,1) x (n—1,1) (n) + (n—1,1) (n — 2, 2) + (n— 2, 1?). 


However, one must understand that if a partition of nm which occurs in the 
analysis is disordered, i.e. not in normal non-increasing order, it must be 
restored to this normal order, or discarded, in the manner described in detail 
in our previous paper (2) p. 461. Thus when n = 2 we obtain on the right 
the two disordered terms (0, 2) and (0, 1?) ; of these the first must be replaced 
by — (1?) and the second discarded (because it contains an element, 1, which 
is greater than the preceding element, 0, by unity). Hence (1?) X (1°) 
= (2) + (1?) — (1?) = (2) which is the trivially evident fact that the Kron- 
ecker square of the alternating representation of the symmetric group on two 
letters is the identity representation of this group. When n= 83 we obtain 
amongst the four terms in the analysis the term (1,2) which must be dis- 
carded so that 
(2, 1) x (2, 1) — (3) + (2, 1) + (1°). 


For higher values of n no disordered partitions of m occur in the analysis. 
Thus 

n= 4; (3,1) X (3,1) (4) + (3,1) + (2) + (2,1) 

n—=5; (4,1) X (4,1) = (5) + (4,1) + (3,2) + (3, 1’) 


and so on. We give in the present paper the analyses of (n — p, Az," °') 
(n—4q, for the following values of p and q: p=1, ¢=1,2,3,4,5 
(there being 18 of these)’; p = 2, q = 2, 3, 4 (there being 19 of these) ; p= ?; 
q = 3,4 (there being 21 of these). It is not surprising that the formulae 
become increasingly complicated as p+ q increases; in fact, the analysis of 
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(n—p,A2,*° X +) does not contain any component whose 
initial element << n—p—gq. Those we give suffice (in combination with 
certain elementary and obvious devices) to give the analysis of all products 
provided nm = 8 and we append these analyses. It would have been possible 
to construct these analyses from the character tables (by a Fourier analysis 
method) but such a method is exceedingly tedious and anyone attempting it 
inevitably feels himself classed amongst the “ hewers of wood and drawers of 
water.” By availing ourselves of the two central facts 


(a) that the coefficients of the analysis are independent of n and 
(b) that the analysis of (n — p,- - -) X (n—4q,- - -) does not go deeper 
than the terms (n— p—q,: -) 


we are able to dispense with the troublesome Fourier analysis. The page 
references in the following paragraph refer to our paper (2). We close this 
introduction with the doubtless unnecessary remark that the Kronecker products 
discussed here must not be confused with the “ direct ” products treated in a 
previous paper (8). The direct product of two irreducible representations of 
the symmetric groups on m and n letters, respectively, may be regarded as a 
Kronecker product but not of representations of the symmetric groups; we 
have to take the attached irreducible representations, of degrees m and n, 
respectively, of the full linear group and then the Kronecker product, of degree 
m-+-n, of these irreducible representations of the full linear group (not the 
symmetric group) is attached to the direct product of the two given repre- 
sentations of the symmetric group. 


1. Description of the method. The essential fact that the coefficients 
of the analysis of (m — XK (m— 4, depend only on 
(u2," + +), whose sums are p and q, respectively, and not on n is an immediate 
consequence of a remark made in a previous paper (4) in which we gave ex- 
plicit formulae for the characters of various representations (nm — p,Az2,°*:) of 
the symmetric group on n letters in terms of the class numbers (%) = (4, %2,°**). 
We pointed out there that the formulae of this type did not involve n explicitly ; 
they are in fact polynomials in (@,%,- - -) with coefficients depending on 
(42, +). Since the characters of a Kronecker product are simply the products 
of the characters of the factors the fact that the coefficients occurring in the 
analysis of our Kronecker product are independent of n is a foregone con- 
clusion. The rule for rearranging disordered partitions of n is an immediate 
consequence of the following fact (p. 460): if (A) = (A:,° - *) is any partition 
of n the characteristic ¢,,)(s) of the irreducible representation (A) is a de- 


terminant with the property 
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Pi. Ap» Ape wee) (s) — Apel, Aptl (s). 
Since 


1 4 
TON) (s) = = 
it follows that 


(a) 


(Cf. end of § 1, p. 742, of our previous paper (4) ). 

It remains to show that the product (n — K (m—4q, 
does not contain any terms whose first element is less than n —p—g. To 
do this we observe that the characters of A(n), the identity representation, are 
1; that those of A(m— 1,1), whose characteristic is qn-1(8)s,, are a, (see (4) 
p- 740); that those of A(m— 2,1*), whose characteristic is dn-2(s)s,, are 
%,(%,—1) and so on. Since any polynomial in a, is a linear combination 
of the quantities 1, a, #,(¢:—1),-- -, it follows that any polynomial in g, 
of degree m is a linear combination of the characters of the representations 
A(n —j, 14), 7 =0,1,--+,m. Again the representation A(n — 2, 2), whose 
characteristic is gn-2(8)Q2(8) = $qn-2(8) (8:2 + 82) has $a,(a%,—1) + ay for 
its characters so that a is a linear combination of the characters of repre- 
sentations which go no deeper than A(n — 2,- - -). On considering 
A(n — 2 — j, 2, 14) whose characteristic is 


Gn-2-(8) (8) qx! (8) = 3qn-2-(8) + 84453) 


we see that the product of any polynomial in @, of degree m by az is a linear 
combination of the characters of representations A(A), the representations 
involved going no deeper than A(n — m—2,---). It would be pedantic to 
continue the argument; it being now clear that any polynomial in (4;,---, %) 
whose term of greatest weight is k = n (the weight w of any term @;?- °° a! 
being defined by + 2p. +--+ npn is a linear combination of the 
characters of representations A(A), the representations involved going n0 


deeper than A(n —k,- - -). But the expression for the characters of 
D(n—p,: ++) has no term of weight > p; hence the expression for the 


characters of the product D(n— p,: -) X D(n —q,- has no term of 
weight > p+ q. In other words the compound representation D(n — 
x D(n—q,: +) is a linear combination (in fact with integral, but no! 
necessarily positive, coefficients) of the (compound) representations A(A); 
no representations deeper than A(n — p—gq,° - -) being involved. This im- 
plies (cf. (2) pp. 469-479) that the product D(n—p,---) K D(n—q,""’) 
is a linear combination (with positive integral coefficients) of irreducible repte- 
sentations D(A), no representations deeper than D(n — p— beitg 
involved. 
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We shall illustrate in detail the method of determining the coefficients 
occurring in the desired analysis by considering the first two instances. We 
first observe that if we write (A) X (u) =g‘® (a) (summation convention !) 


(A) (u) 
the coefficient symbol Tas is symmetric in its lower labels: 
(a) (@) 
Iwan 


simply because Kronecker multiplication is commutative. More than this 
., is symmetric in all three labels (A), (#), (@). In fact the relation 


( ) j 1 2 2 ( ) 
(A) X = which serves to define the integers forces 


DyG) 


where (7) is any class of the symmetric group on n letters. On multiplication 
by mjx(3} and summation over all classes (7) we obtain (owing to the 
orthogonality relations amongst the characters and the fact that they are 
all real) 


1 
(My) 


proving the symmetry of the coefficient symbol I yt) in all three labels (A), 
(u), (v). In other words the coefficient of (v) in the analysis of (A) X (ph) 
is the same as the coefficient of (») in the analysis of (A) X (v). If in 
particular (vy) is the identity representation (”) we see that (n) does not 
appear in any Kronecker product (A) X (q#) unless it is a Kronecker square 
(A) X (A) and in this case it occurs exactly once (for (A) X (n) = (A)).. 

These remarks are sufficient to enable us to proceed with our, now trivial, 
calculations. Thus to analyse (n—1,1) XK (n—1,1) we write it as follows: 


(n—1,1) X (n—1,1) =(n) + ,(n—1,1) + 2, 2) + —2, 1?) 


our problem being the determination of the three coefficients ¢,, ¢2, ¢:2 which 


are independent of n. Setting n = 0 we find c, = ¢,’, since 
(—1,1)——(0), (— 2, 2)=—(1,—1)= 0, 2, 1?) —(0, —1, 1)=(0). 


There is of course no symmetric group when n= 0; but qo(s) =1 and we 
may regard (0) as 1. Setting n= 1 we obtain c,—1; for (0,1) vanishes 
as also does (— 1, 1°) since this last contains an element (the third) which is 
greater by 2 than an element (the first) two steps ahead of it. Finally setting 
n= 2 we find c, = c.; for the product of (1?) by (1?) is the associate, namely 
(2), of (17) and (0,12) vanishes. Hence c, = ¢.=c¢,2—=1 so that the 
desired analysis is 
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(n—1,1) X (n—1,1) = (mn) + (n—1,1) + (n—2, 2) + (n— 2,1’), 


In proceeding with the next example (n—1,1) K (n— 2,2) we know 
that the coefficient of (n) is zero whilst that of (n—1,1) is 1. Hence we 
write 


(n—1,1) K (n— 2,2) = (n—1,1) + — 2, 2) + €,2(n — 2, 1?) 
+ ¢;(m—3, 3) + ¢2,1(n—3, 2, 1) + ¢,3(n—3, 


Setting n = 0 we get c,z— c,* = 1, since (— 2, 2) vanishes, as do also (—3, 3), 
(— 3, 2,1), whilst (— 1,1) = — (0), (— 2,17) = (0), (—3,1°) =— (0). 
Setting n 1 we find c,—c.,, since (0,1) vanishes, as do also (—1, 1’), 
(— 2,3), (—2, 1°), whilst (—1,2) —=— (1) and (—2,2,1) = (1). Setting 
n == 2 the left hand side becomes the associate of (0, 2) = — (1?) i. e. — (2). 


The right hand side becomes (1 


C2) (1?) —c;(2) and since the simple 
characteristics of the symmetric group on two letters are linearly independent 
we obtain the two relations c, = 1; c; = 1; setting n = 3 (in which case the 
factor (1,2) on the left vanishes) we obtain the two relations: cz; = 1, ¢.,, =¢; 
so that c. = 1, ¢2=1, = 1, Co, = 1, == 0. The various analyses given 
in the next section were obtained in this way. 


2. The results of the analysis. Denoting by (Ai, A2,° - -,A;) the ire 
ducible representation D(A) of the symmetric group on n = A, + Ax 
letters we have: 


1). (n—1,1) KX (n—1,1) = (n) + (n—1,1) + (n— 2, 2) + (n—2,1’). 

2). (n—1,1) K (n— 2,2) = (n—1,1) + (n— 2,2) + (n—2, 1’) 

+ (n— 3,3) + (n—3, 2,1). 

3). (n—1,1) X (n— 2,17) = (n—1,1) + (n— 2,2) + (n—2, 1?) 
4+ (n—3, 2,1) + (n—3, 18). 

4). (n—1,1) XK (n—3,3) = (n— 2,2) + (n—3,3) + (n—3,2,1) 
+ (n—4,4) + (n—4, 3,1). 

5). (n—1,1) X (n—3, 2,1) = (n— 2,2) + (n—2, 1?) + (n—3,3) 
-+ 2(n— 8, 2,1) + (n—83, 1°) 
+ (n—4,3,1) + (n—4, 27) 
+ (n—4, 2,17). 

6). (n—1,1) X (n—3, 1) = (n— 2, 12) + (n—83, 2,1) + (n—3,1') 
+ (n—4, 2,17) + (n—4, 1*). 

7). (n—1,1) X (n—4, 4) = (n—3, 3) + (n—4,4) + (n—4, 3,1) 
+ (n—5,5) + (n—5,4,1). 

8). (n—1,1) X (n—4, 3,1) = (n—3,3) + (n—83, 2,1) + (n—4,4) 

+ 2(n—4, 3,1) + (n—4, 2’) 
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10). 


11). 


12). 


13). 


14). 


15). 


17). 


18), 
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+ (n—4, 2,17) + (n—5, 4,1) 
+ (n— 5, 3,2) + (n—5, 3, 1?). 


. (n—1,1) X (n—4, 2?) = (n— 3, 2,1) + (n—4, 3,1) + (n—4, 2?) 


+ (n—4, 2,17) + (n—5, 3, 2) 
(n—1,1) X (n—4, 2, 12) = (n—3, 2,1) + (n—3, 1°) 
+ (n— 4, 3,1) + (n—4, 2?) 
+ 2(n— 4, 2,1?) + (n—4, 1*) 
+ (n—5, 3,17) + (n—5, 27,1) 
+ (n—5, 2, 18). 
(n—1,1) X (n—4, 1*) = (n— 3, 1°) + (n—4, 2, 17) + (n—4, 
+ (n—5, 2,1°) + (n—5,1°). 
(n—1,1) X (n—5,5) = (n—4,4) + (n—5,5) + (n—5, 4,1) 
+ (n—6,6) + (n—6,5,1). 
(n—1,1) X (n—5,4,1) = (n—4, 4) + (n—4, 3,1) + (n—5,5) 
+ 2(n—5,4,1) + (n—5, 3, 2) 
+ (n—5, 3,17) + (n—6, 5,1) 
+ (n—6,4,2) + (n—6, 4, 1?) 
(n—1,1) (n—5, 3,2) = (n—4, 3,1) + (n—4, 2?) + (n—5,4,1) 
+ 2(n— 5, 3,2) + (n—5, 3, 1”) 
+ (n—5, 27,1) + (n—6, 4, 2) 
4+ (n—6, 3%) + (n—6, 3, 2,1). 
(n—1,1) X (n—5, 3, 1?) = (n —4, 3,1) + (n—4, 2, 17) 
4+ (n—5,4,1) + (n—5, 3,2) 
+ 2(n— 5, 3,17) + (n—85, 2?,1) 
+ (n—5, 2, 1°) + (n—6, 4, 1?) 
+ (n--6,3,2,1) + (n—6,3, 1°). 


(n—1,1) X (n—5, 22,1) = (n— 4,2?) + (n—4,2, 1?) + (n —5,3,2) 


+ (n—5, 3,1?) + 2(n—5, 27,1) 

+ (n—5,2,1°) + (n—6, 3, 2,1) 

+ (n—6,2*) + (n—6, 22, 12). 
(n—1,1) (n—5, 2, 18) = (n —4,2,17) + (n—4,1*) + (n —5,3, 1?) 

+ (n—5, 22,1) + 2(n—5, 2, 18) 

+ (n—5,1°) + (n—6, 3, 1%) 

+ (n—6, 22, 12) + (n—6,2, 14). 
(n—1,1) & (n—5,15) = (n—4, 1*) + (n— 5,2, 18) + (n—5, 1°) 
+ (n—6,2, 14) + (n—6, 1%). 
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19). 


20). 


21). 


22). 


23). 


24). 


25). 
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(n—2,2) X (n—2,2) = (m) + (n—1,1) +2 (n—2, 2) + (n— 2,12) 
+ (n— 3,3) + 2(n—83, 2,1) 
+ (n—8, 1") + (n—4,4) 
+ (n—4,3,1) + (n—4,2?). 
(m— 2,2) X (n—2, 1°) = (n—1,1) + (n— 2,2) + 2(n—2, 1?) 
+ (n—3,3) + 2(n—8, 2,1) 
+ (n—83,1*) + (n—4, 3,1) 
+ (n—4,2, 12). 
(n— 2,2) K (n—3,3) = (n—1,1) + (n— 2,2) + (n— 2, 1?) 
+ 2(n— 3,3) + 2(n—83, 2,1) 
+ (n—4,4) + 2(n—4, 3,1) 
+ (n—4, 2?) + (n—4, 2,17) 
+ (n—5,5) + (n—5, 4,1) 
+ (n—5, 3,2). 
(n—2,2) KX (n—3, 2,1) = (n—1,1) + 2(n—2, 2) + 2(n—2, 1’) 
+ 2(n— 3,3) + 4(n—83, 2,1) 
+ 2(n—8, 1°) + (n—4, 4) 
+ 3(n—4, 3,1) + 2(n— 4, 2?) 
+ 3(n—4, 2,17) + (n—4, 1*) 
4+ (n—5,4,1) + (n—5, 3,2) 
+ (n—5, 3,17) + (n—5, 27,1). 
(n—2,2) X (n—3, 1°) = (n— 2,2) + (n—2, 1?) + 2(n—83, 2,1) 
+ 2(n—3, 1) + (n—4, 3,1) 
+ (n—4, 2?) + 2(n—4, 2,1?) 
+ (n—4,1*) + (n—85, 3, 1°) 
+ (n— 5,2, 1%). 
(n—2,2) X (n—4,4) = (n— 2,2) + (n— 3,3) + (n— 3, 2,1) 
4. 2(n—4,4) +2(n—4,3, 1) 
+ (n—4,24) + (n—5,5) 
+ 2(n—5,4,1) + (n—8, 3,2) 
+ (n—5, 3,17) + (n—6,6) 
+ (n—6,5,1) + (n—6, 4, 2). 
(n— 2,2) KX (n—4, 3,1) = (n— 2,2) + (n—2, 1?) + 2(n—3, 3) 
4+. 3(n—3, 2,1) + (n—3, 1°) 
+ 2(n—4,4) + 5(n—4, 3,1) 
+ 2(n—4, 27) + 3(n—4, 2, 1’) 
+ (n—5,5) + 3(n—5,4,1) 
4+ 3(n—5, 3,2) +3(n—5, 3, 1’) 
+ 2(n— 5, 27,1) + (n— 5, 2,1*) 
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29) 


30) 


31) 


a). 
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+ (n — 6, 5,1) (n — 6, 4, 2) 
+ (n— 6, 4,17) + (n—6, 3?) 
+ (n—6,3,2,1). 


26). (n—2,2) KX (n—4, 27) = (n—2,2) + (n—3, 8) + 2(n—8, 2,1) 


+ (n—3,1°) + (n—4,4) 

+ 2(n— 4, 3,1) + 3(n—4, 2?) 

+ 2(n— 4, 2,1?) + (n—4, 1*) 

+ (n—5,4,1) + 2(n—5, 3, 2) 
+ 2(n— 5, 3,1?) + 2(n—5, 22,1) 
+ (n—5, 2, 18) + (n—6, 4,2) 

+ (n—6, 3, 2,1) + (n—6, 28). 


(n—2,2) K (n—4, 2,1?) = (n—2, 1”) + (n—3, 3) + 3(n—3, 2,1) 


+ 2(n— 3, 1°) + 3(n— 4, 3,1) 
+ 2(n— 4, 2?) + 5(n—4, 2,17) 
+ 2(n—4, 1*) + (n—5, 4,1) 

+ 2(n—5, 3,2) +3(n—5, 3, 1”) 
+ 3(n— 5, 27,1) + 3(n—5, 2, 1°) 
+ (n—5,1°) + (n—6,4, 1?) 

4+ (n— 6, 3, 2,1) + (n—6, 3, 1°) 
+ (n— 6, 27,17). 

3,2,1) + (n—3, 1°) + (n—4, 2?) 
+ 2(n—4, 2, 17) + 2(n—4, 1*) 
+ (n—5,3,1°) + (n—5, 27,1) 
4+ 2(n—5, 2, 1*) + (n—5, 15) 

+ (n— 6,3,1*) + (n—6, 2, 1*). 


(n—2,17) (n— 2,17) = (n) + (n—1,1) + 2(n— 2,2) 


(n—2,17) (n—3,3) = (n— 2,2) + (n- 


(n—2,17) (n- 


+ (n— 2,17) + (n—83,3) 

+ 2(n— 3, 2,1) + (n—83, 1%) 
+ (n—4, 27) + (n—4, 2, 1?) 
+ (n—4,1*). 

2,17) + (n—3,3) 
+ 2(n— 3, 2,1) + (n—83, 1%) 
+ (n—4,4) + 2(n—4, 3,1) 
+ (n— 4, 27) + (n—4, 2, 1?) 
+ (n—5,4,1) + (n—5,3,1?). 


3,2,1) = (n—1,1) + 2(n— 2, 2) + 2(n—2, 1?) 


+ 2(n— 3,3) + 4(n— 3, 2,1) 
+ 2(n—3,1*) + (n—4, 4) 
+ 3(n—4, 3,1) + 2(n—4, 2?) 
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+ 38(n— 4, 2,1?) + (n—4, 1*) 

+ (n—5, 3,2) + (n—5, 3,1?) 

+ (n—5, 27,1) + (n—5,2,15), 
(n— 2,17) (n—3, 1°) = (n—1,1) + (n— 2,2) + (n—2,1*) 

+ (n— 3,3) + 2(n—83, 2,1) 

+ (n—83, 1°) + (n—4,3,1) 

+ (n—4, 2?) + 2(n—4, 2, 1”) 

+ (n—4,1*) + (n—85, 27,1) 

+ (n—5,2, 1) + (n—5, 15), 
(n— 2,17) K (n—4,4) = (n— 3,3) + (n—83, 2,1) + (n—4,4) 

+ 2(n—4, 3,1) + (n—4, 2, 1’) 

+ (n—5,5) + 2(n—5, 4,1) 

+ (n—5, 3,2) + (n—5, 3, 1”) 

+ (n—6,5,1) + (n—6,4,1?). 
(n— 2,17) (n—4, 3,1) = (n— 2,2) + 2(n— 3,3) +3(n—3, 2,1) 

+ (n—3,1*) + 2(n—4,4) 

+ 4(n—4,3,1) + 3(n—4, 2?) 

+ 3(n—4, 2,17) + (n—4, 1‘) 

+ (n—5,5) + 3(n—5, 4,1) 

+ 3(n—5, 3,2) + 3(n—85, 3, 1?) 

+ 2(n—5, 22,1) + (n—5, 2, 1°) 

+ (n—6,4,2) + (n—6,4, 1?) 

+ (n—6, 3, 2,1) + (n—6, 3, 1°). 
(n— 2,17) K (n—4, 27) = (n— 2, 17) + (n— 3,3) + 2(n—8B, 2,1) 

+ (n—3, 1°) + 3(n—4, 3,1) 

+ (n—4, 2?) + 3(n —4, 2, 17) 

-+ (n—5,4,1) + 2(n—5, 3, 2) 

+ 2(n—5, 3,12) + 2(n—5, 24,1) 

+ (n—5, 2, 1°) + (n—6, 5?) 

+ (n— 6,3, 2,1) + (n—6, 2?, 1’). 
(n— 2,17) (n—4, 2, 1?) = (n— 2,2) + (n—2, 1?) + (n—3,3) 

+ 3(n—3, 2,1) +2(n—3, 1°) 

+ (n—4,4) + 3(n—4, 3,1) 

+ 3(n—4, 27) + 4(n— 4,2, 1’) 

+ 2(n—4, 1*) + (n—5,4,1) 

4 2(n—5, 3,2) +3(n—5, 3, 1) 

+ 3(n— 5, 27,1) + 38(n—5, 2, 1°) 
4+ (n—5, 15) + (n—6, 3, 2,1) 
+ (n—6,3, 1°) + (n—6, 2°) 
+ (n— 6, 22, 12) + (n—6, 2, 1*) 
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87). (~— 2,1?) (n—4, 1*) = (n— 2, 17) + (n—38,2,1) + (n—83, 1°) 
+ (n—4, 3,1) + 2(n—4, 2, 1?) 
+ (n—4, 1*) + (n—5,3, 1?) 
+ (n—5, 22,1) +2(n—5, 2, 1%) 
+ (n—5, 1°) + (n—6, 2?, 1?) 
+ (n—6,2,1*) + (n—6, 18). 


+ 2(n—3, 3) + 2(n—3, 2,1) 
+ (n—3, 1°) + 2(n—4, 4) 
+ 3(n—4, 3,1) + 2(n—4, 27) 
+ (n—4, 2,17) + (n—5,5) 
4 2(n—5,4,1) + 2(n—5, 3,2) 
1) + (n—5, 3,1?) + (n—5, 27,1) 
+ (n—6,6) + (n—6, 5,1) 
+ (n—6,4,2) + (n—6, 
389). (n—3,3) X (n—3,2,1) = (n—1,1) +2(n—2,2) + 2(n—2, 1”) 
+ 2(n— 3,3) + 5(n—3, 2,1) 
+ 2(n— 3, 1°) + 2(n—4, 4) 
+ 5(n—4,3,1) +3(n—4, 22) 
+ 4(n—4, 2,17) + (n—4, 1*) 
+ (n—5,5) +3(n—5,4,1) 
4+ 3(n—5, 3,2) +3(n—5, 3, 12) 
+ 2(n— 5, 27,1) + (n—5, 2, 1°) 
+ (n—6,5,1) + (n—6, 4, 2) 
4+ (n—6,4, 12) + (n—6, 3, 2,1). 
40). (n—3,3) X (n—3, 18) = (n—2, 1?) + (n—3,3) +2(n—3, 2,1) 
+ 2(n—3, 1*) + 2(n—4, 3,1) 
+ (n—4, 2?) +3(n—4, 2, 17) 
+ (n—4,1*) + (n—5, 4,1) 
+ (n—5, 3,2) + 2(n—5, 3, 1?) 
+ (n—5, 27,1) + (n—5, 2, 1°) 
+ (n—6,4, 1?) + (n—6,3, 1%). 
41). (n—3,3) X (n—4,4) = (n—1,1) + (n— 2,2) + (n—2, 1?) 
+ 2(n— 38,3) + 2(n—83, 2,1) 
4+ 2(n—4,4) +3(n—4, 3,1) 
4+ (n—A4, 2%) + (n—4,2, 1?) 
+ 2(n—5,5) + 3(n—5,4,1) 
+ 3(n—5, 3,2) + (n—5, 3,1?) 


38). (n—3,3) X (n—3,3) = (n) + (n—1,1) +2(n—2, 2) + (n—2,12) 
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+ (n— 5, 27,1) + (n—6,6) 

+ 2(n—6,5,1) + 2(n—6, 4, 2) 
+ (n—6,4, 12) + (n—6, 3?) 
+ (a—%,7) 
+ (n—7,6,1) + (n—7%, 5,2) 
+ (n—7, 4,3). 


(n— 3,3) XK (n—4,3,1) = (n—1,1) +2(n—2, 2) + 2(n— 2, 1?) 


+ 3(n— 3,3) + 5(n—8, 2,1) 
+ 2(n—3, 1°) + 3(n—4,4) 

+ 7(n—4, 3,1) + 4(n—4, 2?) 
+ 5(n— 4, 2,17) + (n—4, 1‘) 
+ 2(n—5,5) +6(n—5, 4,1) 
+ 6(n—5, 3,2) + 6(n—5, 3, 1?) 
+ 4(n—5, 22,1) + 2(n—5, 2, 1°) 
+ (n— 6,6) + 3(n—6, 5,1) 

+ 4(n—6, 4,2) +3(n—6, 4, 1’) 
+ 2(n—6, 8%) + 4(n—6, 3, 2, 1) 
+ (n—6, 3, 1%) + (n—6, 23) 

+ (n—6, 27,17) + (n—7, 6,1) 
+ (n—7,5,2) + (n—7, 5, 1”) 
+ (n—7,4,3) + (n—7, 4, 2,1) 
+ (n—7, 37,1). 


(n— 3,3) KX (n—4, 27) = (n— 2,2) + (n— 2, 1”) + 2(n—3,3) 


+ 3(n— 3, 2,1) + (n—3, 1°) 

+ (n—4,4) + 4(n—4, 3,1) 

+ 3(n—4, 27) + 4(n—4, 2, 1’) 
+ (n—4,1*) + (n—5,5) 

+ 3(n—5,4,1) + 4(n—85, 3,2) 
+ 3(n—5, 3,17) + 4(n—5, 2?,1) 
+ 2(n— 5, 2,1°) + (n—5,1°) 
+ (n—6, 5,1) + 2(n—6, 4, 2) 
+ 2(n— 6,4, 17) + (n—6, 3’) 

+ 3(n—6, 3, 2,1) + (n— 6,3, 1°) 
+ (n—6, 2*) + (n—6, 27, 1’) 

+ (n—7%, 5,2) + (n—7, 4, 2, 1) 
+ (n—7, 3, 27). 


(n — 3,3) X (n—4, 2, 12) = (n—2, 2) + (n—2, 1?) + (n—8,3) 


+ 4(n—3, 2,1) +3(n—3, 1°) 
+ (n—4,4) + 5(n—4, 3,1) 
+ 4(n— 4, 2?) + 7(n—4, 2, 1’) 
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+ 3(n—4, 1*) + 3(n—85, 4,1) 
+ 4(n—5, 3,2) + 7(n—85, 3, 1?) 
+ 5(n—5, 27,1) + 5(n—85, 2, 1°) 
+ (n—5,1°) + (n—6, 5,1) 
+ 2(n—6,4,2) + 3(n—6, 4, 1°) 
+ (n— 6, 3?) + 4(n—6, 3, 2,1) 
+ 3(n— 6, 3, 1°) + (n—6, 2°) 
+ 2(n— 6, 2”, 17) + (n—6, 2, 1*) 
+ (n— 7%, 5,17) + (n—7, 4, 2,1) 
+ (n—7%, 4, 1°) + (n— 7, 3, 2, 17). 
3, 2,1) + (n—3, 1%) + (n—4, 3,1) 
+ (n—4, 2?) + 3(n—4, 2, 1?) 
+ 2(n—4, 1*) + (n—5, 3, 2) 
+ 2(n—5,3, 12) +2(n—5, 2,1) 
+ 3(n—5, 2,1*) + (n—85, 15) 
+ (n—6, 4, 17) + (n—6, 3, 2,1) 
+ 2(n—6, 3, 1°) + (n—6, 22, 12) 
+ (n—6, 2, 1*) + (n—7, 4, 1°) 
+ (n—7,3,1*). 
46). (n—3,2,1) X (n—3,2,1) = (m) + 2(n—1,1) + 4(n— 2,2) 
+ 4(n— 2,1?) + 5(n—83,3) 
+ 9(n—3, 2,1) + 5(n—83, 1°) 
+ 3(n—4,4) + 9(n—4, 3,1) 
+ 6(n— 4, 27) + 9(n—4, 2, 17) 
+ 3(n—4, 1*) + (n—5,5) 
+ 4(n—5,4,1) + 5(n—5, 3, 2) 
+ 6(n— 5, 3,17) + 5(n—5, 27,1) 
+ 4(n—5,2, 1°) + (n—85, 1°) 
+ (n—6,4,2) + (n—6, 4, 1?) 
+ (n—6, 3?) + 2(n—6, 3, 2,1) 
+ (n—6,3,1*) + (n— 6, 2?) 
+ (n—6, 27,17). 
47). (n—38,2,1) X (n—8, 1°) = (n—1,1) + 2(n—2, 2) 2(n—2, 1?) 
4+ 2(n—3,3) + 5(n—3, 2,1) 
+ 2(n—3,1*) + (n—4,4) 


45). (n—3,3) X (n—4,1*) = (n 


+ 4(n—4, 3,1) + 3(n— 4, 2?) 
+ 5(n—4, 2,17) + 2(n—4, 1*) 
+ (n—5,4,1) + 2(n—85, 3,2) 
+ 3(n—9), 

Dd, 


+ 3(n— 


3,17) +3(n — 5, 27,1) 
2,1°) + (n—5,1°) 
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+ (n—6, 3,2, 1) + (n— 6, 3, 1°) 
+ (n— 6, 27, 1") + (n—6, 2, 14). 


(n—3,2,1) K (n—4,4) = (n— 2,2) + (n— 2, 1?) + 2(n—3, 3) 


+ 3(n— 3, 2,1) + (n—3, 1°) 

+ 2(n—4,4) + 5(n—4, 3,1) 
+ 3(n—4, 27) + 3(n—4, 2, 1?) 
+ 2(n—5,5) + 5(n—85, 4,1) 
+ 4(n—5, 3,2) +4(n—85, 3, 1?) 
+ 2(n— 5, 27,1) + (n—5, 2, 1°) 
+ (n—6,6) + 3(n—6, 5,1) 

+ 3(n—6, 4,2) + 3(n—6, 4, 1”) 
+ (n—6, 3?) + 2(n—6, 3, 2,1) 
+ (n—6,3,1*) + (n—7, 6,1) 
+ (n—7, 5,2) + (n—7, 5, 17) 
+ (n—1, 4,2,1). 


49). (n—3,2,1) XK (n—4, 3,1) = (n—1,1) +3(n—2,2) +3(n—2,1’) 


+ 5(n—3;3) + 9(n—8, 2,1) 

+ 4(n— 3,18) + 5(n—4,4) 

+ 13(n—4, 3,1) + 8(n—4, 2) 
+ 11(n—4, 2, 17) + 3(n—4, 1*) 
+ 3(n—5,5) + 10(n—5, 4,1) 

+ 11(n—5; 3,2) + 12(n—5, 3, 1?) 
+ 9(n—5, 22,1) +6(n—5, 2, 1°) 
+ (n—5,15) + (n—6,6) 

+ 4(n—6, 5,1) + 6(n—6, 4, 2) 
+ 6(n—6, 4, 12) + 3(n—6, 3) 

4+ 8(n—6, 3, 2,1) +4(n—6, 3,1’) 
+ 2(n—6, 2%) + 3(n—6, 2%, 1”) 
+ (n—6,2,1*) + (n— 7, 5, 2) 

4+ (n—1, 5,12) + (n—7, 4,3) 

4. 2(n—,4,2,1) + (n—1,4,1°) 
+ (n—7, 37,1) + (n—7, 3, 2?) 

+ (n—7%, 3, 2,17). 


. (n—8,2,1) X (n—4, 2) + (n—1, ) + 2(n —2, 2) + 2(n—2,1’) 


+ 3(n—3,3) + 6(n—83, 2,1) 
+ 3(n—3, 1°) + 3(n—4, 4) 

+ 8(n— 4, 3,1) + 5(n—4, 2?) 
+ 8(n—4, 2, 17) + 3(n—4, 
+ (n—5,5) + 5(n—5, 4,1) 

+ %(n—5, 3,2) + 8(n—5, 3, 1’) 
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+ 7(n—5,2?,1) + 5(n—85, 2, 18) 
+ (n—5,1°) + (n—6,5,1) 
4+ 3(n—6,4,2) +3(n—6, 4, 12) 
+ 2(n— 6, 37) + 6(n—6, 3, 2,1) 
+ 3(n— 6, 3, 1°) + 2(n—6, 2%) 
+ 3(n— 6, 22, 12) + (n—6, 2, 1*) 
+ (n—1, 4,3) + (n—1, 4, 2,1) 
+ (n—7, 37,1) + (n—7%, 3, 2?) 
+ (n—1, 3, 2, 12) + (n—7, 28,1). 
51). (n—3,2,1) (n—4, 2, 17) = (n—1,1) +3(n—2,2) +3(n—2,1?) 
+ 4(n— 3,3) + 9(n—3, 2,1) 
+ 5(n—83, 1°) + 3(n—4, 4) 
+ 11(n—4, 3,1) + 8(n—4, 2?) 
+ 13(n—4, 2, 1?) + 5(n—4, 14) 
+ (n—5,5) + 6(n—5,4,1) 
+ 9(n—5,3,2) + 12(n—5, 3, 12) 
+ 11(n— 5, 27,1) + 10(n—85, 2, 1°) 
4+ 3(n—5, 15) + (n—6, 5,1) 
+ 3(n—6,4,2) +4(n—6,4, 1?) 
+ 2(n—6, 3?) + 8(n— 6,3, 2,1) 
+ 6(n— 6,3, 1°) + 3(n—6, 2°) 
+ 6(n—6, 22, 12) + 4(n—6, 2, 1*) 
+ (n—6,1°) + (n—7,4, 2,1) 
+ (n—7,4, 1°) + (n—7, 37,1) 
4+ (n—-, 3, 22) + 2(n— 7, 8, 2, 1?) 
+ (n—,3,1*) + (n— 7%, 28,1) 
+ (n— 7, 27, 1%). 
52). (n—3,2,1) (n—4,1*) = (n— 2,2) + (n—2, 1”) + (n—3, 8) 
+ 3(n— 3, 2,1) + 2(n—3, 1°) 
4+ 3(n—4, 3,1) +3(n—4, 2?) 
+ 5(n— 4, 2, 17) + 2(n—4, 
+ (n—5,4,1) +2(n—85, 3,2) 
4+.4(n—5,3,12) + 4(n—5, 2%, 1) 
4 5(n—5, 2, 18) + 2(n—5, 1°) 
+ (n—6,4, 12) +2(n—6, 3, 2,1) 
+ 3(n—6, 3, 18) + (n—6, 2°) 
4+ 3(n—6, 22, 12) + 3(n—6,2, 14) 
+ (n—6,1°) + (n—7, 3, 2, 17) 
+ (n—7, 3,14) + (n—7, 2?, 1°) 
+ (n—7,2,1°). 


) 
1°) 
*) 
’) 


D. MURNAGHAN. 


53). (n—3, 1°) K (n—3, 1°) = (nm) + (n—1,1) + 2(n—2, 2) 


+ (n—2, 17) +2(n—3,3) 

+ 2(n—38,2,1) + (n—8, 1°) 
+ (n— 4,4) + 2(n—4, 3,1) 

+ 2(n—4, 2?) + 2(n—4, 2, 1’) 
+ (n—4, 1*) + (n—5, 3, 2) 

+ (n—5, 3,1?) + 2(n—5, 22,1) 
+ 2(n—5, 2,12) + (n—5, 1°) 
+ (n— 6, 2%) + (n—6, 2?, 17) 
+ (n— 6, 2, 1*) + (n—6, 1%). 


(n—3,1*) K (n—4,4) = (n— 3, 2,1) + (n—3, 1°) + (n—4, 4) 


+ 2(n—4, 3,1) + (n—4, 2?) 
+ 2(n— 4, 2,17) + (n—4,1*) 
+ 2(n—5,4,1) + (n—5, 3, 2) 
+ 3(n— 5,3,17) + (n— 5, 27,1) 
+ (n—5, 2, 1°) + (n—6, 5,1) 
+ (n—6,4,2) + 2(n—6,4, 1°) 
+ (n— 6,3, 2,1) + (n—6, 3, 1°) 
+ (n—1, 5,1) + (n—7%,4,1°). 


(n— 3, 1°) X (n—4, 3,1) = (n— 2,2) + (n— 2, 1?) + 2(n—3, 3) 


+ 4(n—3,2,1) + 2(n—83, 1’) 
+ 2(n—4,4) + 6(n—4, 3,1) 

+ 4(n— 4, 27) + 6(n— 4, 2, 1’) 
+ 2(n—4,1*) + (n—85, 5) 

+ 4(n—5,4,1) + 5(n—5, 3,2) 
+ 6(n—5, 3,17) + 5(n—5, 2?, 1) 
+ 4(n—5, 2,1°) + (n—5,1°) 
+ (n—6,5,1) + 2(n—6, 4, 2) 
4+ 3(n—6, 4, 12) + (n—6, 3°) 

+ 4(n—6, 3, 2,1) + 3(n— 6,3, 
+ (n—6, 2°) + 2(n—6, 27, 17) 
+ (n—6,2,1*) + (n—7, 4, 2,1) 
+ (n—7%,4,1°) + (n—7, 3, 2,1?) 
1*). 


56). (n—3, 1) KX (n—4, 2?) = (n— 2,2) + (n—2, 1?) + (n— 3,3) 


+ 3(n— 3, 2,1) + 2(n—83, 1°) 
+ (n—4,4) + 4(n—4, 3,1) 

+ 3(n—4, 2?) + 4(n—4, 2, 1’) 
+ (n—4,1*) + 2(n—85, 4, 1) 
+ 3(n— 5, 3,2) + 5(n—5, 3,1’) 
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+ 3(n—5, 27,1) + 3(n—85, 2, 1°) 
+ (n—6,4,2) + (n—6, 4, 17) 
+ (n— 6, 3") + 3(n—6, 3, 2,1) 
+ 2(n— 6,3, 1°) + (n—6, 2°) 
+ 2(n— 6, 27, 1?) + (n—6, 2, 1*) 
+ (n— 7%, 37,1) + (n— 7, 3, 2, 17) 
+ (n—7, 27, 1°). 
57). (n—3, 1°) (n—4, 2, 1?) = (n—1,1) + 2(n— 2,2) +2(n— 2,1?) 
+ 3(n—3,3) + 5(n—83, 2, 1) 
+ 2(n— 3, 1°) + 2(n—4, 4) 
+ 6(n—4,3,1) +4(n—4, 2%) 
+ 6(n— 4, 2, 17) + 2(n—4, 1*) 
+ (n—5,5) + 3(n—5,4,1) 
+ 5(n—5, 3,2) + 5(n —85, 3, 1?) 
+ 6(n—5, 27,1) + 5(n—5, 2, 1°) 
+ 2(n—5,1°) + (n—6, 4, 2) 
+ (n—6,4,17) + (n—6, 3?) 
+ 4(n—6, 3, 2,1) +3(n—6, 3, 1°) 
+ 2(n—6, 2°) + 4(n— 6, 2?, 17) 
3) + 3(n— 6,2, 1*) + (n—6, 1°) 
+ (n— 7%, 3,27) + (n—7, 3, 2, 1”) 
+ (n—1, 3,14) + (n—7, 23,1) 
+ (n— 7%, 27, 1°) + (n— 7,2, 1°). 
58). (n—3,1°) K (n—4, 1*) = (n—1,1) + (n— 2,2) + (n— 2, 1?) 
+ (n—3,3) + 2(n—3, 2,1) 
+ (n—3, 1°) + (n—4,4) 
+ 2(n—4, 3,1) + (n—4, 2?) 
+ 2(n— 4, 2,17) + (n—4, 1*) 
+ (n—5,4,1) + (n—5, 3,2) 
) + 2(n— 5, 3,17) + 2(n—5, 27,1) 
+ 2(n—5, 2, 1°) + (n—5, 1°) 
+ (n— 6, 3,2,1) + (n—6, 3, 1°) 
+ (n—6, 2°) + 2(n—6, 2?, 17) 
4+. 2(n—6, 2, 14) + (n—6, 1°) 
+ (n— 7%, 2,1) + (n—7, 2?, 1°) 
+ (n— 7%, 2,1°) + (n—7, 17). 


8. Tables furnishing the analysis of the Kronecker products for n= 8. 
Since the product of any irreducible representation (A) of the symmetric group 
on n letters by the alternating representation (1") is the associated irreducible 
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representation (A)* the product (A) X (#) is the associate of the product 
(A) X (#)* or, equivalently, the associate of the product (A)* XK (). In fact 
these statements merely reflect the fact that Kronecker multiplication jg 
associative : 


(A) (v)} = (A) X (H)} X 


For when (v) = (1") the left-hand side of this equality is (A) X (m)* whilst 
the right-hand side is {(A) X (#)}*. As a corollary we have (A)* X (n)* 
= (A) X (wu); for the left-hand side = {(A)* K (u)}* = {(A) 
= (A) X (), the operation of taking the associate of a representation being 
reflexive. These facts shorten considerably the following tables. The coeffi- 
cients appear in the body of the tables; if we enter the tables on the left with 
a product (A) X (y) the representations which are multiplied by the coeff- 
cients are found at the head of the table. The product (A) X (p)* is found 
at the same place in the table but at the right rather than the left and the 
representations which are multiplied by the coefficients occurring in the table 
are found at the foot of the table. If a product (A) X () is not found in the 
table either (A)* (y)*, which is the same as (A) (A)* & which 
is the associate of (A) X (y), will be found. The general formulae already given 
furnish all products up ton S 6 and all products for n = 7 save (37, 1) X (37,1) 
and its associate (37,1) & (3,27). From the symmetry properties of the coeffi- 
cient symbol g {¥} all coefficients in the analysis of (3?, 1) X (37, 1) are known, 
from the other products in the table for ~»= 7, save c32, and C3,2. These are 
determined from the character table for n = the sum being determined by an 
even class and the difference by an odd class. For n —8 the formulae given 
determine all products save those from (4?) X (4°) to the end of the table. 
The following detail of the analysis of this product will show clearly how all 
analyses of products which are not furnished by the formulae of section 2 may 
be obtained. From the symmetry properties of the coefficient symbol we have 


(47) X (4?) = (8) + (6,2) + (5, 1°) + + C4,5,1(4, 3,1) + 
+ C4,2,12(4, 2,17) + C322 2)+ C32,12( 37, 1?) 
+ €5,22,1(3, 27, 1) co#(2*). 
From the table of characters (5, p. 179) for the symmetric group on 8 letters 
we find 


(a) from the class (1,7), 4,212 = 0. 

(b) from the class (2,6), «— where = C40? + 62:2, B = C43,1 
+ C3,2%1. 

(c) from the class (3,5) — -y = where y = cq + Cot. 

(d) from the class (2*), 3y — B + 40 — 6c? = 14. 

(e) from the class (1°), y + 58 + 4a + c32, = 10. 

Hence = 2, B = 0, y = 2, 0. 


i 
if 
fi 
4 


il. w= 3. 
(2,1) X (2,1) = (3) + (2,1) + (14). 
(4) (3,1) (22) (2,12) (14) 

(3,1) x (3,1)] 1 (3,1) X (2,12) 
| (3,1) X (2) 1 1 (3,1) X (22) | 
(2?) (2?) l (22) (22) 

(2,12) (2%) (3,1) <4) 

5. (5) (452) 17) (2452) 
(441)x(41)/ 1 1 1 1 (4,1) (2,18) 
(4,1) (3,2) & (4,1) X (23,1) 
(4,1) X (3,12) (4,1) X (3,12) 
(3,2) x (3,2); 1 “gir (3,2) (24,1) 
(3,2) X (3, 12) #£ A (3,2) X (3, 12) 
(3; 1*) ] ] ] 2 ] ] x< (a7) 
(2,1) (23,1) (3,1) (3,2) (4,1) (5) 
one 
(5,1) x (5,1)]1 11 1 (5,1) X (2,14) 
(5,1) X (4,2)} 11111 (5,1) X (22, 12) 
(5:0): (4,17) 2 (5. 1) 
(5,1) X (3) (5,1) X (2) 
(4.2) x (3?) l J ] (402) 
(4,2) (3,2, 1) (4,2) K (3,2; 1) 
(4,12) X (3,2, 1) esi’ ss (4,12) X (3, 2,1) 
13.2007 3 » 4 ] 
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(f) from the class (1°,2) we find 7y’ + 5p’ + 2a’ — 0 where 

(g) from the class (1*,4) we find y’ + 20’ = 0. 

(h) from the class (2, 37) we find + — 27’ = 0. 
Hence = 0 = = so that C422 = = 153 Cs, 
C42 = Cot = 1 and we have the analysis given in the table. 


2,=0; 


In the following tables the products by the identity representation (n), 
which acts as a unit, and by the alternating representation (1"), which sends 
each representation into its associate, are omitted. Thus the table for n = 2 


is not given. 


| 
uct 
fact 
ig 

ilst 
ing 
|), 
ith 
ffi- 
nd 
he 
le 
he 
re 
n 
y 

Sa 
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(2, 1°) 


(2?, 1%) 
(17) 


(6,1) X (6,1)| 1 
2) 
(6,1) X (5, 1?) 
(6,1) X (4,3) 
(6,1) X (4, 2, 1) 


(6,1) (4, 1%) 
(6,1) X (3%, 1)) 
(5,2) X (5, 2) 
(5, 2) X (5, 1%) 
(5,2) X (4,3) 
(5, 2) X (4, 2, 1) 
(5,2) X (4, 19) 
(5, 2) X 1) 
(5; 1°) (5, 1*) 
(5, 17) X (4,3) 
(5, 1?) K (4, 2,1) 
(5, 1?) (4, 19) 
(5, 12) X 1) 
(4,3) x (4,3) 
(4,3) X (4, 2,1) 
) 
) 


(4,3) x (4, 1° 

(4,3) X (37,1 
(4, 2,1) X (4, 2, 1) 
(4, 2,1) X (4, 13) 
(4, 2,1) X 1) 
(4, 1*) X (4, 1%) 
(4; 3°) (37,2) 
(37,1) (37, 1) 


no — 


— 


— 
to 


do es 


— 
vo) 


Noe nwond wv = 


— — £ 
Wp Si 
— — to 


(17) 


(4, 3) 
5, 2 


( 


] 


(3°, 
(4, 2,1) 


(6,1) X (2, 1°) 
(6,1) X (2%, 1°) 
(6,1) X (3, 
(6,1) X (2%, 1) 
(6,1) X (3, 2, 1*) 
(6,1) X (4, 1°) 
(6,1) X (3, 2? 
(5,2) X (2?, 18) 
5, 2) X (3, 1*) 
5, 2) X (23,1) 
5, 2) X (3, 2, 1?) 
5, 2) X (4, 1°) 


(4, 2,1)X (3, 2?) 
(4, 13) x (4, 18) 
(4, 1*) < (3, 2°) 


| (32,1) x (3, 2) 


5. n=7. sees se 
l 
1 
ra. 
4 
q 1 1 (5, 2) X (3, 2%) | 
1-3 l (5; 17) (3; 1*) 
(5,1 
(5, 12) X (4, 1%) 
| (5, 18) X (3, 2%) 
i (4,3) X (2°, 1) 
(4, 3) X (3, 2, 12) 
(4,3) x (4, 1°) 
(4,3) X (3, 2?) 
l (4, 2,1) X (3, 2, 1?) 
l 4, 2.1) x (4, 1°) 
| 
| 
= 
— 
i 


KRONECKER 


1) 


24, 


(7, 


(chi, (28) 


PRODUCT OF 


(7,1) X (4,2,1 
(7,1) X ( 


32, 2) 
,15) 
(6,2) (2,12) 


(G52) (24, 


(6,2) X ( 


2). (3; 2. 1*) 


IRREDUCIBLE 


1°) 
(6,2) X (2*) 


(6,2) X ( 


(6,2) X (3%, 1?) 


(6,2) X (4, 2, 1?) 


(6,2) X (37,2) 
(6,17) X ( 


€ 


N 


| 


| 


N 


| 


nN 


N 


== 8. 


(i, 1) 


(7,1) X (4,2, 17) 


(6,2) X (6, 12) 


(6,2) XK (4?) 


(6,2) X (4,3, 1) 


(6,2) X (4, 2, 1?) 


2,2) 


2 


(6,2) X (3 


(6, 92) 


REPRESENTATIONS. 


(Z 
(¢ 
(sh) 

‘9) 
(1 ‘3 
(ESF) 
(23 
(el ‘G) 
(<I ‘3 
(sl 
(1 ‘€) 


‘F) 
(cI 


(oI 
(of 
(sT) 


© 
LN N 
No oD 
| 
| 
| 
(+1 
(<I ‘sd) 
(52) 
(oT 
| 
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€ 


,3) X 2) 
(5,2,1) X (3,2, 1%) 
(5,2,1) X (4,1*) 
(5,2,1) X (2*) 


5 
5 


(6,19) X (8, 2, 1*) 
(6; 

(5,3) X (4, 29,1) 
(5,2,1) X (3, 28,1) 


( 
( 


(5, 


(6, 


(sT) (8) 
(oI (1 ‘L) 
(+1 (2 ‘9) 
(cI (¢‘¢) 
(53) (ch) 
(<1 ‘9) 
(eI (1% ‘g) 


(T “€) (1 
(sT (53 ‘F) 


(3 (3 
(eI ‘¢) 
(ch) (»Z) 

(eI ‘G) 2 | (51 
(1B ‘g) ‘2 
‘g) (eI 
(sI ‘9) (oI 
(3 ‘9) (oT 
(1 (oT 
(g) (eI) 


) (4?) 


(5,3) X (5, 2,1) 
3 
(5,3) X (4,3,1) 


( 


(6,1?) X (5,3) 
(6,1?) X (5, 2,1) 
(6,17) X (4,3, 1) 

(6,1?) X (4, 2?) 

(6, 1%) (3*, 2) 

(5,3) X (5,3) 

(5,3) X (4, 2*) 
(5,3) X (4, 2, 1?) 

(5,3) X 2) 
(5,2,1) X (5, 1%) 
(5,2,1) X (4,3, 1) 
(5,2,1) X (4, 2*) 
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(sT) 

(91 ‘S) 
(+1 
(sl 
(52) 

(oT 
(eI ‘3 ‘€) 
(1 ‘€) 
(eI 


(Z ‘s&) 
(+1 
(23 
(1 ‘¢ 
(sh) 
‘G) 
(1B ‘G) 
(¢ ‘g) 
(<I ‘9) 
(3 9) 
(1 ‘L) 
(8) 


(5,2,1) (37,2) 


(5, 1°) X (4, 2, 1*) 


(4?) X (3, 27,1) 
(4,3,1) X 1?) 
(4,3,1) X (4, 2, 1%) 
(4,3,1) (37,2) 
(4, 2,17) X (4, 2, 1?) 
(4, 2,17) X (38, 2?) 
(37,2) X (37,2) 


(4°) X (3?, 1?) 
(4°) X (4,2, 1%) 


(8) 

(1 ‘L) 
(3 ‘9) 
(¢ 
(sh) 
9) 
(1% ‘g) 


10 3 2 4 3 
5 2 


13 4 4 6 


(1 


1] 
14 


12 


(3 
(3 
(eI 


2) 
© 
~ 


12 


(1 ‘€) 


14 


(+2) 
(+1 
(el ‘3 8) 


13 6 4 


(cI ‘sd) 
(oI ‘€) 
(+1 
(of ‘Z) 
(s1) 


4 6 


(5,2,1) X (3%, 2) 


(5,18) (4,2, 12) 


(4°) X (4,3, 1) 
(4°) X (4,2, 1?) 
(4,3,1) X (4,3, 1) 
(4,3,1) x (4, 2?) 
(4,3,1) X (33,2) 
(4, 2,17) x (4,2, 19) 
(4, 2,17) X (32,2) 
(39,2) X (33,2) 


| 


183 
a 
a 
a + aa a 
tN OD Oo 
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Te) 
is 
— 


F. D. MURNAGHAN. 


REFERENCES. 


R. Brauer, “ Sur la multiplication des caractéristiques des groupes continus et semi- 
simples,” Comptes rendus, 204 (1937), pp. 1784-1786. 


F. D. Murnaghan, “On the representations of the symmetric group,” American 
Journal of Mathematics, 59 (1937), pp. 437-488. 


. ——,, “The analysis of the direct product of irreducible representations of the 
symmetric groups,” American Journal of Mathematics, 60 (1938), pp. 44-65, 


—, “The characters of the symmetric group,” American Journal of Mathe- 
matics, 59 (1937), pp. 739-753. 


D. E. Littlewood, “Group characters and the structure of groups,” Proceedings of 
the London Mathematical Society, Ser. 2, 39 (1935), pp. 150-204. 


THE JOHNS HOPKINS UNIVERSITY. 


| 
784 
i 

i 

iF 

tia 

i] 

i 


‘ 
ne 


